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Groups Containing a Given Number of Operators 
Whose Orders Are Powers of the 
Same Prime Number. 


By G. A. Mixer. 


$1. Introduction. 


Let G be any group whose order g is divisible by p™ but not by p™*!, 
p being a prime number. A necessary and sufficient condition that G contains 
only one subgroup of order p” is that the number of its operators whose orders 
are powers of p is exactly p™. According to a theorem proved by Frobenius, 
the number of the distinct operators whose orders are powers of p, which are 
contained in G, is always divisible by p™.* It is, however, not possible to con- 
struct a group in which this number is an arbitrary multiple of p™. In fact, 
this number is at least p™t! whenever it exceeds p™, and it is at least 
2 p™+!_—_ »™ whenever it exceeds p™*!, in accord with the theorems which we 
shall establish in what follows. 

Let H,, H,, ...., H, represent the totality of the subgroups of order p™ 
which are contained in G. It may happen that these subgroups have the 
property that all the operators which are common to one pair of them are 
common to every pair. On the other hand, it may happen that the operators 
which are common to one pair of such Sylow subgroups are not common 
to every pair of them. In what follows we shall be mainly concerned with 
the latter of these two possible cases, and we shall prove, in particular, 
that the number of these Sylow subgroups in the latter case must be at least 
(p+1)?. That is, we shall prove that every possible pair of subgroups of 
order p” contained in G has the same common operators whenever the number 
of these subgroups is less than (p + 1)”. 

Suppose that H,, H, have operators in common which are not common to 
every pair of the subgroups H,, H,, ....,H,. Let p* be the largest number 
of common operators which can be found in any one of the possible pairs of 
these subgroups. All these subgroups may then be divided into sets character- 
ized by the fact that each set is composed of all those which have the same 


* Frobenius, Berlin Sitzungsberichte, 1895, p. 984. 
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p* operators in common. It is evident that each of these sets is composed of 
the same number 1+ kp of subgroups, since all the Sylow subgroups are conju- 
gate under G. Moreover, no two of these sets can have more than one common 
subgroup of order p”, since no pair of these Sylow subgroups can have more 
than p* common operators. 

The case which will interest us mostly in what follows is the one in which 
k=1. We may evidently assume that the two subgroups H,, H, have p*common 
operators. It also results that the subgroup K, constituted by these common 
operators is transformed into itself by exactly p*t! operators of H, and by the 
same number of operators of each of the other p subgroups of order p”™ which 
have K, in common. These p*t! operators of any one of these subgroups 
clearly transform the other p subgroups of the same set among themselves. 

Let K,, K,, ...., K, be the conjugates of K, under H,. It is clear that 
H, will transform the set of p+1 subgroups determined by H,, H, into 
y = p™-*~' such sets, which have H, in common, and hence no two of these 
y sets have any other subgroup of order p™ in common. If S is an operator 
of any one of these sets, which has the property that it transforms the common 
operators of this set into themselves but does not belong to H,, then S can not 
transform the common operators of any other of these sets into themselves. 
In fact, if we assume that S transforms into themselves the common operators 
of two of these sets, it results that S and these common operators must generate 
a group which has more than p* operators in common with H,. Hence it follows 
that if we add the operators of each of these sets which do not belong to H, 
but transform the common operators of the set into themselves, we obtain 

— 
distinct operators. 

In particular, when a = m —1 it results that y =1, and all the operators 
of the set to which K, belongs must transform K, into itself. The total number 
of the distinct operators of the set must therefore be p™*!. As a special case 
of this we may observe that when G contains exactly p + 1 subgroups of order 
p™, the number of its operators whose orders are powers of p must be exactly 
p™*t1, as is also directly evident. If a <m—1, each set of p+1 subgroups 
evidently contains more than p™*! distinct operators, and if a =m—1 and 
there is more than one such set, G must again contain more than p”*'! operators 
whose orders are powers of p. Hence we have, as a special case of the given 
developments, that a necessary and sufficient condition that a group whose order 
is divisible by p™ but not by p™+! contains exactly p+1 subgroups of order p™ 
is that it contains exactly p™*t! operators whose orders are powers of p. 
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§ 2. Groups in Which the Common Operators of Some One Pair of Sylow 
Subgroups Are Common to Every Pair of Such Subgroups. 


If some two Sylow subgroups H,, H, of order p™ have operators in common 
which are not common to every pair of subgroups of order p™ contained in G, 
there are evidently two cases to be considered. In the first of these cases 
every pair of Sylow subgroups of order p” contained in G has the same number 
of common operators but the operators which are common to some one pair 
are not common to every pair. In the second case, G contains some pair 
of subgroups of order p”™ which has more operators in common than some 
other pair. 

We shall first prove that if every pair of subgroups of order p”™ in G has 
p™—' operators in common, each of these pairs must contain the same p™—! 
operators. To prove this theorem it will be convenient to consider the group 
of transformations 7' of the Sylow subgroups of G. Since every pair of sub- 
groups of order p™ in G has p™~' operators in common, all the transitive 
constituents of the Sylow subgroups of order p” in T are of degree p. The 
subgroup 7, which is composed of all of the substitutions of 7 which omit a 
given letter, must therefore contain an invariant subgroup of order p™ whose 
transitive constituents are all of degree p, and the degree of 7, must be kp, 
kp +1 being the degree of 7'.* 

If all the substitutions of 7,, excluding the identity, were of degree kp, all 
the Sylow subgroups of order p” in G would involve the same p”~! operators. 
Hence we may assume that the invariant abelian subgroup of order p™ in T, 
involves a subgroup of a degree which is less than kp and of order p™7—}, 
m,>1. This subgroup must be contained invariantly in at least p+ 1 sub- 
groups of order p™ contained in 7. As these groups of order p™ are abelian, 
the group generated by them must have a central which includes the given 
subgroup of order p™—'. As this group would have an abelian constituent 
whose order is a power of p, and another constituent of degree 1+p involving 
non-invariant subgroups whose orders are powers of p, it evidently could not 
be constructed, and hence we have proved the theorem: If every possible pair 
of Sylow subgroups of order p™ in a given group has p™—' operators in common, 
then all of these subgroups must have the same p™~! operators in common. 

From this theorem it results directly that G must contain at least one pair 
of subgroups of order p” which has less than p™~! common operators whenever 
all the pairs of subgroups of order p™ inG do not have the same largest common 


* AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXII (1910), p. 299. 
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subgroup. The number of these subgroups in such a G must clearly exceed p’. 
If this were not the case, these subgroups would be transformed according to 
a transitive substitution group 7 in which the subgroup T, would contain an 
invariant subgroup of order p™ whose transitive constituents would all be of 
degree p. As this subgroup would contain substitutions which would omit 
some of the letters of 7',, it results in exactly the same manner as in the 
preceding paragraph that such a 7 could not exist. This proves the lemma: 
If any group contains less than p*+1 Sylow subgroups of order p™, every 
pair of these subgroups must contain the same common operators. 

When the Sylow subgroups of order p” in G do not all contain the same 
largest common subgroup, they must occur in sets of 1+ kp such that each set 
is composed of all those Sylow subgroups of order p” which have the same 
largest subgroup in common. The order of the largest common subgroup for 
one set must be the same as the order of this subgroup in any other set, and k 
must have the same value for each of these sets since all the Sylow subgroups 
of G are conjugate under G. Any two of these sets-have at most one subgroup 
of order p™ in common, for if two such sets would have two such subgroups in 
common these two subgroups would have more common operators than the 
order of the subgroups composed of all the operators which are common to 
such a set. As such a set can not be transformed into itself by any Sylow 
subgroup of order p” unless this subgroup belongs to the set, it results that 
the number of these sets can not be less than p+1. Hence it results that the 
number of Sylow subgroups of order p™ in G can not be less than the sum of 


p+i1, p—l, 1=3 (p+1) (p + 2) 


unless all of these Sylow subgroups have the same largest subgroup in common. 
In the special case when p= 2, this gives a larger limit than the one expressed 
in the preceding theorem, while it gives the same limit when p =3. 

It is not difficult to prove that the lower limit for the number of Sylow 
subgroups, which was found in the preceding paragraph, is always too small. 
To prove this, it is only necessary to consider the cases when p=2 or 3, since 
the other cases are included in the theorem stated above. The case when p= 2 
may readily be disposed of, since the given formula gives an even number six, 
while the number of these subgroups is odd. In fact, the number of these 
subgroups could not be seven, since the groups of degree 7 which are groups of 
transformations of Sylow subgroups are contained in the matacyclie group of 
this degree, and hence the Sylow subgroup of order 2™ in 7, is of order 2 and 
of degree 6. The case when p=3 is included in the more general lemma, 
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which we proceed to prove; viz., the number of Sylow subgroups of order p” 
must exceed p?+ 1 whenever some two of these subgroups have operators in 
common which are not common to all of them. 

To prove this generalization of the lemma stated above, we shall prove 
that we arrive at an absurdity by assuming that G contains exactly p?+1 
Sylow subgroups of order p” and that some two H,, H, of these subgroups 
have operators in common which‘are not contained in all of them. We consider 
again the group of transformations 7 of these Sylow subgroups and observe 
that the only case which requires consideration is the one in which the invariant 
Sylow subgroup of order p™ in 7, is transitive, T, being defined as, before. 
This subgroup of order p™ must be non-regular, and hence it must contain an 
intransitive subgroup of order p™—*, whose degree is less than p*. This sub- 
group must occur in at least p+1 conjugates of 7,, and hence it is invariant 
in at least p+1 subgroups of order p™~! contained inG. Just as in the cases 
considered above, it results that these subgroups of order p™—' would generate 
a group which could not occur in 7, and hence it results that if a group contains 
no more than p?+1 Sylow subgroups of order p™, every pair of these subgroups 
must contain the same common operators. This lemma will be useful to estab- 
lish a more general result in what follows. 

We are now in position to prove the theorem that the number of Sylow 
subgroups of order p™ in G must be at least equal to (py +1)?, whenever the 
operators common to some two of these subgroups are not necessarily common 
to all of them. To prove this theorem by means of the two lemmas which have 
been established, it is only necessary to prove that the number of these sub- 
groups could not be »?+ +1. If this number were p?+p+1, 7, would have 
two transitive constituents of degrees p? and p respectively. If a transitive 
subgroup of the former would correspond to the identity of the latter, this 
transitive subgroup would be invariant under p+ 1 conjugates of 7,. These 
conjugates would generate an intransitive group with two transitive consti- 
tuents of degrees yp? and p+1 respectively. The latter would clearly be at 
least doubly transitive. Hence Z would be imprimitive, since 7’, could not be 
maximal, and a system of imprimitivity would involve p+1 letters. This is 
impossible, since p?+p-+1 is not divisible by p+1. 

If the subgroup which would correspond to the identity of the constituent 
of degree p in 7, were intransitive, this would be the only subgroup of this 
order and degree contained in T,, since the remaining substitutions of the con- 
stituent of degree p? would involve all the letters of this constituent. Hence 
the given subgroup would again be invariant under p+1 conjugates of T,, 
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and T would be imprimitive. Just as in the preceding case, there would be 
a system of imprimitivity of degree p+1, while this is not a divisor of the 
degree of T. Hence we have established the theorem: Jf any group contains 
less than (p+1)? Sylow subgroups of order p™, then all the operators which 
are common to some two of these subgroups are necessarily common to all 
of them. 7 

To give an instance where G contains exactly (py +1)? Sylow subgroups 
of order p”™ which are such that the operators common to some two of these 
subgroups are not common to all of them, we may consider the Sylow subgroups 
of order 4 in the direct product of two non-cylic groups of order 6. This direct 
product clearly contains nine subgroups of order 4; and one of these subgroups 
has two operators in common with each of four others, while it has only the 
identity in common with each of the remaining four. The total number of 
distinct operators which are contained in these nine subgroups is clearly sixteen. 
The transitive group of degree 6 and of order 72 furnishes another instance of a 
group which contains exactly (p +1)? Sylow subgroups of order p”™ having the 
property that some two of these subgroups have operators in common which 
are not common to all of them. 


§3. Groups Which Contain a Small Number of Operators Whose Orders 
Are Powers of a Given Prime Number. 


We shall again assume that the order of G is divisible by p™ but not by 
p™t1, » being a prime. For every pair of values for p and m, m being any 
positive integer, there is evidently at least one group G which contains exactly 
p+1 Sylow subgroups of order p”. It has been observed that a necessary 
and sufficient condition that G contains exactly p+1 Sylow subgroups of 
order p” is that the number of its operators whose orders are powers of p 
is exactly p™t!. We proceed to find a lower limit for the number of such 
operators in G when G contains more than p+1 such subgroups. 

If all the operators which are common to two subgroups of order p” in G 
are necessarily common to all of its subgroups of this order, it is evident that 
the number of such operators contained in G can not be less than 


(2p+1) (p™— + p™ = 2 — p*. 


We proceed to consider the cases when G contains at least two Sylow sub- 
groups H,, H, of order p™ whose common operators do not occur in all of its 
other Sylow subgroups of this order, and we begin with the case when G con- 
tains at least one Sylow subgroup of order p”™ which has p™~' operators in 
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common with H,. Hence G contains at least +1 such subgroups. If it had 
more than p+1 such subgroups, they would contain at least 2 p™t!— p™ 
distinct operators. Hence we shall assume that G contains exactly p+1 
Sylow subgroups having p™~' operators in common with H,. 

The Sylow subgroups of order p™ contained in G must therefore occur in 
sets of p+ 1 such that each set is characterized by the fact that it is composed 
of all these subgroups which have a certain set of p"™—! operators in common. 
Two such sets have at most one subgroup in common. If they have no sub- 
group in common, the number of these sets is at least p+1, since G contains 
at least (p-+1)? subgroups of order p™. If they have a common subgroup, 
the number of these sets must be at least 2(p+1), since each of these sub- 
groups must occur at least twice among the sets. We shall first consider the 
latter case. 

The p+1 subgroups of order p™ which constitute such a set must generate 
a group K, which involves exactly p"*! operators whose orders are powers 
of p in accord with the theorem proved above. Let K, be a conjugate of K, 
under G and suppose that H, is common to K, and K,. If S is any operator 
of K, which is not included in H,, then S can not occur in K,. For, if S would 
also occur in K,, it would transform into themselves two subgroups of order 
p™—1 contained in H,, and hence it would transform H, into itself. It would 
therefore be contained in H,, but this is contrary to the hypothesis. Hence 
K, contains exactly p (p™ — p™—') = p™*1 — p™ operators which are not found 
in K,, and the total number of distinct operators in K, and K, is 2 p™*t1— p™. 

If K, is another conjugate of K,, but is not identical with K, or K,, it can 
not have more than p” operators in common with either one of the two subgroups 
K,, K,. As it has the identity in common with both of these, and as it involves 
p™*+1 distinct operators, it results that K, must involve at least one operator 
which is distinct from the operators contained in K, and K,. Hence it follows 
that G must contain at least 2 p"™t!— p™+ p™=2 p™*! operators whose orders 
are powers of p whenever it satisfies the two conditions that the operators 
which are common to some two of its Sylow subgroups of order p™ are not 
common to all of these subgroups and that a Sylow subgroup is found in more 
than one set of p+1 subgroups having p"™~! common operators. This lower 
limit is exactly attained in the direct product of two symmetric groups of 
order 6. 

If all the subgroups of order p” in G are contained in sets of p +1, which 
have p™—! operators in common, and if no such subgroup is common to two such 
sets, then each of these sets generates a subgroup which has one and only one 


. 
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transitive constituent of degree p. Let K,, K, represent two such subgroups. 
As the transitive constituents of degree p+1 in K,, K, can not have any letter 
in common whenever G is the group of transformations of its Sylow subgroups 
of order p”, it results that a subgroup of order p™ in K, can not have more 
than p”~* operators in common with K,, since these common operators would 
transform the transitive constituents of degrees p+ 1 in K, and K, into them- 
selves, and hence they would omit a letter of a transitive constituent of degree 
p*, a >1, in this Sylow subgroup of order p”. Hence the p+1 Sylow sub- 
groups of order p” in K, can not have more than (p+1) p™~? operators in 
common with K,. That is, G would again have at least 2 p™*! distinct oper- 
ators whose orders are powers of p, since the number of these operators is 
divisible by p™ and must exceed 2 p"™— p™. Since this result is true when G 
is the group of transformations of its own Sylow subgroups of order p”, it 
evidently holds true in all cases. 

We have now considered the possible cases when both of the following 
conditions are satisfied: G contains at least two Sylow subgroups of order p™ 
whose common operators are not common to all of its subgroups of this order, 
and there are at least two subgroups of order p” in G which have p™—! common 
operators. We proceed to consider the cases when the former but not the latter 
of these two conditions is fulfilled. Two of the Sylow subgroups of order p™ 
in G can therefore not have more than p™~? common operators. We may divide 
all the subgroups of order p”™ in G into sets which are such that each set is 
composed of all these subgroups which have a maximal number p* of common 
operators. 

Let H, be one of such a set of subgroups. If its subgroup of order p*, 
which is common to all the subgroups of the set, is invariant under p*t® opera- 
tors of H,, the set will be composed of p*+1 subgroups of order p” and these 
will involve (p*+1) (p™ —p*) + p* = + p™— p*** distinct operators. 
This is at least as large as 2p™t! when @>1. Hence we may restrict our 
attention to the case when each of the given sets involves exactly p+1 sub- 
groups of order p” having p* common operators, and hence we must assume 
8 =1 for all the possible sets. 

Consider two of these sets of p+ 1 subgroups which have H, in common, 
and which have been so chosen that the two subgroups of order p*, which are 
respectively common to all the Sylow subgroups of each of the two separate 
sets, have p*~1 common operators. Let S be any operator which occurs in each 
of these two sets but is not contained in H,. The two subgroups of order p” 
to which S belongs must therefore have S and the given p*—' operators in 
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common. Hence the subgroup formed by these p*~' operators must be in- 
variant under S, and the group generated by S and this subgroup is of order 
p*. This proves that all the operators of one of these subgroups of order p”, 
besides H,, which are common to both of the two sets under consideration, 
must form a group. 

The order of this group is less than p”; for, if it were p™ this Sylow group 
would involve an invariant subgroup of order p* which would also appear in 
another Sylow subgroup of this order, since the given subgroup of order p*—! 
would be invariant under the former of these two Sylow subgroups. Hence 
each Sylow subgroup, besides H,, of one of these sets of p+ 1 subgroups must 
contain at least p™— p™—' operators which do not appear in the other set. 
Hence the two sets contain at least 


— p™ + 4+ p™ — prt} 2 pmti = prt} 


distinct operators. Hence G contains at least 2 p™*! distinct operators whose 
orders are powers of p in this case. 

If two Sylow subgroups of order p” have p* common operators and these 
constitute a non-invariant subgroup, the set composed of all the subgroups 
which have these p* operators in common is transformed by any subgroup of 
such a set into another set having another set of p* operators in common, but 
having the transforming subgroup in common with the first set. Hence we 
have completed a proof of the theorem: If a group whose order is divisible 
by p™ but not by p™*! contains exactly 2 p™*t! — p™ operators whose orders are 
powers of p, it involves exactly 2p+1 subgroups of order p™ and all of these 
involve the same p™—' operators. 
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Normal Congruences Determined by Centers 
of Geodesic Curvature.* 


By Frepertck Waun 


Introduction. 


In 1892 Caronnet announced the following theorem:+ The necessary and 
sufficient condition that the lines which join the centers of geodesic curvature 
of the curves of an orthogonal system on a surface shall form a normal con- 
gruence, is that the corresponding radii of geodesic curvature be functions of 
one another or that the curves in one family or both have constant geodesic 
curvature. The present article is concerned with the determination of normal 
congruences of this kind and with an investigation of their properties. For 
the sake of brevity we shall refer to them as associated normal congruences. 

In $1, the theorem of Caronnet is proved and is extended to the case 
where one family of the orthogonal system is composed of geodesics, 7. e., when 
one of the radii of geodesic curvature is constantly infinite. In establishing 
the existence of associated normal congruences, there are three cases to be in- 
vestigated: 1) the geodesic curvature is the same constant for the curves of 
each of the two families forming the orthogonal system; 2) it is constant and 
the same for the curves of only one family, and 3) the radii of geodesic curva- 
ture are functions of one another. The case in which both radii of geodesic 
curvature are given constants is discussed in $$ 2,3 and 4. It is there shown 
that the surface on which such a system of curves exists must be pseudo- 
spherical and of total curvature equal to the negative of the sum of the squares 
of the constant geodesic curvatures. The associated normal congruence is found 
to be a congruence of normals of a Bianchi transform of the given surface. 
It is also proved that each of these congruences is determined by a single 
infinity of orthogonal systems or a double infinity of systems whose curves 
intersect under a constant angle and have constant geodesic curvature. 


* Read before the American Mathematical Society, September, 1911. 
+ “Sur les centres de courbure géodésique,” Comptes Rendus, Vol. CXV, p. 589-592. 
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The general discussion of the subject occurs in $$ 5,6,7 and 8. It is 
shown in §5 that associated normal congruences exist for any surface when 
the radii of geodesic curvature are given analytic functions of one another 
or when one radius of geodesic curvature is a constant. Characteristic proper- 
ties of these congruences are discovered in §{§ 6-7. The condition that a general 
normal congruence whose lines lie in the tangent planes of the given surface be 
an associated normal congruence is obtained. It is found that every system 
whose curves intersect under a constant angle, and for which the corresponding 
radii of geodesic curvature are functions of one another or for which one radius 
is a constant, determines an associated normal congruence. Further, the problem 
of determining these new systems is found to be the same as that of determining 
the orthogonal system. The restriction in the theorem of Caronnet that the 
curves be orthogonal may then be replaced by the condition that they intersect 
under a constant angle, but the more general theorem so obtained will not give 
any new congruences. In $8, the condition that the developables of the 
associated normal congruence correspond to the lines of curvature on the given 
surface is investigated. The remainder of the paper deals with problems 
peculiar to associated normal congruences, determined by orthogonal systems, 
the curves of one family of which have a constant geodesic curvature. In the 
discussion we are led to consider surfaces on which one family of the lines of 
curvature have a constant geodesic curvature. Except in $8 and most of $9, 
the results obtained express deformation properties. 


§1. Theorem of Caronnet. 


We will give, for reference, a proof of the theorem of Caronnet. Let S 
be a surface referred to an orthogonal system of parametric curves u = const., 
v=econst. Associate with S a set of moving axes, or trihedral, whose z- and 
y-axes are tangent to v = const. and u = const., respectively, and whose z-axis 
is normal to the surface. From the formula for the moving trihedral, this 
choice gives * 


1 On, 


Hence the radii of geodesic curvature R, and R, of the curves v = const. and 
u = const. respectively are given by the formule 


R,=&/r and R,=72,/1;. 


The coordinates of the centers of geodesic curvature of the parametric curves, 


* For notation used in this paper see Eisenhart’s “Differential Geometry,” §§ 57, 68-72, 76 and 119. 
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with respect to the moving trihedral, are (0, R,, 0) and’ (—R&,, 0,0). Conse- 
quently the coordinates of any point P on the line LZ joining these centers are 


(R, (A—1), AR,,90), where = 
(—R,, 0, 0) to P. 

As M, the vertex of the moving trihedral, receives an infinitesimal dis- 
placement along the surface, the point P receives a displacement whose x and y 
components are: 

dx=d[(a—1)R,] +&du—AR, (rdu+nrdv), 
dy =d(AR,) +n, dv+ (a—1) (rdut+r,dv). 

The necessary and sufficient condition that the line LZ generate a normal 
congruence is that there exist a point P on LZ such that for displacements of M 
in all directions on the surface the displacements of P are perpendicular to L, 
R,ba+R,dy+0d2=0. (1) 
This condition reduces to 

Rod Rk, =d [a (Ri + + (Ri + da. 


Upon substitution of the value of 4 this becomes 


t 
VRE LR and ¢ is the distance from 


R,d R, = (Ri + dt. (2) 
Unless R, is a constant and consequently ¢ also, it follows from (2) that 
at =0, i. e., t is a function of R,, and hence by (2) that R, is a function 


of R,. Conversely, if in (2) R, is assumed to be a function of R,, t is so defined 
that the congruence will be normal. When R, is a constant, ¢ is also a constant. 
Hence, if one of the radii of geodesic curvature is a constant, the corresponding 
center of geodesic curvature generates an orthogonal surface of the associated 
normal congruence. 

The establishment of the existence for any surface of systems of curves of 
the kind required, and hence of the existence of associated normal congruences, 
will be deferred until later. Let us now consider an exceptional case, which 
has not been included in the preceding discussion; namely, when one of the radii 
is infinite. This happens when one of the families of the orthogonal system is 
composed of geodesics. Such systems are known to exist on any surface. If 
R, = w, the direction cosines of the line of the congruence become 1, 0,0, and 
the coordinates of the point P on L, (t, R,,0). The condition (1) that P 
generates an orthogonal surface of the congruence is satisfied by ¢ = const. 
The congruence is therefore normal. In particular, the point (0, #,,0) generates 
an orthogonal surface of the congruence which is complementary to the given 
surface for the geodesic family. 
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§ 2. Geodesic Curvature Constant in Both Families. Pseudospherical Surfaces. 


Let S be a surface whose parametric curves form an orthogonal system, 
and assume that the geodesic curvatures of u = const. and v = const. are a and b 
respectively. Then, if the linear element is of the form ds? = Edu?+ Gdv’?, 
it follows that 
(3) 
VEG Ou ’ VEG dv 
Differentiating these with respect to v and wu respectively and adding the 
resulting equations, we obtain 


32 E 
* 


Therefore E/G is equal to the ratio of a function of uw and a function of v. 

The system is thus isothermic and the linear element of the surface can be put 

in the form ds? = A? (du? + dv’). Formule (3) under these conditions become 

Integrating these we see that 2 = (bv —au)7~' and that the linear element 

of the surface is * 

dwtdv? 


one (bv —au)?’ (4) 


The total curvature of this quadratic form is K = — (a?+ b?). Hence every 
surface with this linear element is pseudospherical. Since all pseudospherical 
surfaces with the same total curvature are applicable on one another, and since 
the geodesic curvature of any curve on a surface is unchanged by deformation 
of the surface, there exists on every pseudospherical surface at least one 
orthogonal system for which, when parametric, the surface has a linear element 
of the form (4). 

Let us inquire whether there is more than one such system on a pseudo- 
spherical surface, assuming in the discussion that the surface is referred to 
some orthogonal system. Then any other orthogonal system is determined by 


au 


where @ is the angle the curves given by (5) make with v = const. If the curves 


* Bianchi, “Lezioni Di Geometria Differenziale,” second ed., Vol. I, p. 211. 
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whose differential equations are (5) and oad have geodesic curvatures b and a 
respectively, then 


= (7, sin @) cos 


= cos +o > sin 6). 


Solving these for 6, and 6,, we have 


0, = + (bcos —assin 6), 


6, = — + (a cos 6+ b sin 8). (8) 


The condition of integrability 6,,,= 6,,, reduces to 


Hence the following theorem: 

TuHeEorEM 1. There exists on a pseudospherical surface of total curvature 
—(a?+b?) asingle infinity of orthogonal systems whose families have geodesic 
curvatures a and b. 

If a and b are replaced by other constants c and d, the condition of inte- 
grability requires only that c? + d? = a?+ b?. Hence we have 

THeEorEeM 2. There evists on any pseudospherical surface a double infinity 
of systems of orthogonal curves such that the curves in each family have the 
same constant geodesic curvature. 

The substitution ¢ = tan 0/2 will reduce equations (7) and (8) to a Riccati 
equation, and we have 

TuHeEorEM 3. Given any orthogonal system of curves on a pseudospherical 
surface, the determination of all orthogonal systems, the two families of which 
have given constant geodesic curvatures, requires the solution of a Riccati 


equation. 


§ 3. Transformations of Bianchi. 


Let us return to the study of a pseudospherical surface with the linear 
element (4) and of the associated normal congruence formed by joining corre- 
sponding centers of geodesic curvature. If M denotes a point on the surface, 
L the corresponding line of the congruence, and P, the foot of the perpendicular 
from M to L, we wish to prove that P, generates an orthogonal surface of the 
congruence, that this surface is pseudospherical and of the same total curvature 


a? + = — 
En, 
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as the original surface, and finally that the lines of curvature on both surfaces 
correspond. The distances from M to the two centers of geodesic curvature of 
the parametric curves are constant; hence the distance from either of these 
centers to P, is constant. But in §1 it was shown that a point at a constant 
distance on LZ from the center of constant geodesic curvature generates an 
orthogonal surface. Hence P, generates such a surface. 

In order to obtain the total curvature of this surface, we will find the 
product of the focal distances, measured from P,, of the congruence of lines L, 
If a and b are the geodesic curvatures of u=const. and v = const. respectively, 
the coordinates of any point P on L will be 


bt b at 
24 a+b! Vat tbe’ 0), 


where ¢ is the distance from P,. The displacements of P are 


bdt du at 
adt dv bt 


at 


bt 
dz = (pdu+p,dv) + (qdu + q,dv) 


Since b, d and 0 are proportional to the direction-cosines of the line of the 
congruence, the conditions that P be displaced in the direction of the line Z are 


da _ dy _ dz 
These are equivalent to the equations 
adxa—bdy=0, d2=0, 


which may be reduced to the following, when the expressions for da, dy and dz 
are substituted: 


dv _a—bV@+b t (9) 
du b+aVa+b t’ 

dv pb+qa+Va+b? (pa—pb)t (10) 


The elimination of dv/du between these equations gives a quadratic in t whose 


| 
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roots are the distances from P, to the focal points of the congruence. The 
result of this elimination is the equation 
+ b?) [p (a? — b*) —ab (q+ p,)] 
+ Va?+ b?[(p,+ 4) +4abp] t 
— [p (a? — —ab (q+p,)] =9, 
for which the product of the roots is — (a? + b?)~!. Therefore the total 
curvature of the surface generated by P, is —(a*+ b?), the same as the total 


curvature of the given surface. 

To find the equation of the developable surfaces of the congruence let us 

eliminate ¢ from (9) and (10). The result of this operation is the equation 
q,dv?+ (p,+q)dudv+pdu?=0. 

As this is the equation of the lines of curvature on the given surface, the 

developables of the normal congruence, or what amounts to the same thing, 

the lines of curvature on the orthogonal surfaces of the congruence, correspond 

to the lines of curvature on the given surface. 

Combining these results with the fact that MP, is equal to (a? + b?)~'%, 
i. €., equal to (— K)~!”, we have 
| TurorEM 4, The point P, generates a Bianchi transform of the given 
surface. 

By virtue of this theorem, any properties which are possessed by Bianchi 
transforms of the given surface or their congruences of normals are properties 
of the orthogonal surface generated by P, or of the associated normal con- 
gruences. One of these properties may be stated thus: 

THeorEM 5. The focal points of this associated normal congruence lie on 
the tangents to the lines of curvature of the given pseudospherical surface. 

We will now give another proof of this theorem similar to one stated by 
Darboux.* The tangents to the lines of curvature of an orthogonal surface of 
a cyclic system pass through the focal points of the associated cyclic congruence. 
When the circles are in the tangent planes of a pseudospherical surface, with 
their centers at the points of tangency, their radii are equal to (—K)~' and 
the orthogonal surfaces are Bianchi transforms of the given surface. The 
associated cyclic congruence is the congruence of normals of the given surface. 
The relation between a surface and any one of its Bianchi transforms is reciprocal 
in the sense that either is a Bianchi transform of the other. Therefore the 
tangents to the lines of curvature on the given surface pass through the focal 
points of the congruence of normals of the surface generated by P,. 


* Darboux, “Surfaces,” Vol. III, p. 430. 


é 
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§4. Coincidence of Normal Congruences. 


Thus far it has been shown that on any pseudospherical surface of total 
curvature —(a?-+ b*) there exists a single infinity of orthogonal systems 
whose families have given constant geodesic curvatures a and b, and that each 
of these systems determines a congruence of normals of a Bianchi transform 
of the given surface. It is now our intention to prove that the centers of 
geodesic curvature of a single infinity of orthogonal systems lie on each of 
these congruences, or in other words, that each associated normal congruence 
and each Bianchi transform may be determined by any one of a single infinity 
of orthogonal systems. If on a surface whose linear element is (4) the geodesic 
curvatures of an orthogonal system are m and n, then 


m?+n? = a? + 


and if 6 denotes the angle which the curves of geodesic curvature n make with 
v = const., then 


2[ cos 6 sind 
dvbv—aul 


The coordinates of the centers of geodesic curvature of this system of curves, 
with respect to the moving trihedral, are 


(—* sin, * eos 6, 0), cos 6, sin 6,0). (14) 


If these centers lie on the lines of the congruence determined by the parametric 
curves, they must satisfy the relation 


y =ar/b+1/b, (15) 


which is the equation of the lines with respect to the moving trihedral. Sub- 
stituting the coordinates of the centers of geodesic curvature (14) in (15), 
and then solving for sin @ and cos 6, we obtain 


am+bn 
’ 


n—bm 


a 
sin = - 


cos = 
These give a constant value for @ which satisfies (12) and (13) and therefore 
enable us to state the following theorem: 

TuHeEoreM 6. Corresponding curves of any two orthogonal systems whose 
families have constant geodesic curvature and determines the same normal con- 
gruence intersect under a constant angle. 

3 
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Since m and n are restricted by the relation (11) only, we have 

THEorEM 7. A single infinity of these systems determines the same asso- 
ciated normal congruence. 

Theorems 6 and 7 show that there exists a double infinity of systems of 
curves whose families have constant geodesic curvature and intersect under a 
constant angle, and whose centers of geodesic curvature lie on the lines of the 
associated normal congruence determined by the parametric curves. If a sur- 
face is referred to a system of curves for which g and h are the constant 
geodesic curvatures of v = const. and u = const. respectively, and w is the 
constant angle between these parametric curves, Voss* has shown that the 
linear element of the surface is 


du? + 2 cos dudvu+ dv? 


ds* = 
cosa) v + (—h+ 9 cosa) 
sin @ 


The total curvature of this quadratic form is 


—2gh COS @ 
sin? @ 


and hence the surface must be pseudospherical. If the x-axis of the moving 
trihedral is tangent to v = const., it can be shown by the same method as that 
employed in the case where the curves were orthogonal that the surface gene- 
rated by P, is a Bianchi transform of the given surface. Therefore the 
congruence determined by any system of curves of this kind must be a con- 
gruence of normals of a Bianchi transform of the given surface. 


§5. Ewistence of Associated Normal Congruences for Any Surface. 

In order to prove the existence of associated normal congruences for any 
surface, assume that an orthogonal system of curves is parametric on the 
surface and that the curves whose differential equations are (5) and (6) have 
geodesic curvatures 7’ and T, respectively. These geodesic curvatures are 
then determined by the expressions 


T= (n, sin 6) 6) |. (18) 
(my, cos 0) + = sin 0) |. (19) 


Assuming that 7, is a constant or an analytic function of 7’, equations (18) 
and (19) by the elimination of 7 give a partial differential equation of the 


* Miinchen Sitzungsberichte, 1906, pp. 247-296. 
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first order. When 7, is a constant or equals a constant times 7’, the differential 
equation is also of the first degree. Hence the existence of associated normal 
congruences for any surface is established for cases 2 and 3, and we are enabled 
to state the following theorem: | 

THeorEM 8. Given any analytic functional relation between the corre- 
sponding radi of geodesic curvature of the curves of an orthogonal system on 
a surface, or given that one of these radu is a constant, there exist associated 
normal congruences and the problem of determining them when any orthogonal 
system is parametric leads to the solution of a partial differential equation of 
the first order. 

The results of solving equations (18) and (19) for 6, and @,, when T, 
has been replaced by f (7'), are 


+ £(T cos6 —f (T) sin 6), 


+n, (T + f (7) cos6). 
Denoting by K the total curvature of the surface and by f’ the derivative of 
f(T) with respect to 7, the condition of integrability of these is 


K +I? 4 ft (cosd—f sin) — + (20) 


In order that this equation be independent of 6, so that as in the case of pseudo- 
spherical surfaces @ involves a parameter, we must have 


K+T?+f?=0, 
ET, —n,f'T,=0, 
Ef’ 


Since the determinant of the system composed of the last two equations is 
En, (f’? +1), the only real solution is 7,=—0, 7,=0, or T =const. Then 
by the first condition the surface must be pseudospherical and of total curva- 
ture — (f?+ 7*). Another result arising from the consideration of (20) is 
that for any set of values 7 and f (7) there can not exist more than two 
angles 6. 


§ 6. Some Characteristic Properties of Associated Normal Congruences. 


We now desire to know whether all normal congruences whose lines lie in 
the tangent planes of a surface are associated normal congruences. To carry 
out the investigation, we assume parametric an orthogonal system of curves 
on the surface, obtain the condition that a line in the tangent plane generate 


| 
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a normal congruence and finally derive the condition that this line pass through 
corresponding centers of geodesic curvature of some orthogonal system. Let 
be the angle that the perpendicular from the point of tangency, M, to the line 
of the congruence makes with the tangent to v = const., which is taken as the 
x-axis of an associated moving trihedral, and let h be the length of this per- 
pendicular MP,. Then the coordinates of any point P on the line will be 
(hcos@?—t sing, hsing+tcos®¢, 0), where ¢ is the distance from P, to P. 
In order that P move perpendicular to the line, for all infinitesimal displace- 
ments of M we must have 


(rdu+r,dv)h=0. 
This being true for all displacements is equivalent to 
ho,+t,—& sng+rh =0, (21) 
(22 


The condition of integrability for ¢ of these differential equations is 


hy, —h, +1) + + &, sing — Sing >, 
K = 0. (23) 


Since this does not involve ¢t, any pair of solutions @ and h will make (21) and 
(22) consistent and will therefore determine a normal congruence whose lines 
lie in the tangent planes of the surface. An inspection of (23) shows that, 
with certain restrictions, h or @ can be chosen arbitrarily and the other deter- 
mined by a partial differential equation of the first order and first degree. 

Denote the radii of geodesic curvature of the two families of the orthogonal 
system defined by (5) and (6) by R, and R, respectively. Then the coordinates 
of the centers of geodesic curvature are (—f, sin6, R, cos 6, 0) and (—R, cos 8, 
—R,sin6@, 0) respectively. Since the equation of the line of the normal con- 
gruence under consideration is 


+ ysing = h, 
the conditions that these two points lie on the line are 
— sin cos? + sing = h/R,, 
— cos cos — sing = h/R,, 


where @ and h are solutions of equation (23), and 1/f, and 1/R, are the 
geodesic curvatures of the curves defined by (5) and (6) respectively. Sub- 


i 
| 


Brat: Normal Congruences Determined by Centers of Geodesic Curvature. 21 


stituting for 1/R, and 1/R, their values in terms of &, y, and 6, and solving 
for 6, and 6,, we have 


6,.=—rt+ sing, (24) 
7,608. (25) 


The condition of integrability of these equations is 
m,cosp+ &,sing—xr, +& cosoo,—hén, K 
—t (n, cos h, + £ sing h,) = 0. (26) 


Since this does not involve 6, any pair of solutions @ and h of (23) and (26) 
will determine a normal congruence made up of the joins of corresponding 
centers of geodesic curvature of (5) and (6). Further, any set of values } 
and h, solutions of (23) and (26), will determine by (24) and (25) an infinity 
of functions 6, which differ only by additive constants, and therefore will give 
a single infinity of orthogonal system whose centers of geodesic curvature lie 
on the lines of the normal congruence determined by @ and h. Combining this 
result with Caronnet’s theorem, we have the following, a special case of which 
is given by Theorems 6 and 7. 

TuerorEM 9. If the joins of the centers of geodesic curvature of the curves 
of an orthogonal system on a surface form a normal congruence, then the centers 
of geodesic curvature of a single infinity of orthogonal systems of curves lie 
on the lines of this congruence and corresponding curves of any two of these 
systems intersect under a constant angle. 

Subtracting (26) from (23) we obtain 


(@, + 7, + = (9, + (27) 
From (24), (25) and (27) and from (21), (22) and (27) it follows that 
h,t,—h, t, = 9. (29) 


Turorem 10. The three quantities h, t and ¢—6 are functions of one 
another. 
If in (21) and (22) h is assumed to be a function of ¢, the vanishing of 


d (h, t) 


the Jacobian - — is equivalent to 


(u, v) 


Esng—h®,—r h,h, 


i 
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This equation reduces to (26) and hence, together with Theorem 10, proves the 
following, which may be used as a second definition of associated normal 
congruences : 

THEOREM 11. The necessary and sufficient condition that a normal con- 
gruence whose lines lie in the tangent planes of a surface be an associated 
normal congruence is that h be a function of t, or that h or t be a constant, or 
that both be constants, and that $ be a solution of (26). 


§ 7. Verification and Extension of the Results in the Preceding Section. 


Let us now verify formula (29) by means of the formule obtained in the 
proof of Caronnet’s theorem. In that proof ¢ was measured from (— &,, 0, 0) 
to any normal] surface of the congruence and was given by 

R, dk, 
VRi+ 
If the distance is to be measured from P,, to ¢ must be added the distance 
from (—R,,0,0) to P,. The result of this substitution is 


dt = 


R,R 
dt= (R? + (R, dR, —R, 


Since h is the length MP,, 
VRE + Ry (RE +R)’ 
O(ht) 
(uv) (R? + R2)? (R,, k,,)- 
But R, is a function of R,, or either R, or R, is a constant or both are constants ; 
hence the Jacobian is equal to zero and the condition that ¢ be a function of h 
or that either or both be constants is satisfied. 
In consequence of Theorem 9 and (30) it follows that 
_ RR, _ RR, (31) 
VRi+ VRP 


where R; and R, are the radii of geodesic curvature of another orthogonal 
system of curves whose centers of geodesic curvature lie on the lines of the 
same associated normal congruence. Since #, is a function of Rk, and Rj isa 
function of R;, it is necessarily true from (31) that R, is a function of R;. 
But since the curves which have radii of geodesic curvature R, and those 
which have radii of geodesic curvature R; intersect under a constant angle, by 
Theorem 9, we have 


% 
& 
Fe 
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THroreEM 12. There exists on any surface a double infinity of systems of 
curves whose geodesic radii are functions of one another and the curves of whose 
families intersect under a constant angle. These systems determine the same 
associated normal congruences. 

It becomes necessary now to prove that every system of this kind deter- 
mines a normal congruence and that the congruence so determined is identical 
with one determined by an orthogonal system. Assuming that v = const. and 
u = const. have geodesic radii R, and R, respectively and intersect under a 
constant angle w, and that the x-axis of an associated moving trihedral is 
tangent to v =const., the following relations are obtained easily from the 
formule of the moving trihedral and the formule of the geodesic curvature 
of the parametric curves: 


= 
= Mu— & cose 
R, = E/r, R, cos a) = n,/ (1, sin @). 


The coordinates of any point P on the line of the congruence are 


( —sinw R, t R — cosa) t 0) 
VR? + R2—2R, R, cosa’ R23—2R, R, cosa’ 


? 


where ¢ is the distance from (0,R,0) to P. The direction cosines of the line 
are proportional to 
R, sino, R,—R, cosa, 0. 
The condition that P generate an orthogonal surface of the congruence 
reduces to 


dtVRi+ R}—2R8, cosw = (R, — R, cosa) dR,. 


By a course of reasoning the same as that employed in $1, this shows that 
R, is a function of R,, R, or R, is a constant or both are constants. 
If in $6 the equations of the system of curves had been 


dv _& 
and the conditions that their centers of geodesic curvature should lie on the 
line of the congruence had been imposed, equations (24) and (25) would again 
have been obtained. Hence the problem of determining these new systems 
is the same as that of determining the orthogonal systems. 


' 
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THeEorEM 13. The necessary and sufficient condition that the lines joining 
corresponding centers of geodesic curvature of a system whose curves intersect 
under a constant angle shall form an associated normal congruence, is that the 
radit of geodesic curvature be functions of one another or that one radius be a 
constant or that both be constant. 

Theorem 13 gives a third definition of associated normal congruences. 
Together with the previous discussion this shows that the consideration of the 
orthogonal systems is equivalent to the consideration of these new systems. 
When a single orthogonal system determining an associated normal congruence 
is known, all systems of curves whose families intersect under a constant angle 
and determine the same normal congruence are known. 

We will now verify formula (28). Since the slope of MP, is tan@, the 
following equations are easily obtained: 


_ _ R,—R, tan 6 “ 
tang = +R, tan 0’ tan 60) = — B,/R,, (32) 


The curves intersect under right angles, and hence h depends only on &, and R, 
and is thus the same as in the previous discussion. These facts enable us to 


write the relation 
t, ty 
h, h, 


6.,, h, 
?, 6,, h, 


_ (Ri+- RD” 
RR, 


-» 


and hence equation (28) is verified. From (33), when ¢ equals a constant, 
@ — 6 equals a constant and conversely. From (32), when R, is equal to a 
constant times R,, ¢— 9 is equal to a constant and conversely, except when 
1/R,=0. In the latter case ¢—@ is equal to zero and the curves defined 
by (5) are geodesics. 

THEOREM 14. A necessary and sufficient condition that P, generate an 
orthogonal surface of the associated normal congruence, is that the radius of 
geodesic curvature of the curves of one family of the orthogonal system be 
equal to a constant times the radius of geodesic curvature of the curves of the 
other family, or that one radius of geodesic curvature be infinite. 


§ 8. Developables Corresponding to the Lines of Curvature. 


Suppose now that the lines of curvature are parametric and that equations 
(5) and (6) define an orthogonal system on the surface, such that if 7’ is the 
geodesic curvature of (5), f(Z) is the geodesic curvature of (6). Under 
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these conditions we wish to find when the lines of curvature on the given 
surface correspond to the developables of the associated normal congruence. 
To do this, we will obtain the displacements of a point P on the line of the 
congruence, impose the conditions that P move tangent to this line, eliminate ¢ 
to derive the equations of the developable surfaces, and finally equate the 
coefficients of du? and dv? to zero. The developables will then be given by 
du dv =O, or in other words, they will correspond to the lines of curvature 
on the given surface. The system of equations obtained by this process is: 


q (cos 6 — f’ sin 8) 7’, = 0, 
p, (sin 6 + f’ cos 6) T, = 0, . 


where f’ is the derivative of f (7') with respect to 7’. This system is equivalent 


to the following systems: 


cos = fisin, 9), 

} (41), } (42). 


The determinant of (34) is 1+/’?; hence it expresses an impossible condition. 
Since the lines of curvature are parametric, system (35) defines a plane, 
System (36) states that the geodesic curvatures of both families of curves are 
constant. This has been fully discussed in §{§ 2-4. Systems (37), (39) and 
(41) are similar respectively to (38), (40) and (42). Hence it is advisable 
to consider the first set only. Since, as may be easily shown, system (39) 
is satisfied only by developable surfaces of revolution, it is not desirable to 
treat it further. The only surfaces that satisfy condition (41) are the plane 
and developable surfaces of revolution; but as this statement is by no means 
evident, it is desirable to prove it. The lines of curvature being parametric, 
system (41) is equivalent to the two systems 


T,=0, q=0, p,=0, r= 1, = (43) 


(44) 


2,20, ¢=0, == = %, =O, = 0 | 
4 


26 Brat: Normal Congruences Determined by Centers of Geodesic Curvature. 


Evidently a surface which satisfies equations (43) must be a plane. The linear 
element of a surface conditioned by equations (44) is reducible to the form 
ds*=du’?+ (v,u+v,)? dv?, where v, and v, are functions of v alone. Since 
q and the total curvature of this quadratic form are zero, the curves v = const. 
must be tangents to the edge of regression. If v,=0 or v,=0 or v,/v, = const., 
the surface is a right circular cone or cylinder, since it is then a developable 
surface of revolution on which the lines of curvature are parametric. In 
general, T and f (7), which are functions of wu alone, and v, and v, must be 
such quantities that 


T Em = (m sin 8) — (Ecos 6), (45) 
f(T) Em = 0088) (E sin 8) (46) 


possess solutions 6. Substituting for & and y, their values given by the linear 
element, and solving for 6, and 6,, we obtain 


6, = Reosé — f sin8, 
6,=—v,+ (v,u + v,) (BR sin®@ + f cos§). 
The condition of integrability of these equations is 


T? + f?+T, sin 6+ f,cos 6 = 0. 


By virtue of the identity sin? @ + cos?6 = 1, this equation shows that 6 must be 

a function of u alone. Further, since @ is a function of wu alone, a. 

is a function of uw alone. Therefore v,/v, = const., and consequently the 
surface is a developable surface of revolution. 

System (37), in which R, f and @ must be functions of uw alone, will now 

be investigated at length. Since 6 is a function of wu alone, equations (45) 


and (46) are equivalent to 


wu — (7' sin 6 + f cos 6), (47) 
En, 
m9, = & + &n, (T cos 6 — f sin 4). (48) 
To these must be added the identity 
sin? 6 + cos? 6 = 1, (49) 


and from system (37) the equation 


f, sin 6 = cos (50) 


| 
| 
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From (48) and (49) we have 
T 
+ 1 
sin + (51) 
(52) 
VT? +f2 T? + f? ? 


where the upper signs are to be taken together. According to equation (47) 
the geodesic curvature of u = const. is a function of u alone. From (51) and 
(52) by differentiation we have 


4 _ 


(53) 


and from (53) and (48), 
nop 
By (47) the coordinates, with respect to the moving trihedral, of the centers 
of geodesic curvature of u = const. are 


VT? + f2 
TT 0), (55) 


and by use of (51) and (52) these are identical with the coordinates of the 
point of intersection of the line of the congruence and the z-axis. Therefore 
the center of geodesic curvature of «= const. lies on the line of the congruence. 
The displacements of the point (55) are: 


by + ff, VT? +f? +& (Tf, du, 


Since none of these displacements involve dv, the point (55) must generate a 
curve as M moves over the surface. It follows also that & and g must be 
functions of uw alone. Hence without loss of generality & can be taken equal 
to unity. This then proves with (47) that 7, is a function of wu alone. There- 
fore since the linear element of the surface is of the form ds? =du?+ ni dv?, 
and the lines of curvature are parametric, the surface must be a surface 


of revolution. 


= 

4 
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Since & is unity and r is zero, from (54) it follows that 


Ti+ft 
and from (46) that | 
Miu T if. 


In equations (56) and (57) there are three functions of uw. If it is possible 
to choose 7, (vu) arbitrarily and determine functions T and f that satisfy (56) 
and (57), the preceding discussion will hold true for any surface of revolution. 
Let then 7, be a known analytic function of u and denote by U the function 


. In order to further simplify the notation, use only upper signs and let 
1 
dT/du be w and df/du be 4. Then the equations to be considered are: 


(58) 
dn 
Tut fa) (Ta—fe) =U — (59) 
Solving (58) for uw we have 
—Tf+UVT?+ 


Both of these values of uw satisfy (58). For convenience choose one of them 
and let uw equal Ag (T,f,u). By substituting the values of uw and du/du in 
equation (59), it is found that the coefficient of dA/du is identically zero and 
that (59) reduces to 


(93%. + 5%) (61) 


If A equals zero, f (7) degenerates into a constant. By formula (52) this 
means that 6 equals 2/2 or 32/2, and hence that the curves whose equation 
is (5) are the parallels of the surface of revolution, and those whose equation 
is (6) are the meridians. The constant f must then be zero and 7 must be U, 
which is equal to “'". ‘These results satisfy equations (58) and (59). 


Let us now consider the other value of 4. Since neither of the coefficients 


U + and (T'--fo) (1@ +f) is identically zero, equation 


(61) will in general give a definite value of 2 which is not zero or infinite. 


i 
4 
| 
€ 
he 


Beat: Normal Congruences Determined by Centers of Geodesic Curvature. 29 


If we denote these values of 4 and u by the following analytic functions of 
T, f and u, 

(T,f,u), A= (T,f,4), 
equations (58) and (59) will become equivalent to 


aT df 


Hence we can say that for any given y7,(u) there exist functions 7 and f, 
which satisfy equations (58) and (59). When 7 and f are determined, the 
angle 6 can be found by means of equation (51) and (52). In this discussion 
we have used the upper signs. The same results would follow if we had used 
the lower signs. As no difficulty arises in the determination of p, q, r and r,, 
we have as the result of the investigation in this section the theorem: * 

THEOREM 15. JT'he necessary and sufficient condition that there exist 
associated normal congruences whose developables correspond to the lines of 
curvature on the given surface is that the surface be a surface of revolution 
or a pseudospherical surface. 

If in the preceding discussion of surfaces of revolution f (7') is equal to a 
constant times 7’, the point (55), which is the center of geodesic curvature of 
the parallels of the surface of revolution, is the point P,. This point generates 
an orthogonal surface of the congruence and the congruence so obtained is the 
same as that determined by the parallels and meridians. Conversely, if it is 
assumed that the point (55) generates an orthogonal surface of the congruence, 
by means of (54) we find that / must equal a constant times 7. 

For any parallel the totality of lines of the congruence will envelope a 
right cireular cone. Hence the orthogonal surfaces will be surfaces of revo- 
lution. When f is equal to a constant times 7’, the lines corresponding to any 
parallel will be perpendicular to the axis and also to a tangent to the corre- 
sponding meridian. The orthogonal surfaces of the congruence will, in this 
ease, be right circular cylinders. 


(7, f,u). 


§9. The Geodesic Curvature of One Family only of an Orthogonal System 
on a Surface is a Constant. Surfaces on Which One Family of Lines 
of Curvature Have Constant Geodesic Curvature. 


It has already been established that the center of constant geodesic curva- 
ture generates an orthogonal surface of the associated normal congruence, 


* The total curvature of the surface of revolution is 
K = — (T? + f?) = (T2 + fz. 


it 
iq 
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that the point P, can not lie on an orthogonal surface of this congruence, and 
that, unless the orthogonal system is made up of the lines of curvature of a 
surface of revolution, the developables of the congruence can not correspond 
to the lines of curvature on the given surface. For convenience of notation 
let c equal 1/a, where a is the geodesic curvature of the curves u = const. of 
the orthogonal parametric system. Then with respect to the moving trihedral, 
chosen as usnal, the coordinates of the center of constant geodesic curvature 
are (—c,0,0). The displacements of this point are 


dc=Edu, dy=—crdu, dze=(qdu+q,dv)c, 
and consequently the linear element of the orthogonal surface generated by it is 
= (62) 


If the parametric system is to be orthogonal on this surface, g must equal zero. 
This means that the curves v = const. on the given surface are asymptotic lines. 
These asymptotic lines can not be straight lines, as then both geodesic curva- 
tures would be constant and the surface would be pseudospherical. 


Since 
n=, =0, 
it follows that if g, equals zero, p must equal zero also. This condition will 


soon be discussed. 
If the curves u = const. are to be lines of curvature, the conditions im- 


posed on the surface are 


These are equivalent to 


r= aN, (63) 
My = (64) 
Piy = — (65) 

Ww (66) 

r= — D4, (67) 

(68) 


Multiplying (66) by g and (67) by r, and adding, gives 


qa +rr, + = 0, 
or after integration, 


— 


where U is a function of uw alone. By the transformation du, =U du, this 


4 
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becomes + g’2 + a2 £’2 = 1; hence without loss of generality U may be 
taken as unity. Let then U be unity and let &, gq and r be represented by 
&=csin6, q=singcos6, r=cos¢@ 

From the conditions above we also have 


c 6, 


cos @’ 


Pp, = >, — tang tan 


The fundamental] quantities are now expressed in terms of the new variables 
and 6, and equations (64) and (65) are left to determine these. Substituting 
in (65) and (64) respectively gives 


— tan®@ tan 66,, — tan¢ sec” 66, 6, 
— tan >, 6, — tan¢ cos 66, = 0, (69) 
6,, + tango, 6, —sin66, = 0. (70) 


Eliminating 0,, from (69) by means of (70) we have 
>,, — tan 60, — tan@ sec? 06,6, — tan@ sec 00, = 0. (71) 


Any pair of solutions @ and @ of equations (70) and (71) except those for 
which 6, is zero will determine &, 7,, 7, 7,, p, and q of a surface on which the 
lines of curvature u=const. have constant geodesic curvature a. 

It may now be shown that the curves « = const. are spherical lines of 
curvature. The normal curvature of uv =const., denoted by 1/p,, is equal to 
p,/n,. Substituting the values of p, and y, just found, we have 


a6, 
cos o>, —sin¢ tan 66, 


The curves w=const. are spherical if 


U, avg 
VE6G du’ 


U,+ 
where U, and U, are functions of u alone. Since in our notation G= q? and 
G = p%, it follows that 


1 dVG_ 9,,—sec*¢ tan6 >,6,—tan¢ sec? 6 6,6, — tang tan 
sin cos 0, — sing sin 6, 


du 


| 
| 
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By using (69) this becomes 


sing cos 6 — sing tan¢@ sin 00, 
— sing tan 66, 
a 


This proves that the curves wu = const. are spherical. 

Since the lines of curvature are parametric, q, equals zero and the linear 
element (62) becomes ds? = c?du?. Hence the orthogonal surface of the 
congruence generated by the center of constant geodesic curvature is a curve 
and therefore a focal surface. It may now be geometrically shown that the 
curves u = const. are spherical. Denoting the centers of geodesic curvature of 
u = const. and v = const. by A and B respectively, and the line of the con- 
gruence by AB, we see that for any curve u=const., A remains fixed as v 
varies and M, the point of tangency of the tangent planes, must move so that 
it remains at a constant distance c from A. Since the tangent to v = const. 
passes through A, the sphere on which u = const. lies cuts the surface at right 
angles. Any surface orthogonal to the congruence AB is generated by a 
point P at a constant distance from A on AB. When u = const., as v varies, 
P, generates a circle since it lies at a constant distance from A on 4 B, which 
is perpendicular to the curve generated by A. Hence any orthogonal surface 
of the associated normal congruence is the locus of spheres of constant radius 
whose centers are on the curve generated by A. These circles are lines of 
curvature. 

The lines joining A and the corresponding center N of normal curvature 
of v=const. form a normal congruence.* We desire to show that the con- 
gruence generated by AB and AWN are the same. Any point P on AN has 


the coordinates 
ct p, t 


where ¢ is the distance from a to P and 9, is the radius of normal curvature 
of v=const. The direction cosines of AN are proportional to c, 0 and p,. 
If the condition that P move perpendicular to 4N for all displacements on 


* Comptes Rendus, Vol. CXV, pp. 589-592. 
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the surface in the neighborhood of M is expressed, it is found that the re- 
sulting equation is satisfied by t= const. Hence the curve generated by A is 
orthogonal to both congruences. All the lines AB and AWN corresponding 
to any curve u= const. thus lie in the same plane. These two congruences, 
which are differently defined, may be considered as the same, since any line of 
either is a line of the other. The common perpendicular to any two lines AB 
and AN is the tangent at A of the curve A generates. If w is the angle 
between these two lines, it is easily shown that 

Let us now obtain the equations of a surface on which u = const. are lines 
of curvature and have constant geodesic curvature a. In order to do this 
let x (uw), y (uv) and 2, (uw) define the locus of centers of spheres of radius c, 
and a (u,v), B (u,v) and y (u,v) be the direction cosines of the radii of the 
spherical curves «= const. Then the equations of the desired surface are 


Z=%+tca, y=HtcB, 2z2=4H+ cy. (72) 
Since these radii are tangent to v = const., we have 
= + Ca, = Ta, (73) 
Yu = Yout = 7B, (74) 
= + = TY; (75) 


where r is a factor of proportionality. To these must be added 
a? + B+ (76) 


Multiplying equations (73), (74) and (75) by a, @ and y respectively, and 
adding, we have r= >4,,a. Hence, if w measures the are of the curve of 
centers and w is the angle between a tangent to v = const. and the corre- 
sponding tangent to this curve, it follows that r=cosw. It is necessary 
to prove that the equations (73), (74), (75) and (76) are consistent. To do 
so eliminate y from (73), (74) and (75) by means of (76), and then, in the 
equation resulting from the last elimination, substitute the values of a, and (, 
from the equations obtained by the first two eliminations. The equality so 
obtained is an identity. This shows that the three equations in a and @ are 
not independent and that these quantities may be determined by the following: 


CO, = + Yo, + %,a V1 —a?— 
cB, Tout B+ You —1) 2,8 V1 —a? — B*. 


a 
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Therefore for any given set of initial coordinates a,, 8), uv) and v, for which 
a2+ 8251 and %, y, and 2 are analytic, there exist solutions a (u,v) and 
8B (u,v) which, for u=u,, reduce to functions ¢, (v) and 9, (v) respectively, 
and for u=u, and v= v, reduce to a, and 8,. After a and @ have been 
determined, y is known and hence also the equation of the surface. 


APPENDIX. 


Conformal Representation on the Plane of Systems of Curves of Constant 
Geodesic Curvature that lie on a Pseudospherical Surface. 


If the linear element of a pseudospherical surface is 
ds? = (du? + 
Darboux has shown, by means of the transformation ™* 
e"=yY, 
that curves on the surface of geodesic curvatures a and b may be represented 
conformally on the upper half plane by the circles 


¢* 


+ = ES, (I) 


Since systems of curves whose two families have geodesic curvatures a and b 
and intersect under a constant angle w determine associated normal con- 
gruences, we wish to find the corresponding systems of circles in the plane 
that represent them conformally. If we suppose that the circles (I) and (II) 
intersect under an angle a, it follows that 


ln 
(h—m)? + (Lan)? = (4+ — 2-4 cosa). (IIL) 
Previously it has been shown that 
2 
+b 2ab COS @ (IV) 


sin? @ 


This relation enables us to write equation (III) thus: 


[sino (h—m) + 1(cosa— n(coso—$) | sino (h—m) 


(cose —n (cose =0. (V) 


* Darboux, “Lecons,” Vol. III, Ch. XI. 


=. 
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There is a single infinity of circles in each family of the system, and 
hence we will suppose that the pairs h and / and m and n are functions 
respectively of the parametrics s and ¢t. Considering the first factor only of 
(V), differentiation with respect to s and ¢ gives the two equations 


sinw h, + (cose _ = 0, 
a 
SIN mM, — (cos — %, = 0, 


Since 4, and tare the tangents of the angles the directions of motion of the 


h, mM, 
centers (h,1) and (m,n) make with the x-axis, and are constants, the curves of 
centers must necessarily be straight lines. From the first factor of (V) we 


obtain, then, that the equations of the lines of centers must be of the form 
b 
hsina +1 (coso——) +K =0, (VI) 
a 
m — n (cos — +) +K =0, (VII) 


where K is the constant that determines the particular system for given a and b., 


These lines intersect at the point (— ms 0) under an angle a. 


As corresponding curves of any two orthogonal systems, of the kind under 
consideration, that determine the same associated normal congruence intersect 
under a constant angle, we desire to prove that the same is true for corre- 
sponding circles of two orthogonal systems of circles whose lines of centers 
pass through the same point on the x-axis, Thus, for the present, assume 
that @ is a right angle and that we select two sets of values a, and b, and a, 
and b, for a and b. If we take the same value of K, say K,, for both systems, 
the lines of centers of the circles will intersect on the axis of x at the same 
point, and the lines of centers of the circles corresponding to the curves of 
geodesic curvature a, and a, will intersect under some angleo’. If we can show 
that a,, a, and w’ satisfy a relation of the form (III), where 


a? + b? = c?, 


the system of circles so obtained will correspond conformally to a system of 
curves on the surface which intersect under a constant w’, and hence will them- 


& 
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selves intersect under the same angle. From the equations of the lines of 
centers it follows that 


a, a, + b,b 

cos = 1 1% 
 V (ai + 6%) (a? + 88)’ 
— 4 — 2 a, @, COS 0’ 


sin? 
Therefore the desired result is proved. 

An examination of the pairs of equations (I) and (VI) and (II) and (VII) 
yields that all the circles of each family are tangent to each other at the point 


(— == 0), that there are only two circles of infinite radius in the system 


and that through any point in the upper half plane there pass one and only 
one pair of circles of the system. 

TueoremM. That part of all systems of circles, lying in the upper half 
plane, which satisfies conditions (1), (11), (V), (VI) and (VIL), where a par- 


K 
ticular value for = has been chosen, represents conformally all systems of 


curves of geodesic curvatures a and b on a pseudospherical surface, which 
determine the same associated normal congruence. 


UNIVERSITY OF PENNSYLVANIA, October, 1911. 
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A Theory of Geometrical Relations.—Continued.* 


By ArtHur RicuHarp SCHWEITZER. 


Cuapter VI. 
On the Foundations of Grassmann’s Extensive Algebra. 
(1) Pretrminary REMARKS ON THE GENESIS oF EucLIpDEAN GEOMETRY. 


In Chapter V we have shown that by the introduction of suitable defi- 
nitions the system °A, (and therefore the system *#,) implies a “geometry 
of position” which is defined by Hilbert’s axioms I and II of his “Foundations 
of Geometry.” This geometry may also be defined by Pasch’s axioms in 
§§ 1-2 of his “ Vorlesungen tiber neuere Geometrie” or Peano’s axioms I-XVI 
in his “I principii di Geometria.” + 

The system *K, may be made completet for euclidean geometry in a 
manner that is purely descriptive.§ The procedure necessary for such com- 
pletion in the case of the “geometries of position” due to Pasch and Peano has 
been admirably sketched by Burali-Forti|| and is easily adapted to the system 
3K,. Burali-Forti says: 

“Le systéme de postulats de M. Pasch, ou celui de M. Peano, donnent toute 
la Géométrie de position. .... Pour obtenir la théorie des paralléles, il faut 
joindre aux postulats précédentes celui de la continuité due a M. Dedekind et 
qu’on peut exprimerf en disant que ‘Un ensemble convexe de pvints, contenu 
sur un segment, est lui-méme un segment.’ 


* This article is a continuation of one under the same title in Vol. XXXI (1909), pp. 365-410; 
reference to the latter article will be made by pages under the notation “T. G. R.” 

+ Compare also, G. Peano, “Sui fondamenti della Geometria,” Rivista di Matematica, Vol. IV (1894), 
p- 51; A. B. Kempe, Proceedings of the London Math. Soc., Vol. XXI (1890), pp. 176-179; F. Enriques, 
Encyklopaedie der Math. Wiss., Band III, Heft 1, pp. 21-27, 70-72. 

t Cf. F. Riesz, “Die Genesis des Raumbegriffs,” Math. und Naturw. Berichte aus Ungarn (1905-1906), 
p. 309. 

§ Cf. A. B. Kempe, J. c.; F. Enriques, J. c., p. 34; A. R. Schweitzer, Bull. of the Am. Math. Soc., 
Vol. XV (1909), pp. 314-315. 
|| ‘Verhandlungen des Ersten Internationalen Mathematiker-Kongresses,” Leipzig, 1898, pp. 248-249. 
q G. Peano, “I principii,” pp. 9, 10, 28, 39. 
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“La definition de demi-droites paralléles donnée* on demontre que deux 
demi-droites paralléles sont complanaires; qu’un point externe a la demi- 
droite a est l’origine d’une seule demi-droite paralléle 4 a; que la relation 
exprimée par le mot paralléle est réflexive, symétrique et transitive. .... Il en 
résulte aussi que: par un point extérieur 4 une droite on peut mener une ou 
deux droites paralléles 4 la droite méme, et qu’un de ces deux cas doit toujours 
se vérifier. Pour obtenir la Géométrie d’Euclide il faut poser le postulat 
suivant: ‘Quelle que soit la droite a il existe un point b extérieur a la 
droite a par lequel passe une seule paralléle a la droite a’; car on déduit 
aisément qu’une seule paralléle a la droite a@ passe aussi par un point 
queleconque.” 

For further details of the development corresponding to the preceding 
position we refer to Burali-Forti, J. c.; E. H. Moore, Science, New Series, 
Vol. XVII, p. 403,+ and finally the “Programm” of F. Klein, Erlangen, 1872, 
reprinted in the Mathematische Annalen, Vol. XLIII (1893). ¢ 

To complete, therefore, the system °K, for euclidean geometry, we must 
first add to this system an axiom of Dedekind continuity. The latter may be 
expressed in a variety of ways;§ a form attractive for our purposes is an 
axiom with the (geometric) content of the so-called Heine-Borel theorem, |j 
stated for three dimensions. Finally, a parallel axiom corresponding to that 
given by Burali-Forti is easily stated. In connection with this axiom it is 
desirable to give the following definitions: f 

1. The line d&' does not intersect the (coplanar) line a8 means, 
K, and the existence of &,¢ such that AK, and a@deK implies 

2. The line d&' does not intersect the plane aBy means, aBydK and 
the existence of & such that 6&’F AK, implies aByd KaByé. 

3. The plane 5&'&” does not intersect the plane a@By means, aBydK, 
aK and the existence of such that EK, implies aByd KaByé. 


* G. Peano, “I principii,” pp. 38, 39. 

+ Cf. O. Veblen, Trans. Am. Math. Soc., Vol. V (1904), pp. 343-384. 

¢ Cf. Fano, Encyklopaedie der Math. Wiss., Band III, Heft 2, p. 295, etc., and the remarks of the 
editors of Grassmann’s Gesammelte Werke, Band I,1, p. 406, and Band I, 2, pp. 434, 436, 438. 

§ See, for instance, O. Veblen, l. c., pp. 346, 348; F. Riesz, J. c., pp. 318-319; “Atti del TV Congresso 
Internazionale dei Matematici,” Vol. II (1909), pp. 18-24; R.L. Moore, 7rans. Am. Math. Soc., Vol. IX 
(1908), pp. 488-489. 

|| Cf. E. Borel, Journal de Mathématiques Pures et Appliquées, 1903, p. 329; Comptes Rendus, 1905, 


p- 298; O. Veblen, Bull. of the Am. Math. Soc., 1904, p. 436. 
{| For the definition of the symbols used, see “T. G. R.” pp. 375-376, 398. 
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(II) Merrican Compietion* or THE System ror GEOMETRY. 
IntropuctTion oF THE NumBeErR System. 


NumericaL Derivation oF Pornts.t 


Although the above observations are important in showing that the outer 
product of Grassmann may serve as a generating relation for euclidean ge- 
ometry even when divested very largely of its metrical connotations, yet in our 
opinion this treatment can not be regarded as conforming to the basal geometric 
position of Grassmann in his “Ausdehnungslehre” of 1844. Namely, we 
assume that this position finds its most suitable expression through the use 
of the outer product (as an indefinable) in connection with the early, funda- 
mental introduction of the number system and the deducing of properties by 
means of the “numerical derivation” of geometric elements. ¢ 

In the following sections we attempt, therefore, a more properly grass- 
mannian development of euclidean geometry. 


§1. Quotient Relations: The Classes &, ®, R. 


Associated with the system *K,§ is the system °K, or conjugate || of *K,. 
The latter system is phrased exclusively in terms of the conjugate relation K 
defined as follows: aBbydKEnte if, and only if, aBydKné&Cr. Thus the 
validity of the system *K, implies the validity of °K, and conversely. J 

More generally, on the basis of the system *K,, we define two tetrads 
aByd, Enz to be in the quotient relation, written aByd/En rt, if, and 
only if, aBydKEn or aBbydKEnle or (aBydK and corre- 
sponding to the terms of the latter disjunction, the relation aByd/En or 
is said to be in the class & or & or &. The tetradic terms of the preceding 
quotient relation give rise, through our subsequent developments, to symmetric 


* As is easily recognized, this completion differs from that under (I) in relativity; the latter com- 
pletion may be said to be less absolute than the former. 

+ In this part we work out, in more exact detail, a position we have briefly indicated in the Bull. of 
the Am. Math. Soc., Vol. XV (1908), p. 81. 

{ Cf. Grassmann, Werke, Vol. I,1, p. 10, paragraph 1; p. 138, note 1; F. Caspary, Bull. des Sciences 
Math., Vol. XIII (1889), pp. 203, 240; G. Peano, Atti di Torino, Vol. XXXI (1895-1896), pp. 952-975; 
Vol. XXXIII (1897-1898), p. 534, concluding remark. 

§ Cf. “T. G. R.,” pp. 395-396. 

|| With this term compare the “obverse element” of A. B. Kempe, lJ. c., p. 155; J. Royce, Trans. Am. 
Math. Soc., Vol. VI (1905), pp. 357, 365; and the “semi-space” of Laguerre, Oeuvres, Tome II (1905), 
pp. 592-604 and 620, note. See also, “T. G. R.”, p. 376, note. 

{| Use is here made of a logical postulate analogous to that of Russell, “Principles of Mathematics,” 
p. 25, paragraph 2, and p. 97, § 95, (2). Cf. also “T. G. R.,” p. 375. 
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products, as distinguished from alternating or outer products, which we define 


below.* Grassmannt has used a relation = analogous to our quotient relation 


in the statement 


where A and A, are elementary (spatial) magnitudes which are “gleichartig” 
(4 +0). From our viewpoint, Grassmann’s relation is associated primarily 
with the system *R, rather than *K,.} 

Axioms 1-16 of the system *K,, as phrased in terms of quotient relations, 
we shall denote by the notations G,-G,, respectively. By G,, we denote corre- 
spondingly an axiom which ensures that the system °K, possesses, on the basis 
of G.-G,,, the property of Dedekind continuity; suitable forms for this axiom 
are easily derived from those cited under (I). 


~ 


§ 2. Identification of the Classes &, &, R with Systems of Real Numbers. 


The classes &, 8, R are respectively identified with systems of real 
numbers by means of axioms which we denote by G,,,, Gis,, Gis,. Throughout 
these axioms we shall denote by “6, 6, 6, 6,/0; 6; 6; 0; =q” that the real number g 
corresponds uniquely to the quotient relation 0, 0, 6, 0,/6; 0; 65 0; . 


Axiom 


1. If the quotient relations || 0, 0, 0, 0,/a) 7% 59, 9% 9, By % 
6, 6,6, 9,/a, Bo 7% 5) are in the class &, then 6, 6, By Ho = 9, 0, 
Yo do = 6, 6, 6, 6,/ Ao Bo Yo = 


* Cf. “T. G. R.,” pp. 376, 394. 

+ Gesammelte Werke, Vol. 1,1, pp. 41 (§8), 123, 127-129, 163 (§ 97), 303. 

{ Developments similar to those given in this and the subsequent sections might be based directly on 
the system *R,; cf. “T. G. R.,” p. 377, note. 

§ For the purpose of this correspondence the quotient relation is particularized in so far as it is 
conceived to hold between specific tetrads; to the effective relation in its generality, i. e., to the class of 
particularized relations, corresponds a class consisting of some or all real numbers; compare B. Russell, 
“The Principles of Mathematics,” pp. 161, 432-433; Grassmann, Werke, Vol. I,1, p. 123, note; p. 138, 
note 1; pp. 343-345; G. Peano, Formulaire Mathématique (1902-03), p.338: “u/peg”; p. 260: “ux vey.” 
Grassmann’s position (with which Peano seems in harmony) is presumably that the quotients of cospatial 
magnitudes of the same grade (i. ¢., “gleichartige Grissen”) obey the laws that govern any system of 
some or all real numbers (cf. Werke, Vol. I,1, p. 134, note), and in accordance with this position it would 
seem desirable for us to subject our quotient relations postulationally to such laws. 

|| By the notation a 8 ¥% 5) we designate in axioms G1s,, Gis,, Gis; the same fixed tetrad (in the 
K relation to itself); this tetrad may conveniently be identified with the tetrad of axiom 2 of the system 
°K,, Chapter V, p. 395. The symbol k? denotes a positive number. 


A 
A, = 
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2. If 6,6,0,0,/a, 8,75) and a, 5,/0,9,6,0, are in the class &, then 
9, 8, 6; Bo = implies a, 8575/6, 6, 6,4, = 

3. If 6,6,0,0,/a and a 257% and 6, 6,6,6,/6; 6,636, are 
in the class &, then 6, 6, By and ay By 6, = 1/k’? imply 
6, 0, 6; 0, 030; = h?/k’?. 


Axiom 


1. If Bayd/Enfe is in the class R, then Bayd/Enfc implies 
aby d/Enor = 
2. If aByd/n&Cr is in the class K, then aByd/Enor = —K implies 
= kh. 
Axiom Gig . 


1. If is in the class &, then a BY By = 9. 

2. If aBy8/a,B,7¥o5 is in the class and a,8,7/Enfr is in the 
class or &, then aBy =9 and or 
imply aByd/Engr = 0. 

The classes &, R, & as satisfying axioms G.s-G,,, we denote by &,, K_, K, 
respectively. We proceed to prove the following theorems: 

Theorem 1. If a@yd/En is in the class &, then apyd/Enfr 
implies Bayd/n& Or = k’*. 

For by Gz,,1, =k implies Bayd/EnGr = therefore 
by Gi, 2, =P. 

Theorem 2. If a@yd/En fer is in the class &, then 
implies aByd/néOr = —k’. 

By theorem 1, aByd/EnGc =k? implies =k’; therefore 
by 1, = —F. 

Theorem 3. If Bayd/En is in the class &, then 
implies Bay d/Enr = 

By Gi, 2, a8yd/Enfr = — k? implies hence by 
theorem 1, Bayd/Engr = k’. 

Theorem 4. If a@yd/En fe is in the class then = 

By hypothesis, and Enft/En are both in the class &. 
Therefore, by axiom G,,, (a8 yd/a, 8,75) or Bay d/a, and (Eng 
OF are in &. Four cases arise. 

Case aS and are in &. 

Hence by axiom G,,,1, we may put = ki and Engt/ 
= ke. But if is in K, so also is a8, gt, 
6 


4 
3 
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and by axiom G,,,,2, =1/kj. Hence by G,,,3, aByd/En 
= ki/k3, which verifies the theorem. 

Case II. is in and 8,75 is in &. 

Then is in& and this contradicts the hypothesis. 

Case TTT. Bay and are in &. 

Then, as under Case I, we show that Gayd/n&Gr =k. Therefore, by 
theorem 1, aByd/EnCr = 

Case IV. Bayd/a is in and is in &. 

Therefore Bayd/EnCT is in , which contradicts the hypothesis. 

Theorem 5. If aByd/En is in the class then = —F. 

Since aByd/En is in R, Bayd/En fr is in ® (cf. $1). Hence by 
theorem 4, Bay =k. Therefore by axiom G,,,1, a8 yd/Enor = —F. 

Theorem 6. If aByd/Enfe is in the class R, then aByd/Enlr = 0. 

Since aByd/EnCr is in the class R, aByd/aBy6 is not in the class &, 
but is in the class 8. Hence, by axiom G,, Boyd) or 
is in the class KR; that is, a) or a, 
is in the class 8. If is in then, by theorem 4, a, 
=k. Tf is n then is in & and, by 
theorem 5, a, = Finally, by axiom G,,,,1, a By 7% 5, 
=0. Thus the hypotheses of axiom G,,, 2, are fulfilled and we have, there- 
fore, aByd/Engr = 0. 

Theorem 7. The quotient relation aByd/EnCr is in the class &, or St, 
or according as aBy = k*, or or 0. 

Suppose that aByd/EnG¢ =k. Then, by definition, Cr is in 
one of the classes 8, R, &. Now aByd/En fer can not be in the class R; for 
if so, by theorem 5, = Similarly, by theorem 6, 
=nf¢ can not be in the class . Hence aByd/énCr is in the class &. 

The remaining cases are proved in an analogous manner. 

Theorem 8. If aByd/Enfr = then Enft/aByd = 1/K. 

As in theorem 4 we find two essential cases. 

Case By Bo = Mi, t/a, = 

Therefore by Gig, 2, By =1/K, ay) Boy = 
Hence by G,,, 3, aByd/En = ki/ks, EnGt/aByd = Thus, since 
we may take k? = k?/k3, the theorem is verified. 

Then as under Case I we show that = ki/ki, n&Gt/Bayd 
= k3/k?. That is, by theorem 1, 
and thus the theorem is verified. 


¥ 
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Theorem 9. If a8yd/EnGr=k? and EnCt/a' =1/k?, then 
d/a’ = k/k’?. 

We have either (a@yd/a, 8,75) and EnGt/a By OY (Bay d/a By 
and 8,7.) in. Similarly, and a’ 
or t/a, and B’a'y’ are in Hence (a By 
and and a’ B’y'd'/a, Boyd) or (Bayd/a, Boyd. and 
and 8,75) are in 

In the former case we may put, by G,,,,1, aByd/a, =F, a’ 
= P/m*, En = m/l", aByd/a' Since we may take 
?/m? = k?, m?/l’? = 1/k’? and therefore [?/l’* = k?/k’?, the theorem is verified. 

The remaining case is proved, through theorem 1, in a similar manner. 

Theorem 10. If =F, then aByd/aByds = 1.* 

By theorem 8, if a@yd/Enfr = then Enft/aByd =1/k. Hence 
by theorem 9, = 1. 

On the preceding proof we refer to Peano, Atti di Torino, Vol. XX XIII, 
p. 513, axioms 1-3; Formulaire Mathématique (1903), p. 3, §1, and p. 315; 
Russell, “The Principles of Mathematics,” p. 219, § 209, and p. 163. 

Theorem 11. If aByd/aByd=1, then Byad/aByd=1 and ydaB/ 
aBbyd =1. 

By axioms G,, and G,,,, 1, we have 8,75) Or Bay d/a By 7% 
= k?. In the former case, by G,,,1, By and ydaB/a, 
= Hence by 2,3, Gyad/aByd=1 and ydaB/aByd=1. In the 
latter case we have by G,,, 1, y and dyaB/a, = 
and therefore, by 2,3, yGad/Bayd=1 and dJya8/sayd =1; that is, 
by theorem 1, Byad/a@Byd=1 and ydaB/aByd =1. 

Theorem 12. If aByd/EnGr=k, then Byad/EnGr=K and ydaB/ 
Engr 

By theorem 4, since Byad/En Gr and ydaG/En are in the class &, 
Byad/Enfc=P and Hence by theorem 9, Byad/aByd 
= and yda6/aByd = m?/k*. But by theorem 10, = 1, 
and by theorem 11, Gyad/aByd=1 and ydaB/aByd=1. Therefore, 
since the correspondence is unique, we have /? = k? and m? = k’, and thus 
the theorem is verified. 


* If a tetrad is in the quotient relation to itself, then this quotient relation is necessarily in the 
class For by definition, aByé/afyd is in or or R. If aByd/aBys is in R, then aBydK and aByiK, 
If aByd/aGyo is in R, then aByédK Bays; that is, by Gi1, a3ydKaByd, which is impossible by G4. 
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Theorem 13. If aByd/EnGr = then Enlrt/aByd = —1/F. 

Since = —k*, by theorem 3, Bayd/Enfr = k*; hence by 
theorem 8, =1/k*; that is, by theorem 2, EyGt/aByd = —1/k. 

Theorem 14. If aByd/EnGr = and Enlt/a' = —1/k’”, then 
a By a’ = — 

By theorem 3, Gayd/EnGr=F and by G,, 2, =1/k". 
Therefore, by theorem 9, = k*/k’’; that is, by G,.,,1, «By d/ 
Ba'y = 

Theorem 14’. If aByd/EnGrc=—F, then Bayd/néE6r = — Fk’. 

By axiom G,,,,2, aByd/n&Or hence by theorem 1, Bayd/Enlr 


=k?. Therefore, by theorem 2, Bayd/néOc = —F’. 

Theorem 15. If aByd/Enfr = —F, then aByd/Bayd = —1.* 

By theorem 13, &nft/aByd = —1/k*. Hence by theorem 14, a@yd/ 
Bayd = —1. 

Theorem 16. If a@yd/Bayd = —1, then Byad/Bayd = —1 and 
= —1. 

Since a@y6/Bayd = —1, we have by axiom G,,,, 2, aByd/aCyd = 1, 


and hence by theorem 11, Byad/a@Byd=1 and ydaB/aByd=1. There- 
fore, by theorem 2, Byad/Bayd = —1 and ydaB/Bayd = —1. 

Theorem 17. If aByd/EnGr = —F, then Byad/EnGr = and 
= — 

Compare the proof of theorem 16 and use theorem 12 instead of 
theorem 11. 


If aByd/En Cc is in the class &, then, as we have seen, aByd/Enfr=0, 
and conversely. By the statement a@yd=0 we mean, there exists &’7'¢'¢’ 
such that a By6/t'y'f’r’=0. Thus aBydK and aByd=0 are equivalent. 
Therefore, aBydK and aByd #0 are equivalent. Further, a@y—0 means 
that there exists a point 6 such that aByd +0; a@y=0 means that there 
exists no such 6; means 

If aByd #0, then or We 
define: aByd > 0 means, aByd <0 means, aByd/ 
= Thus, if aByd #0, then aByd >0 or aByd <0. In 
particular, > 9. By a non-vanishing alternating product (Peano) 


* Compare theorem 10 and the corresponding note; we may show analogously that if the statement 


aSyé/Bayé is valid, then afyd/Bayd is necessarily in the class R. 
+ Cf. Grassmann, Werke, Vol. I,1, § 119, 
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or outer product (Grassmann) we mean a tetrad which is greater [Jess] than 
zero. When a8yd#0 we term the tetrad a non-vanishing symmetric pro- 
duct. Since for any two tetrads a’ @’y's’ and a” B” y” 5” we have the re- 
lations a’ =a and a” 8" = 9", 7,0" > 0, and 
we may define a’ y’ 0’ > a” B” y” §” according as q’ q”, symmetric products 
have the character of magnitudes* with reference to a fixed tetrad. 

It may, perhaps, be remarked here that Grassmann, in the “Ausdehnungs- 
lehre” of 1844, §§ 137-139 (cf. §§ 3-10), assumes that the outer product is 
associative.t The latter property is easily expressed in terms of our notations 
of Chapter IIIi by representing an outer product, say a,a,a,a,, by reflexive 
relations, a,a,a,a,R{334, @,a,(a,a,) ete., and assuming that these 
relations are identical. The associativity of the outer product does not seem 
to enter very essentially into the discussion of the present chapter. 


§ 3. Numerical Derivation of Points. 


By the class Q we mean the logical product of the classes 8,, R_, R, 
({hat is, the classes &, R, & as conditioned by the axioms G-G,,, Gs Gan Gud 
The class 2 consists, then, of quotient relations to each of which corresponds 
uniquely a real number which may be either positive, negative, or zero. As 
heretofore, the real numbers corresponding to elements of the class & will be 
designated by small letters of the Latin alphabet. 

We proceed to deduce an arbitrary point of a descriptive m-space (m = 
1,2,3) as numerically derived§ from m+ 1 independent|| points of this space. 
For this purpose we further condition the class Q by certain axioms, after 
setting up the following 


Definition 1. 


aByd=ka' B’y’s means, there exists £4 such that aByd/Enor =m, 
a’ By’ =m’, m =k m' and k corresponds to some element of the 


class ©. 


* Cf. Grassmann, Werke, Vol. I,1, pp. 161 (§ 96), 303, note; Veronese, “Grundziige der Geometrie,” 
p. 18, note 2; Russell, “The Principles of Mathematics,” pp. 161, 163. 

+ Cf. Peano, “Formulaire Mathématique,” (1903), p. 339. 

t See “T.G.R.,” p. 376; our Chapters II, III should be compared with Grassmann, Werke, Vol. I, 1, 
pp. 22-45. 

§ Grassmann, Werke, Vol. I, 2, § 1. 
|| Grassmann, Werke, Vol. I, 1, § 107. 
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Thus =q, then aByd=@q a’ if a’ #0, 
then conversely, aByd = qa’ implies aByd/a’' = q. Again, if 
aBbyd=qa' Ss and a’ =0, then aByd =0; but if aByd =0, then 
not necessarily a’ @’y’d =0 unless q#0. Also, if aByd=qa'B’y’s and 
q=0, thena@Byd=0. We notice that any tetrad a, @,y,6, has the properties 
a, 87,9, =14,8,y,5, and a,8,y,6,= —1 B,a,7,4,. 

Hereafter we shall write instead of aByd = —1a’'B’y's and aByd = 
la’ B’ y's the expressions, aByd = —a’' and aByd=a' I, 
respectively. 

As final axioms of this chapter we give 


Axioms 


G,. If aB&=0, af B#EHXa, and there exist two points 4, 4; such 
that a #0 and =k, a& then the existence of such 
that a8 #0 and =k implies k=h,. 

#0, then there exists such that (q' +9") a 

G,,. If a8&=0, a#B#E#a, then the existence of 6’, 6” such that 
£0, =k, a =k, a Bs ds” (where k, and k, are 
constants+ with reference to 66”) and the existence of &yf@¢ such that 
En€c= (k, imply k, +k, =1. 

G... If q=0 corresponds to an element of the class 0, then aByd $0 
implies the existence of &yf¢ such that EnG@r=qaPyd. 

G.,. If the coplanar lines a8 and &£’ do not intersect,{ then there exists 
some point & +~ &,&’ such that: &,£&’=0 and the existence of 6 such that 

In connection with the above definition of the relation aByd =ka’ B’ y's’ 
we give the following 

Definition 2. 


n 
> Pi 0, = = p® B® yO §M means, there exist for i= 1,2,...., m 
= 


andj = 1,2,...., the tetrads and (® ¢® such that &, 7, 
= 1:4; 19 FO e = pO a® BO yO and = 


™ n 
ED yD = Byy,d and > q;= q. 
j=l 


* See axioms G18,, Gis, for the definition of the tetrad a {,y.d, used in Gao. 


+ Cf. axiom Gig. 
{ For definition see 1 under (I) of the present chapter. 
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By means of our axioms it is easily shown that the relation “=” between 
the two sums in the above definition is linearly transitive and symmetrical; 
that terms on one side of the relation may be transposed to the other side 
after change of sign, etc.* Our definitions 1 and 2 should be carefully com- 
pared with Grassmann’s “Erklirung 1” and “Erklarung 2,” Werke, Vol. I, 1, 
pp. 343-345. 


Theorems. 


Theorem 18. If aByd=ka’'’y's, then for any tetrad 6,6,6,0, such 
that a = p-6,0,6,0, and a’ B’y’s = p’6,0,6,0, and 0,6,0,0,0, p=k-p’. 

If k =0, then (see under definition 1) a@yd=0 and therefore p=0; 
hence p=kp’. If k#0 and a’#’y’s’=0, then aByd=0, and therefore 
p=0, p’=0; hence p=kp’. Let now k#0, a’ B’y’d' #0. Then aByd/ 
6,6,0,0, = p, a’ By’ d'/0,0,0,0, = p’. By hypothesis and definition 1 there 
exists En such that aByd/EnGr=m, a’ and m=km’. 
Hence by the theorems of § 2, p/m, En 67/6, 0, 0,0, = p’/m’. 
Therefore, p/m = p'/m’. But m=km’. Hence p=kp’. 

Theorem 18’. If and k #0, then a’ = 1/k 
aByd. 

This is easily shown by the theorems of § 2 if a’ @’y’s’ #0. Suppose 
that a’ B’ y's’ = 0; then a@yd = 0, and we must show that 1/k corresponds 
to an element of the class 0. Since k $0 and a, 0,70, #0 (cf. note on 
axiom G,,), there exists by axiom G,, the tetrad &yf¢ such that Engr = 
By %; that is, by the theorems of § 2, a)8,7.d =1/kEn Gr. Hence 
1/k corresponds to an element of the class Q. 

Theorem 18”. If anda’ =k’ a" B" y” 8", then 
aByd =kk' a” 

If a’ B’y’ 5’ =0, then the theorem is easily verified when k = 0, or when 
and k’'=0. Let now a’ =0 and k,k’ #0; then a” B” y” 6” =0, 
a8yd =0, and we must show that kk’ corresponds to an element of the 
class Q. Since a) #0 there exist by axiom G,, the tetrads £,7,¢,7, 
and & .¢,7, such that £,7,0,7, = kay and & = 
Hence, by the theorems of § 2, & 0,7, = kk’ a, By y.%, and therefore kk’ 
corresponds to an element of the class 9. 

In the case a’ B’y'd’ #0, k,k’0 the theorem is verified by referring to 
the theorems of § 2. Finally, when a’ @’y’d’ $0 and k=0, the theorem is 
obviously valid. 


* In connection with definition 2, compare axiom G20. 
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Theorem 19. If a’ =q' Ener and a” Ent, where 
#0, then a’ 8 +a" y" 9" = (q' +a") Ente. 

We must show that there exists &,7,¢,7, such that &,7,¢,7, = (q' +4”) 
and that if a’ =p’ a, By” 8” = vp" a and 
Ein, ay Bo then p’+ p” = p. 

Let Ent =p, a,8,y%5). Then, since by hypothesis a’ =q' Enlr 
and a” =q" Engr, we have a’ = p,q’ a, 8,75) and a” B" y” 3” 
= p,q" 5). Hence by there exists a tetrad, say &,7,f,¢,, such that 


1 
= (2,9 +119") % But % = Ens since 


and ty By Hence &,7,¢,%,= +9") 

From the preceding we evidently have p’= p,q’, p” = p,@", P=PD:U 
and hence p’ + p” = p. 

Theorem 20. If aByd and Erlr=a' +a” d’, 
thenaByd=ka' + ka" d’. 

If k=0, then aByd=0 and the theorem is obviously valid. Therefore 
we suppose k +0. Likewise, we may assume that a’ By’ ds’ $0 and 
a” B"y" 0" #0. 

Since k corresponds to an element of the class Q (see definition 1), by 
axiom G,, there exist, say, 4’u’v’o’ and A” @", such that = 
ka’ B’y'S and 2” =ka” Let a By’ a, and 
a” 8" = a Then = ay Boyd) and A” = 
kq” Bo7%o%, and we must show that aByd= (kq’ +kq") a Now 
by hypothesis §y0¢ =a’ B’y' 8’ +a” B” y” 6”, and therefore, by definition 2, 
EnSt=(q'+q")a If Engz=0, =0, aByd=0 and there- 
fore aByd = (ka +kq") a Boyd. If then from aByd=kEn or 
and (q+ q') a we obtain aByd = (kq+kq’) a 

Theorem 21. If Ey€cvr=(k+k’)aByd, where k and k’ correspond to 
elements of the class then aBys. 

We assume #0. By axiom G,, there exist Auvo and A’ u'r’ a! 
such that Auvo=kaByd and =k’ aByd. Let Auvo= qa, 

We suppose that k #0; then aByd =1/kAurvo and since Auvo = 
Bo 5 we have, aByd But by hypothesis, = 
(k+k’)aByd. Hence = (q+ qk'/k) a) Since a’ =k’ aByd 
and aByd = a) ¥o59, we have A’ = Gk'/k ay By But u'r’ 
= Therefore = qk'/k; that is, = (q+ 
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Theorem 22. If paByd=qénfe and C'r’, then 
paByd+pa' =qingt+gd 

By hypothesis and definition there exist tetrads, say, A’u'v’a’, A” w", 
Ay Ay Such that = paByd, A” v" wo" = p'a' I, 
Ay By Ho Ay = 1; Bo Ag My Vo Oy = Then by theorem 
19, +A" 0" = (1 +7") ay Bo ANd A, @, + Ay My = 
(7, + 12) But by hypothesis, r’ =r, and r” =r,; hence = 
r,+7,, which verifies the theorem. 


yp” w” 


Theorems 19-22 have obvious extensions to an arbitrary number of terms. 
These theorems are essentially involved in the proof of the remaining theorems 
of this section. 

In the following we shall denote (cf. Chapter V) by the notations A’, A”, 
A,, A,, AY, A®, ete., arbitrary points. 

Theorem 23.* If aB&=0, a#BFEFa, then EBA A, 
where k is constant with reference to A,, A,. 

Let 46, be two given points. If «64,6, 0, then by axioms G,,—G,,,, Gi, 
and the theorems of Chapter V we readily show that £ 63,6, = ka£&0d,6,. 

Suppose now a 86,6, = 0. Then we show that & 66,6, =0 and a 8,6, =0. 
If «a 0, then since a8 &=0, we have by theorem 7, Chapter V, & 64,4, =0, 
a&d,6,=9. If a8d,=0, then since aB& =0, supposing we have by 
theorem 11, Chapter V, &86,6,=0, a£&6,6, =0. 

Theorem 24. If aB&=0, xa, then 
EBA,A,. 

If aB&=—0 and a, B, & are distinct, then by axioms 1 and 2 of the system 
3K, and theorems 5, 8 of Chapter V there exist two points 4), 4) such that 
a Bo #0, #0, Also aBE=0 implies §Ba=0 and 
a&8=0. Thus from axiom G,, follow two theorems which are obtained from 
this axiom by interchanging £ and a, & and @ respectively. Hence for any two 

points 0’,6” such that #0 and #0 we have, = 
k,&ad’d” and B&0'd” =k,a Bd", where k, and k, are constants with refer- 
ence to 0’ 6”. Then by axiom G,,,,1, 2, and theorems 2, 8, 13 of § 2, we have 


= — and = Let now af 8's" = 


* In this, and the following theorems, arbitrary points occurring homogeneously in relations may he 
omitted by introducing a suitable convention. 
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1+ a) then by theorems of § 2 we have, = —I/k, a, and 
= —1lk,a, 8,75. Hence by axiom G,, and definition 2 we have, 


+E BSS" = — (I/k, + 1k) 
that is, since a By) =1/la 8”, 


88" +E BIS" = — (1/k, +h) a BN", 


where k, and k, are constants with reference to 6’, 6”. Accordingly, by axiom 
G,, we have — (1/k, +k,) =1, which establishes the theorem when a 60’ 6” #0. 

If «6 0’ 5” =0, then, as under the preceding theorem, we show that 
a& d's” =0, = 0. 

Theorem 25. If the line & &’ does not intersect the coplanar line «a £, 
then af&’/A= BEE’ A and aBEA=aBi'A. 

We show first that if && does not intersect a, then the existence of 6 
such that a& £30 implies afé’d = BEES. By axiom G,, there exists the 
point &, &’ such that: = 0 and the existence of 6 such that & #0 
and $0 implies 86 and BS. By definition 1 
under (I) of the present chapter, since ££’ does not intersect a8, a&& #0. 
Let the point 6, be such that a&&’ 6,30; then since &,&&’ =0, we have by 
theorem 8, Chapter V, &,£a6,#0, Hence by axiom G,,, &&ad, 
= Bd, and Therefore, by theorem 22, 


EEad, + ad, EE, BO, + BO, 
But by theorem 24, since &,£&’ =—0, 


EE, 80, + Bd, Ef’ Bd. 


Therefore, by definition 2, &&’ad, = Bd,. 

Let 6, be such that a&&’6,=0; then, since a£&’B =0 and a&&’ 0, we 
have by theorem 7 of Chapter V, BE’ 5, =0. 

We have thus verified the first part of the preceding theorem; and since 
the relation of non-intersection is symmetrical, it is clear that the remaining 
part of the theorem is proved in a similar manner. 

Theorem 26. IfaBy+#+0 andaBy&=0, then EByA+akyA+aBEA 


=aByA. 
If §=a or B or y, then the theorem obviously is verified. 
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Let now a, 8,y. Then by the theorems of Chapter V there exists 
a point 7 such that (@y7&=0 and ayy=0) or (an§=0 and Byn=0) or 
(yn&=0 andaBy=0). If y=aor 8B ory, the theorem is easily verified 
by theorem 24 and definition 2. Assuming 7a, 8,y, we have by theorem 24, 
if By&=0 and ayy =0, 


(1) 
Br A" A= (2) 


Hence, putting in (1) A’ =&, 8 and in (2) A” =a, y, we obtain respectively, 


=ay8A, | 
anBA+nyBA=ayBA,| (3) 
Bnad+niad = Bead, 

| 


From the right-hand side of (3) we obtain expressions for EBy A, a&yA, 
aB&A, aByA; then the theorem is seen to be valid by finding the sum (ef. 
theorem 22) EByA+akyN+aBEA and comparing with the expression 
for aByA. 

Corollary. If aBy =0, then for any 
aByA. 

For if By, a&y, aB& are all equal to zero, then by axiom 7 of system 
°K,, Chapter V,a@8y =0; thus the theorem is verified. Let now By oraky 
or a B& be not equal to zero, say § By #0; then by theorem 26 for the point a 
we have, since § Bya = 0, 


that is, 


Theorem 27. If #0, then for any 
aBy&=aBys. 

If =a or B ory or 4, then the theorem obviously is verified. 

Let & a, 8, y, 6. Then by the theorems of Chapter V there exists a 
point 7 such that =0 and Bydy=0) or (@y&=0 and aydy=0) or 
(yn&=0 anda@dy=0) or =0 andaByy=0). If is collinear with 
an edge of a@y0d, then the theorem is easily verified by theorem 26 and 


| 
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definition 2. Assuming 287 #0, Byn #0, ete., we have by theorem 24, 
if an&é=0 and Bydy=0, 
= akAQ, 


and therefore, 


anyd+niyd=akyd, (1) 
BS. 


Also by theorem 26 we have for yy6 and the point 8, since Byd7=0, 
By dA” +nyB" 
and consequently for A” =a, & we obtain respectively, 


(2) 
Byd& +nBdE +ny Be =nydé. 


From (1) and (2) we obtain expressions for &B yd, a&yd, aB&d, aByé; 
whence by addition and comparing the sum obtained with the expression for 
aBy6d in (2), we easily verify the theorem. 

Corollary. If aByd =0, then for any &, EByd +akyd + 4+ 


aBby&=aBysd. 

For if EB yd, a&yd, aByé are all equal to zero, then by axiom 7 
of the system *K,, Chapter V, a8yd=0 and the theorem is verified. Let 
now &Byd, aBE8, aByé be not all zero, say EByd Then by 
theorem 27, for the point a we have 


=EByd; 


=aByd. 
Theorem 28.* If aB&E=0 andax+B#EFa,t then 
EA A, A, = aA, A, A, + b’ BAOA,A,, 
where a’+ b’ = 1. 
Since aB&=0 and a, 6, & are distinct, we have by theorem 23, 


EBA A" =k’ Ea dA’. (1) 
Let 4,, 5,, 6; be three given points and suppose first that 4,4,46; 0. Then 


we distinguish three cases. 


that is, 


* Compare Peano, “Calcolo Geometrico,” pp. 33-35. 
+ If =a we have, by definition 2, and similarly if 8. 
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Case I. The plane 6,5,6, meets the line af in the unique point —.* 
Then by theorem 24 we have, 


Eal’ EEO A” + a LA’ 
Hence, 
(2’) 
Ea 5,8, = 8,8, + 
But from (1), 
= k’'Ead,6,. (1’) 
Hence from (1’) and the second relation of (2’), by theorem 20, 
= 8, + ad, (3) 


Therefore from the first relation of (2’) and from (3), 


EEO 3,4, = WEEM 4,8, + 4,. 
EE 9.6, EE 3,4, + BE 4, 4,. 


Now by axiom G,, there exist and such that = 
and ce” = —k’ EE hence by theorem 19 there exists 
the sum, say &y¢¢, such that 


(1—h’) €E 3,6, = —W a EM 4,8, + BE 8, 4,. 
Since k’ #1,+ we have 46,6, =1/(1—k’) and since 
+ BE >$,6,, where &,7,0,t, = —k’a&3,6,, we have by theorem 20, 
EE = 1/(1—#’) + 1/(1—#’) BE 3, 4,. 


££ 98,6, —1/(1—k’) BE 3,6, = 1/(1 —#’) 
But &.7,0,7, = — k’'a& 9,5, and consequently by the theorems of § 2 and 
definitions 1 and 2 of the present section we have, 
EE 3,6, —1/(1—F’) BE 3,46, = 


or if we put 
W=1/1—#’), a+b’ =1, 


That is, 


and therefore, 


That is, 


we obtain 
EE 9,4, = a’ af 3,0, + b’ BE 3, (4) 


* We treat here essentially a, and BEd, 6,0. 

If k’=1, then by (1), §8A’A” = éaA’ A”. But by theorem 24, aé A’ A” + EBA’ A” = aBA'd”. 
Hence af A’ A” + &aA’ A” =a BA’ A”; that is, af A’ A” =0 or by axioms 1, 2 and theorem 5 of 
Chapter V. 


e 
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In a similar manner we derive the relations 
EEO = a + BE 
6, = a’ BE 3, 4,. (6) 
Now by theorem 27, since &,6,6,6, = 0 we have, 
EEO + FO d, + £46, = £5, 
a §,d, +46,6,E = 08, 6,6,, 
BE 8,8; + + = 85,5, 4,, 
and therefore, by using axiom G,, and an obvious extension of theorem 20, 
a $,6, + a’ ad, 6, + 0'a6,6,E = a’ ad, 6,45, 
b’ BE + b’ Bd, E 6, + b’ BS, 5,E = b’ BS, 4,4. 
Hence by addition (cf. theorem 22) from (4), (5), (6), 
= + b’ Bd, 6,65. (7) 


Case II. The plane 6,6,6, does not intersect* the line a @. 
Then we have t 


£5, 6, 6; = 44, 6,6, = Bd, 6,45. 


Now by Case I for three points 6;, 6, 6; such that the plane 6; 6,6; meets the 
line a @ in a unige point, 
8; 6; = a’ a 0; 4, 63 + Bd; 43, 


where a’ + b’ = 1 and a’, b’ correspond to elements of the class 2. Since 


a’ + b’=1 we may write 
6, 6, 6, = (a’ +b’) a 
and therefore, since a’, b’ correspond to elements of the class Q, by theorem 21, 
E 3,6, 6, = a’ a 6, 6, 6, + a 6, 
But from the preceding, ad, 6,6, = 64,6,6,, and hence by definition 2, 
£3, 6,6, = a’ a 0, 6,6, + B 4, 6, 


Case III. The plane 6,6,6, passes through the line a @. 
Then 


£6, 4,4, = 06, 4,4, = 84, 4,4, = 0. 


* See the definitions under (I) of the present chapter. 
+ By the theorems of Chapter V and axiom G3 there exists a point 6 such that, say, 6,é,4—0 and 
66,aA—066,8A; putting A=4,, d, and using theorems 22, 24, we obtain by addition, ad, 6, 6, = B 4, 6, d;. 
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Therefore, by definition 2, for the two numbers a’, b’ such that a’+ b’=1 
and a’, b’ correspond to elements of the class Q (cf. Case I), we have 


£6, 6,6, = a’ a 6, 6,46, + b’ BS, 3, 
Suppose, secondly, that 4,4,46,=0; then, as in Case III, 
£3, 6,4; = a 4, 8, 6; = B 4, 4, 
and we show similarly, 


Ed, 6, 6; = a’ a 6, 5, 8, + BS, 4, 


Therefore the theorem is verified. 

Theorem 29.* If a@By+#0 and aPyé =), then A, A, A,=0’a A, A,A, 
+b'BA,A,A,+ A,A,A,, where a’ +b’ +c’ =1. 

If =a or B or y, then by definition 2 the theorem is easily verified. 

Let a, 8,y. Suppose that & is collinear with a@ or By or ya, say, 
a8&=0. Then by theorem 28 and definition 2 we have 


EAA, A, = a’'aA, A, A, +b’ BA, AA, 


and similarly if By=0 or ya&=0. Let & be non-collinear with a 8 or By 
or ya. Then there exists (see proof of theorem 26) a point y such that, say, 
B&n=0 and ayy=0. Hence, by theorem 28, 


EA, A, A, = A,A,+ 4,4, b+y=1, 
nA, 4,4, = aaA,4,4,+ cy &,4,4,, a+te=1. 


By axiom G,,, definition 2, theorem 20 and the theorems of § 2, we find from 
the latter relations, 


EA, AA, = yaa A, AA, + A, A, + cyyA,A,4,, 
or if we put 


, 


cg=d, 
then 
a+b 
and 
EA, AA, = a’ aA, A, A; + BA, A,A, +c yA, A,4,, 
which verifies the theorem. 


Theorem 30. If aByd#0, then for any &, SA, A,A, = a’ aA, A,A,+ 
BA, A, A, + yA, 4,4,+ d'd4,4,4,, where a’ + b’+c’'+d'=1. 


* Compare Grassmann, Werke, Vol. I, 1, § 110. 
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If =a or ory or 4, or if & is collinear with an edge of a By 4, or if & 
is coplanar with a face of a@y6, then by theorems 28 and 29 and definition 2, 


the theorem is easily verified. 
Let now £ be non-coplanar with each of the faces aBy, dBy, ady, a4 


of aByd. Then there exists (see proof of theorem 27) a point y such that, 
say, ay&=0 and Bydy=0, and therefore by theorem 28 and 29 we have 


EA, A, A, = aah, 4,4,+ 4,4, 4,, 
nA, A, 4, = bBA, A,A,4+ 
Hence by axiom G,,, definition 2, theorem 20 and the theorems of § 2, we find 


from the latter relations, 
EA, A, A, = A, A, + b’'BA,A,A, +c yA, 4,4,+ d54,4,4,, 


where 
geome, 


and 
=1. 


‘ 
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The Double Tangents of a Binodal Quartic. 


By H. Bateman. 


1. The number of conditions required to determine an algebraic curve C, 
of the nth degree is usually said to be $n(n +3). This statement, however, is 
not complete, for a number of questions must be settled before we can be sure 
that the theorem is true in a particular case. It will be sufficient at present 
to consider the following questions: 

1) Are the conditions consistent with the properties of a C,,? 

2) Are the conditions independent of one another? 

3) Is there a non-degenerate C, satisfying the given conditions? 

Of course it would be useless to try to determine a nodal cubic with three 
inflexions not on a line,* and in this case the reason is quite clear, but there 
are other cases in which it is not easy to see that the conditions are inconsistent 
or not independent. 

For instance nine double points should determine a C,, but Cayley +t and 
Halphen ¢ have shown that if the points are chosen arbitrarily, the C, consists 
of a double cubic through the nine points; on the other hand if the points are 
not chosen arbitrarily and there is one non-degenerate C, having the given 
double points, there is an infinite number of C,’s forming a pencil, which 
satisfy the conditions. 


* A cubic satisfying the conditions would necessarily consist of three straight lines. It should be 
noticed that to be given an inflexion on a cubic counts as two conditions, but to be given three inflexions 
on a line is equivalent to only five. For five conditions are sufficient to make two of the points inflexions 
on a cubic and to make the third point lie on the cubic; this third point is then necessarily an inflexion. 

It can easily be verified in fact that there are o' cubics with a given double point and three given 
inflexions on a line. For the cubic 

avy (y— ma) + 2 hay + by? =0 
has inflexions at infinity in the directions c=0, y=0, y—ma=—0 if the two conditions 
2h -+ — =0, 2h bm=0 


are satisfied. The equation thus contains the arbitrary parameter h. 

} Proc. London Math. Soc., Vol. III (1869-71), pp. 198-202. A corresponding theorem for quartic 
surfaces had been given previously, ibid., p. 19. . 

t Bull. de la Société Mathématique de France (1882). 
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Other theorems of a similar type have been given for curves of higher 
degree by Halphen and de Jonquiéres.* In some cases a C, can be found to 
satisfy more than the proper number of conditions and then we must conclude 
that the conditions are not independent. 

For instance if we are given six tangents to a conic, two quartic curves 
can be found with these lines as double tangents and a given point O as double 
point.t Again, if A,, A,,...., A, are six points on a conic, we can describe a 
quartic curve to have a-double point at a given point O and to touch O4A,, 
OA,, ....; GA at The pots 

In each case the quartic can apparently be made to satisfy fifteen condi- 
tions instead of fourteen. Now this occurs very frequently in the case of the 
quartic curve, and I have found that when double points and bitangents are 
given, the method of counting constants must be used with caution; for instance, 
we have the following theorems: 

If we are given four double tangents and one double point of a binodal 
quartic, the other double point can be chosen arbitrarily when the double tan- 
gents are such that a conic passes through the points of contact of three of 
them§ and not through the points of contact of the fourth. 

If the points of contact of the double tangents le on a conic, the second 
double point can not be chosen arbitrarily; it must lie on one of three conics. 
When the double point has been chosen in a suitable way, there are o!' quartic 
curves with the given double points and double tangents. 

If the double tangents are such that no set of three are syzygetic,|| the 
second double point can not be chosen arbitrarily, and when the double points 
have been suitably chosen, there are ©! quartics which satisfy the conditions. 

The properties of the quartic on which these theorems depend are not 
altogether new, but I have not seen a statement of them in the above form. 
I have discussed the theorems from several points of view and have shown 
that the second theorem may be derived from Cayley’s theorem by a (2,1) 
transformation. The second theorem is also discussed with the aid of a par- 
ticular (2,1) transformation. The properties of this transformation seem 
so interesting that some of them have been developed for their own sake. 


* Comptes Rendus, Vol. CV, pp. 971-978. 
{E. Duporeq: Nouvelles Annales, Ser. 4, t. 2, p. 161. 

{E. Bertini: Acc. R. de Lincet (3), I (1877), pp. 92-97. 

§ When this is the case the three double tangents are said to form a syzygetic set. Frobenius, 
Crelle’s Journal, Bd. XCIX. See also a paper by Miss Long, Proc. London Math. Soc., Ser. 2, Vol. IX 
(1911), p. 205. 

|| They are said to form an asyzygetic set. 


58 


Bateman: The Double Tangents of a Binodal Quartic. 59 


Two of the three theorems can be proved geometrically with the aid of the 
theorem that the eight bitangents of a bicircular quartic touch a rational curve 
of the third class. This proof did not occur to me until the paper was almost 
completed. 

2. The properties of the double tangents of a binodal quartic may be 
studied by taking the case of the bicircular quartic and considering this as the 
stereographic projection of a cyclic from a point O on the sphere S containing 
the cyclic.* 

Let H,, H,, H,, H, be the four quadric cones through the cyelic, V,, V,, 
V,, V, their vertices and F’,, F,, F;, F', the projections of these vertices on the 
plane z, which is, of course, parallel to the tangent plane at O to the sphere S. 
We shall call the line of intersection of a plane through O with a the trace of 
this plane. 

The traces of the tangent planes from O to the four cones H,, H,, H;, H, 
are double tangents of the bicircular quartic, and so the double tangents meet 
in pairs in the points F,, F,, F,, F, which are the centers of the four circles 
which invert the bicircular quartic into itself.t 

Let h,, h,, hz, h, be the four conics which are the reciprocals of the cones 
H,, H,, H,;, H, with regard to the sphere S, and let [,,1.,1T3, 1, be their 
projections on the plane a. If h, meet 7, the tangent plane at O to S in the 
points L,,M,, the points L,, M, will be the poles with regard to S of the tangent 
planes from O to the cone H,. It follows then that the lines OL,, OM, are 
perpendicular to the traces of these planes on the plane a, but OL,, OM, are 
parallel to the asymptotes of the conic [,; hence the two double tangents 
through F, are perpendicular to the asymptotes of the conic [,. The conics 
r,, l,, T,, P, are known to be confocal. This may be proved as follows: 

Since the cones H and the sphere S belong to a linear system of two terms 
the tangential equations of the conics h, are of the form 


(r=1,2,3,4), 


where > is the tangential equation of the sphere S. 

The poles of a plane through O with regard to these conics lie on a line 
which meets 7 in the pole of the plane with regard to S. It follows then that 
if B is the trace of the plane through O and b the projection of the line, B and b 


” 


*See for instance Darboux’s book, “ Une classe remarquable de courbes et de surfaces algébriques. 
+ This theorem and some of the following ones are due to E. Czuber, Zeitschr. fiir Math. und Physik, 
Vol. XXXII (1887), p. 267. I have amplified his method of treatment and applied it to the theorems 
given by Richter. 
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are perpendicular and b is the locus of the poles of B with regard to the 
conics [. Now when a system of conics are such that the poles of a line B lie 
on a perpendicular line 6 for all positions of B, the conics are necessarily 
confocal; therefore are confocal conics.* 

If F, X, F,X’ are the two double tangents through F,, F, X, F,X’ the two 
double tangents through F,, their four points of intersection lie on a circle C,,. 
For we may regard the two pairs of lines as two conics whose axes are parallel 
to the axes of the conics I, and when the axes of two conics are parallel their 
four points of intersection lie on a circle. 

Richter + has shown that the six circles of type C,, are concentric with the 
conics [. To prove this by stereographic projection we start with the equa- 
tions of the four cones H, in the form 


S+1,Q=0 (r =1, 2, 3, 4). 
The equations of the pairs of tangent planes from O to the cones are then 


given by 
+4,Q) =(T+4,P)?*, 


where q is the constant obtained by substituting the coordinates of O in the 
equation of Q, and 7 = 0, P= 0 are the polar planes of O with regard to S=0, 


= 0 respectively. 
The lines of intersection of the two pairs of planes 


+a,Q) = (T+ a,P)*, 
(S + = (T+ 


lie on the cone 
(qS — 2PT) = (a, + T?’, 


whose trace on the plane 2 (7 = const.) is the circle C,,. The center of this 
circle does not depend upon the quantities A,, 2,, and so the six circles of type 
C,, are concentric. If we had drawn tangent cones from O to any two quad- 
rics through the cyclic, their traces on the plane 2 would be conics touching the 
bicircular quartic in four points, and the foregoing analysis indicates that the 
four points of intersection of these conics } lie on a circle concentric with the 
circles C,,. To prove that the circles C,, are concentric with the conics I’, we 


*The relation between the conics I and the points Ff is such that F, F’; F, is a self-polar triangle for 
l,, F; F,F, a self-polar triangle for T, and so on. The foci of the conics T are pairs of isogonal conjugate 


points with regard to the pedal triangle of F, F, F;. 
+ Zeitschr. fiir Mathematik und Phys., Vol. XXXV, Supplement (1890), p. 1. 


{The axes of the conics are parallel. 
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consider the point ¢ which is the pole of 7 with regard to the conic h,; this 
point will project into the center of I,. 

Since h, is the reciprocal of H, with regard to S, it follows that the polar 
plane of ¢ with regard to S is the same as the polar plane of O with regard to 
H,. Consequently 

S’p = s’P, 
where S’ is the polar plane of ¢ with regard to S, and s’, p are the values of 
S’ and P at O. Now the equation of the polar plane of ¢ with regard to the 
cone 
A,A,(qS — 2PT) = (a, + a,) T? 
is 
~~ tP) = (A, + 


and since p= q, t=s’ this reduces simply to 7 = 0. It follows, then, that the 
trace of this cone is a circle whose center is the projection of the point ¢; hence 
the circles C and the conics [ are concentric. Richter has also shown that if 
U,, U; are the feet of the perpendiculars from the center of the circles C on 
the two double tangents through F,, then the four lines U,U;, U,U;, U,U3, 
U,U; meet in a point. 

3. When the bicircular quartic is projected into a binodal quartic, the 
theorems of Richter and Czuber take the following form: 

The double tangents of a binodal quartic can be arranged in four pairs, 
P,, Pi; P., P3; Ps, P3; P,, meeting respectively in four points F,, F,, F;, 
The points of intersection of any two pairs such as P,, P|; P,, P; lie on a conic 
C,, which passes through the double points Q0’. 

The points F,, F,, F;, F, are the poles of QQ’ with regard to the four 
conics which pass through QQ’ and the intersections of the tangents from Q 
and Q’ to the quartic. 

The six conics of type C,, have double contact at the points QO’. 

It follows from the first theorem that if we are given the four double tan- 
gents P, P; P, P; and one double point Q, then the other double point Q’ can 
not be chosen arbitrarily, for it must lie on a conic through Q and four of the 
intersections of the lines P,P;P,P;. There are really three conics which 
correspond to different sets of two out of three pairs of opposite corners of 
the quadrilateral formed by the double tangents. 

We shall now show that this theorem may be deduced from Halphen’s 
theorem on the double points of a sextic. Let seven arbitrary points be chosen 
as the base points of a cubic (1,2) transformation between two planes X’ and X. 
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This transformation * is such that a point in X’ corresponds to two points in 
X, while a point in X corresponds to only one point in X’. A line in X’ corre- 
sponds to a cubic curve through the seven base points A,, A,, ...., A,, while 
a line in X corresponds to a rational cubic touching the synoptic curve J’ at six 
points. | 
It has been shown by Clebsch, Noether and de Paolis that the synoptic 
curve J’ is a general quartic,t and the corresponding curve J (the Jacobian) 
is a sextic with double points at A,,....,A,. Now let us apply this transforma- 
tion to Halphen’s theorem that if eight double points of a sextic are given, the 
ninth can not be chosen arbitrarily, its locus being in fact a C, with triple 
points at the eight given points. 
Let A,,A,,....,4,,A, be the eight given double points; then if we assume 
that the sextic is not described by pairs of complementary points in the plane 
X, the corresponding curve in the plane X’ will be a binodal quartic touching 


the synoptic curve J’ at eight points which correspond to those in which the . 


sextic meets J. 

The corresponding theorem is that for a certain set of binodal quartics 
touching J’ at eight points the two nodes can not be chosen arbitrarily, and 
that when the nodes are properly chosen, there are o! quartics of the set 
having the given nodes. 

If Ag is the point corresponding to an eighth given double point on 
Halphen’s sextics, the tangents from A; to J’ will correspond to the nodal 
cubics through the eight points, and the points of contact of these tangents to 
the twelve critical centers for cubics through the eight points. The curve of 
the ninth degree, which is the locus of a ninth double point on the sextic, meets 
J at the twelve critical centers and corresponds to a curve of degree 


touching J’ at the twelve points of contact of the tangents from A;. Hence, if 


*The properties of this transformation are discussed very fully by de Paolis. Memorie dell’ Acca- 
demia dei Lincei, Ser. 3, Bd. I-II (3 papers). Miss Scott’s papers, Quarterly Journal, Vol. XXIX, p. 329, 
Vol. XXXII, p. 209, Bull. Amer. Math. Soc., Vol. VII, p. 24 (1901), deal with the general theory ot the 
rational transformation between two planes and will provide the reader with practically all the informa- 
tion that is required here. We may also refer to R. Sturm, Die Lehre von den geometrischen Verwandt- 
schaften, Vol. IV, pp. 232-268. 

+ This may be seen at once by mapping the plane X on to a cubic surface by means of cubics through 
A,, Az, ...., 4¢- The synoptic curve in X’ can then be regarded as the section of the tangent cone to the 
cubic from the point corresponding to A,. 

{I notice that on p. 278, Vol. IV, of his “Geometrische Verwandschaften,” Sturm obtains the theorem 
on the cubic surface which corresponds to Halphen’s theorem; as the above theorem may be deduced from 
Sturm’s theorem by projection, it is probable that the theorem was known to Sturm. 
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one node of the binodal quartic be given, the locus of the other is a sextic 
curve. 
To investigate the question analytically, let the equation of the binodal 


quartic be 
Q(z’, y’, 2) =0. 


When w’, y’, 2’ are expressed in terms of (2, y, 2), this equation must take the 


form 
Q = SS’, 


where S is the equation of the sextic and S’ the equation of the complementary 
sextic. Now S and S’ each have double points at the seven base points and 
meet on J, hence S, S’ and J belong to the same pencil and we may put 


S=H+dAi, 
S’=H—wi, 
where 4 and u are constants. 
Since the synoptic curve J’ corresponds to J, we have 


J’ (2, 2’) =[J (2, y, 2) 


and a, y, 2 can be expressed rationally in terms of 2’, y’, 2’ and VJ’. When 
these rational values are substituted in the expressions for S and S’ and J is 
put equal to + VJ’ in one case and equal to —VJ’ in the other, the two result- 
ing expressions must be the same, for both S and S’ correspond to the same 
curve Q. This, however, is only possible if A = uw and H is a rational function 
of (2’, y’, 2’). The equation for Q now takes the form 


Q = — ay? = H?— = 0, 


where H(z’, y’, 2’) is of the second degree in (2’, y’, 2’). The eight points of 
contact of the binodal quartic with J’ thus lie on a conic H = 0. 

Let us now change the notation and use (x, y, 2) to denote homogeneous 
coordinates in the plane X’, also let F'(x, y, 2) =0 be the equation of J’, so that 
J'=F. If (a, y, 2), (7, y’, 2’) are two double points of the curve Q, we have: 


Ox dy a 
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These equations give 


ete. ; 


therefore 


and similarly 


oH’, OH’ | OH’) oF, 


Now since H is of the second degree, 


OH _ OH’, aH’, aH’ 


hence 


OF’ OF’ OF” OF OF 
and consequently 


OF” OF" OF’ y oF y 


This relation shows that the two double points can not be chosen arbi- 
trarily; when one double point A; is given, the locus of the other is a sextic 
curve which touches J’ at the points where it is met by the first polar of J’, 
i. €., at the points of contact of the tangents from A;. The sextic has a triple 
point at A; and double points at the three points of intersection of the first 
polar and polar line of P’ with regard to J’. 

The case in which J’ consists of four straight lines is of special interest, 
for then the lines form a set of double tangents of the binodal quartic whose 
points of contact lie on a conic, i. e., a syzygetic set according to the nomen- 


clature of Frobenius. 
Putting F = zyzt, the equation of the sextic becomes 


or 
(t'a'ye — tay’2') — tye’ax') — ter’y') = 0 


The sextic thus consists of three conics, each of which passes through the two 
double points and two pairs of opposite corners of the quadrilateral formed by 
the double tangents. This corresponds exactly with Richter’s theorem. 


| 
& 


IS 
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If then we are given four double tangents which form a syzygetic set and 
one double point of a binodal quartic, the other double point can not be chosen 
arbitrarily; its locus consists of three conics. When the two double points 
have been suitably chosen, there are «0! binodal quartics with the given double 
points and double tangents.* | 

If we are given the two double points and three double tangents whose 
points of contact lie on a conic, the fourth double tangent of the syzygetic set 
must pass through one of three fixed points on the line joining the nodes. 

When Hesse’s notation for the double tangents is used, the eight double 
tangents of a binodal quartic can be represented by the symbols t¢ 


12 27 28 35 
78 18 17 46 


‘ ‘ ‘ 2 
A pair such as 12,78 meet in a point F,; any two pairs 18 and - form a syzy- 


getic set. There are clearly six syzygetic sets. The tangents from the nodes 
each count as two double tangents and have two symbols associated with them,t 


¢ 
are the tangents from one node, and 
Gi) Ga) Gr) Gs 


are the tangents from the other. The line joining the nodes is represented by 
the four symbols 7 


thus 


34, 36, 45, 46. 


*In the case of the bicircular quartic the double tangents FX, F,X’, F,X, F,X’ determine the circle 
C,. and its center K. The asymptotes of the conics T, and I, can then be determined, but the linear dimen- 
sions of one of these conics can be chosen arbitrarily. When I, is known, the line F,/,, which is the polar 
of F,, can be found; T, is then determined by the fact that F, is the pole of F, F, with regard to T,. Finally 
F,;, F, are determined by the fact that they are conjugate with regard to I’, and I,. 

} Equations of the 28 double tangents of a quartic and the corresponding symbols are given by 
Cayley (Crelle’s Journal (1883), p. 93; Collected Papers, Vol. XI, p. 221, Vol. XII, p.74), and by de Paolis, 
Rend. Lincei, II, 2 (1877-1878). 

{This is well known. It may be deduced, for instance, from the results given by G. Fonténé. Sur 
les dégénérescences des 63 systemes de coniques quadruplement tangentes a une quartique. Bull. de la 
Société Mathématique de France, t. 27 (1899), p. 229, 


9 
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4. We must now investigate the question whether the double points can 
be chosen arbitrarily when we are given four double tangents which do not 
form a syzygetic set. There are two cases to be considered. 

(1) We may be given four double tangents which are such that the points 
of contact of no set of three lie on a conic. . 

(2) We may be given four double tangents which are such that a conic 
passes through the points of contact of three of them, but does not pass 
through the points of contact of the fourth. . 

In the first case the double tangents will belong to one of the sixteen sets: 


12 18 17 395 78 27 28 39 
12 18 17 46 78 27 28 46 
12 27 28 35 78 18 28 35 
12 27 28 46 78 18 28 46 
12 27 18 35 78 18 17 #35 
12 27 18 46 78 #18 #17 46 
12 27 17 39 78 27 #17 35 
12 27 17 46 78 27 #+I17 «+46 


formed by taking one double tangent from each pair. This case may be dis- 
cussed by means of the particular (2,1) cubic transformation in which the 
synoptic curve consists of four straight lines. 

Let the net of cubics in the plane X pass through the fixed point O and 
touch three fixed lines OA, OB, OC at the fixed points A, B, C respectively. 
Taking ABC as triangle of reference and choosing the coordinates so that O is 
the point (1, 1, 1), the net of cubics is represented by the equation 

Ea? (y — 2) + ny?(2—2x) + G2? = 0. 
This corresponds to the line 
Ea’ + ny’+ 
if 


These are the equations of the transformation; the Jacobian consists of the 


six lines 
y) = 0, 


and the synoptic curve of the four lines 


a’=0, y'=0, y’'+ 2’=0. 


4a 
= 
& 
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A point (a’, y’,2’) in the plane X’ corresponds to two points (a, y, 2), 
(x, Yi» where 


Let us now consider the curve which corresponds to a quartic having a double 
point at O and touching OA, OB, OC at A, B,C respectively. The equation of 
such a quartic is 
la? (y — 2) (2% —y — 2) + my®(z— x) (2y—z2—2) 
+ (a — y) (22 — y) uy? (2 v2? (w@—y)*=0, 

and the equation of the corresponding curve is found as follows: Put 

y’ on a 
&(x—y)’ 


6= m2’ b=ly’ — ma — v2’; 


then the previous equation may be written in the form: 


Now 


therefore on eliminating vx, y, 2 we obtain the equation 
Va! (@— + Vy' — 8) + Ve! (6— 9) = 0. (1) 


This represents a quartic curve having the point 0 ==» as a node and the 
lines 2’=0, y’=0, 2’ = 0, y’'+2’=0 as double tangents. In order to 
make the point (2’, y’, 2’) a node, we have then to satisfy only two equations, 


viz. : 
6=o= 4. 


Now the original quartic curve will have a node at the point (2, y, 2) if three 
conditions 


Of _ 


are satisfied. These, together with the two conditions 6=o@=y, give five 
linear conditions fur the determination of the ratios of (J, m,n,A,u,v). When 


f 2’ 
Gy 
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these are determined, the quartic curve (1) will have a double point at (2’, y’, 2’) 
and a second double point corresponding to (2, y, 2), both points being 
arbitrary. To show that the quartic is not degenerate, we have to prove that 
a proper quartic can be drawn to have a double point at O, to touch OA, OB, 
OC at A, B, C, to have a second double point at P(z, y, z), and to pass through 
two assigned complementary points corresponding to (2’,y’,2’). It is cer- 
tainly possible to determine a quartic from these conditions, for we have only 


3+64+3+4+2=14 


conditions to satisfy ; but there is a cubic curve touching OA, OB, OC at A, B,C 
respectively and passing through O, P and the two complementary points, 
and it is this cubic curve together with the line OP which is determined by the 
given conditions. If P is the double point of a proper quartic curve which 
satisfies the conditions, there will be a pencil of quartics of the same kind. 

It follows, then, that for a non-degenerate curve of type 


Val + Vy’ — 8) + =0 
the two double points can not be chosen arbitrarily, and when the double points 
have been suitably chosen there are o! curves with the given double points 
and double tangents whose equations have the above form. 
To find if the points of contact of the double tangents lie on a conic or not, 
we put 2’=0, y’=0, 2’ = 0, y’+ 2’=0 im succession. The points of con- 
tact of these four double tangents are then found to be given by the equations 


+1) (vt m—n+yu)=0, 

xv? y=0; 

(m+n)—--y?(l+ 2=0; 

(A+ uw) +22(A+ v) + 2ay’e’= 0, 
It is clear from the form of the coefficients of x’, y”, 2’? in the first three equa- 
tions that a conic does not pass through the points of contact of the first three 
double tangents, and it is easy to verify that the points of contact of any other 
set of three do not lie on a conic. For instance, the general equation of a 
conic through the points of contact of the second and third is 


m)— 2? (m+n)+ 
ky'2’=0; 


this meets the last double tangent 2’+ y’+ 2’=0 in points given by 
+v)—y? (A+ 


> 
Po 
( 
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and under no circumstances are these the same as the points of contact which 
are given by the equation 


y (A+ + + v) + 2ay’e’= 0. 


Hence we have the following theorem: 

If we are given an asyzygetic set of double tangents of a binodal quartic, 
the two double points can not be chosen arbitrarily, and when the double points 
have been suitably chosen there are «1 quartics with the given double points 
and double tangents. 

Let (X’, Y’, Z’) be the coordinates of the double point given by the equa- 
tions 02=g@=y. Then we have 


Z'(y— 1)=0, 
X’(A —m)+ Y’(n+1)—Z'(v+m)=0, 
+ n)+ Y’(u—n)+ Z’'(l +m) =0. 


Also, if (z’, y’, 2’) are the coordinates of a second double point, we find on 
differentiating the equation 


+ + Ve (6—9) =0 
with regard to a’, y’, 2’, that 


(al) — A) | T a = 


Multiplying these equations by X’, Y’, Z’ respectively and adding, we get 


Py 
va + = VO—$) = 0. 
Combining this with the equation 


Va'(@— wv) + Vy' — 8) + V2’ =9, 
(Y'e'— Z'y') Val X'2') Vy! V2"" 


Therefore 


x’ (Y’e’—Z'y')?+ y' X’2’)?+ 2’ (X’y’— 0. (2) 


= 
: 
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If (X’, Y’, Z’) be given, the locus of (2’, y’, 2’) is a rational cubic having 
a double point at (X’, Y’, Z’) and passing through the six corners of the 
quadrilateral formed by the four lines 

y¥=0, 2=0, 

If, on the other hand, the point (2’, y’, 2’) be given, the locus of (X’, Y’, Z’) 
is a conic which consists of a pair of straight lines through the point (2’, y’, 2’). 
It is in fact part of the Jacobian of the net of cubics passing through the six 
corners of the quadrilateral and the point (2’, y’, 2’). 

The two double points of the binodal quartic thus bear different relations 
to the four double tangents of an asyzygetic set; this is suggested by the 
nomenclature, for an asyzygetic set 

12, 18, 17, 35 
appears to be associated with the node [35] and the set 
12, 18, 17, 46 


with the node [46]. 

The lack of symmetry is also indicated by the corresponding configuration ; 
in the X plane, for one double point corresponds to a pair of complementary : 
points M, M’ and the other to a node P on the original quartic. 

To find the condition that a quartic may touch OA, OB, OC at A, B, C, 
pass through M, M’ and have a node at P, we must find the condition corre- 
sponding to 

(Y’2’— Z'y')*+ (Z'a'— X'y’)?+ 2 Y'a2’)?=0 
Putting 


a(y—2z) ’ 
x? y’ 


the equation takes the form 


(y — 2) (w@—y) [X’yz + + — 24 — ay) 
+ Y'en(ex — xy — yz) + (ry — ye — 2x) |= 0. 


Hence, when M and M’ are given, the locus of P is a conic* and a quartic. 


*If the conic pass through a fixed point (a, b,c), the cubic (2) will also pass through a fixed point 
(a’, b’, c’) and its node lie on the fixed line 


There is a (1,2) correspondence between the point (a’, 6’, c’) and this line, in which corresponding elements 


are incident. 


| 
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When P is given the locus of M and M’ consists of two cubies, each of which is 
described by pairs of complementary points. If we are given two double 
points and three asyzygetic double tangents, a fourth double tangent forming 
with the given ones an asyzygetic set can not be chosen arbitrarily. To find 
the envelope of the fourth double tangent, we write lx, my, nz in place of 
x’, y’, 2’; we then have to find the envelope of the double tangent 


la + my + nze=0, 
when /, m, ” are subject to the relation 
Zy)*?+ nly(Za— Xy)*?+ lmz(Xy — Ya)’, 


which is deduced from (2) by putting 
a =F’, af = 


The envelope of the fourth double tangent is thus a conic which touches the 
sides of the triangle zyz=0. This conic passes through the point (a, y, z) and 
also through the point . The tangents at these two points meet 
at the point (X,Y, Z). The conic, therefore, touches the line joining the nodes 
at one of the nodes.* In reality there are two conics, one being associated 
with each node. 

5. Turning now to the second case when we are given three double tan- 
gents forming a syzygetic set, we shall next consider whether a fourth double 
tangent can be chosen arbitrarily when the two double points are given, and 
whether the double points can be chosen arbitrarily when a fourth double 
tangent is given. Let the three given bitangents be taken as sides of the tri- 
angle of reference; then there are three possible forms for the equation of a 


binodal quartic, viz. : 
[ye + + my + nz) + (px + qy + rz)?]?= 4 rvyz(lx + my + nz), 
[ex + y(la + my + nz) + (px + qy + 4 + my + nz), 
2(la+ my + nz)+ (px + qy + 4 + my + nz). 
In the first case the double points are given by the equations 


px + qy + rz=0, 
yz my + nz)=0. 


*This might have been deduced from the fact that a Brianchon set of six bitangents of a general 
quartic touch a conic. When four asyzygetic bitangents and one node A are given, the locus of the other 
node consists either of the tangents to the two conics through A which touch the four lines, or else of the 
rational cubic which is the locus of the points of contact of the tangents from A to conics touching the 
four lines. 
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Let the coordinates of the double points be (a, b,c), (a, 8, y) respectively ; then 
aBy (la + mb + nc) = abc(la + mB + ny). 


Hence the double tangent lx + my+nz=0 passes through a fixed point on 


the line of nodes. This agrees with the result of $3. Writing the equation of 


the quartic in the form 


[yz + my + nz) ]?+ (px + qy + rz)? [ (pa + qy + rz)? 
+ 2yz+ 2u(la+ my+nz)]=0, (1) 


we may transform it into 


[ye —a(la + my + nz) + px + qy + rz)?]? 
= (px + gy + rz)?[(P—1) (px + gy + rez)? 
+ 2(6—1)yz—2(6+1)a(lx + my + nz) }. 
Now let 6 be chosen so that 
(px + qy + rz)?+ + my + nz) =0 
breaks up into factors; then the lines represented by these equations will be 


double tangents. Let «= &y-+ xz be one of these lines. Then we must have 


identically 


(P—1)[(pE + a)y + (pn + r)z]?+ 2(6—1) yz 
—2(0+ 1) (&y + nz) + m)y + (In + n)z]=0; 


(P—1) (pE + g)?—2(0 +1) (El + mE =0, 
2(®—1) + 9) (pn +r) + 2(6—1) —2(0+1) [E(n+n) + ] =0, 


(P—1) (pn + r)?—2(6+1) (y+ n)n =0. 
These equations give 


Substituting these values of £1 + m, yl + n in the second equation, we get 


2(0+1) (pE +4) (pn +r) +2—(O+ (pe =f, 


or 
9 
= LE +r) + a) (Er — 
Hence we have the equations 
E(EL +m) _ n(nl-+n) 


(pn +r)? 


(Er—nq)? (pE + 9)? 


i 
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Now, if the double points are given, the equations 


pa+qb+rce=0, 
pa + q8+ry=0 
give 
by —cB ca—ay av—ba 


where A is an arbitrary parameter, and the equations 


be — a(la + mb + nc) = 0, 
By— a(la + mB + ny) = 0 
give 
m(by — cB) = (ba -— aB) + — ay), 


n(by — cB) = = (ya — ca) —1(ba — a). 


Hence p, q, 7, 1, m, n can be expressed in terms of two arbitrary parameters 
l and A. These parameters both occur in equations (2) and these equations 
can be solved for / and A; consequently there are two arbitrary parameters in 
the determination of & and yx, and so the double tangent «= £y + nz can be 
chosen arbitrarily. It follows, then, that when this double tangent is given, the 
two double points can be chosen arbitrarily. 

To complete the proof we must show that the binodal quartic represented 
by equation (1) is not degenerate. If it consisted of a straight line and a cubic, 
the line would have to be the line joining the double points, viz., pr-+qy+rz=0. 
This is not generally a factor of (1), so this possibility may be rejected. If 
the curve consisted of two conics, there would only be four constants in the 
equation instead of six, so this possibility may also be rejected. 

6. The theorems of §§3,4 and5 may also be proved geometrically by 
considering the case of a bicircular quartic. 

It is known that in the case of a general quartic the twelve bitangents of a 
Steiner system, e. g., 

12 27 28 35 36 34 
78 18 17 46 56 54 


touch a curve of the third class,* and that the six points of intersection of the 
pairs of bitangents lie on a conic.t Now, when the quartic has double points 


* Salmon: Higher plane curves, 3rd edition (1879), pp. 150, 226. 
+ Baker: Proc. London Math. Soc., Ser. 2, Vol. IX (1911), p. 145. 


10 
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at the circular points, the four bitangents 36, 34, 56, 54 coincide with the line 
at infinity, and so the curve of the third class has this line as a double tangent. 
The points of intersection of 34, 54 and 36, 56 become the points of contact of 
the double tangent; these points lie on a conic through F,, F,, F;, F,, and this 
conic is a rectangular hyperbola since F,, F,, F;, F, form a triangle and its 
orthocenter. Hence, the points of contact of the line at infinity with the curve 
are harmonic with the circular points. They are also the points at infinity on 
the bisectors of the angles between pairs of bitangents. To prove this let 
aa’, BB’, yy’ be three pairs of bitangents; then the curve of the third class is ° 
the Cayleyan of the net of conics 


Aaa’ + uBR’ + vyy’= 0. 


But since the circle through the four points of intersection of aa’ with @@’ is 
concentric with the circle through the four points of intersection of aa’ with 
yy’, the problem of finding the Cayleyan may be simplified by regarding the 
net of conics as built up from 


ax+ by=0, (*—ay)?+ 
The tangential equation of the Cayleyan is easily found to be 
an?) (BoE — ayn) = (a — b) Ent. 


Its form indicates at once that the line at infinity (& == 0) is a double tan- 
gent and that the points of contact are on the axes, 7. e., on the bisectors of the 
angles between the bitangents az?+ by’= 0. 

By using the equation of the Cayleyan we can express the equations of 
the eight bitangents in the form 


(a + bt) 


(s =1, 2, 3, 4) 
i, 2, 
_ (a + bt?) (Bot, + 
where 
— — 


The coordinates of the points of intersection of pairs of bitangents are 


m= 5), w= ot), (s=1,2,3,4) 


and these form a triangle and its orthocenter on account of the relation 


4 
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between ¢,, ¢,, ts, t,. The equation of the circle through the four points of 
intersection of the bitangents with parameters ¢,,....,¢, with those with 
parameters ¢,, ...., f, is 


(% — (y — Bo)?= (a?ag (1 + (1 + 


Now let us see how the Cayleyan helps us in the problem of determining 
the bicircular quartic by means of four bitangents. If four syzygetic 
bitangents such as 


12 27 
78 #18 


are given, the bisectors of the angles between each pair must be parallel, other- 
wise there would be no quartic. These four bitangents determine the Cayleyan 
completely; a third bitangent, such as 28, may be taken to be an arbitrary tan- 
gent of the Cayleyan, and then the configuration can be determined com- 
pletely, for 17 is the tangent making the same angles with the axes as 28, and 
three points such as F,,, F’,, /; determine the fourth on account of the property 
of the orthocenter. 
If a set of bitangents such as 
12 27 28 
78 
be given, the Cayleyan can be determined, for 12 and 78 determine the origin 
of coordinates, the directions of the axes and the ratio a/b, while 27 and 28 
give the constants a and 8. The whole configuration is now determined 
uniquely ; hence four double tangents of this kind can be chosen arbitrarily, and 
there is only one bicircular quartic. 
The case when four bitangents such as 


12°27 28 35 
are given can not be discussed very easily with the aid of the Cayleyan. 
7. The special (2, 1) transformation used in this paper is capable of so 
many useful applications * that it seems worth while to work out its properties 
in detail. The equations 


, 


Siy—2z) 


give 
+2 (x+y)=0. 


*T have used it in a former paper, Quarterly Journal, No. 147 (1906), to prove an interesting: prop- 


erty of a uninodal quartic. 


2 
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This is the equation of the line joining two complementary points. On the 
portion «=0 of the Jacobian, we have 


hence the line joining two consecutive corresponding points is in this case 
u(¥—Z)—yZ+2Y =0. 


This passes through the point (—1,1,1). The “principal lines” at points of 
y = 0, 2=0 can be shown to pass through (1,—1, 1), (1,1,—1) respectively. 
A straight line lx + my + nz =0 corresponds to a rational cubic, for the 
equations 
la + my + nz = 0, 
a(y'+ 2’) + y(2’+ 2’) + 2(a’+ y')=0 
give 
y 


n(2’+ y’) y’)—n(y’+ 2) m(y’+ 2’) 


Substituting in the identical relation 


we obtain 


, 


x’ y’ 2 


This equation represents a cubic having a node at the point given by 


y+ 2’ 2+ + y’ 
l m n 

The curve touches the three lines 2’= 0, y’= 0, 2’= 0 and meets them again at 
the points where they are met by the line 2’+ y’+2’=0. The cubic has a 
eusp if the line lx + my +nz=0 passes through one of the points (—1, 1,1), 
(1, as 1, 1), (1, 1, akin 1). 

If the line passes through the point (1, 1, 1), the cubic breaks up into the 
line a’+ y’+ 2’=0 and a conic touching the four lines 


= + y+ 2’=—0. 


u=NV, y 
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For if the equation of the straight line be written in the form 


Uy —2)-+ m(2—2) + n(«—y) =0, 


we have 
la’ my’ , ne’ 
+ + = 0. 
But 
La 
m—n n—l 
Substituting in the equation 
a’ , 2 


Va' (m —n) + Vy’ (n —1) + V2’ (l — m) = 0. 
The complete curve in the plane X corresponding to this conic consists of a 
straight line and a quintic curve whose equation is 


(m—n)x[xy + ye — ex] [ye + ex— zy] 
+ + ay — yz] [ye + — ay] 
+(l—m)z2[xy + ye — ex] [ex + ry — yz] = 0. 
This curve passes through the point O (1,1, 1) and has tacnodes at 4, B, C, 
the tangents at these tacnodes being OA, OB, OC. ‘We shall now show that a 
straight line through the point O is cut in a constant anharmonic ratio by this 
quintic curve. Consider two conics Q and Q’ touching the four lines 


of = 0. 


By a known theorem,* the cross-ratio of the four points on Q in which it is cut 
by Q’ is equal to the cross-ratio of the four points on Q’ at which it is touched 
by the common tangents of Q and Q’. 

Now let Z and H be the line and quintic corresponding to Q, L’ and H’ 
the line and quintic corresponding to Q’.. The four points of intersection other 
than O of L and H’ correspond to the four points of intersection of Q and Q’, 
and so the cross-ratio of these four points on L is equal to the cross-ratio of 
the four points on Q, for when there is a (1, 1) correspondence between the 
points of a line and conic, cross-ratios are unaltered by the transformation. 


*This is proved by reciprocating one conic into the other. 


77 
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Again, the cross-ratio of the four points in which Q’ touches the lines 


is equal to the cross ratio (Oabc), where a, b,c are the points in which L’ 
meets the lines BC, CA, AB. Hence, it follows that the cross-ratio in which L 
is cut by H’ is equal to (Oabc) and is independent of the position of L. 

To verify this theorem analytically, we write 


Y=a2—y, 


The equation of the quintic then becomes 
(m —n)v[a?— 2aY + YZ) 2aZ + YZ) 
+ (n —1)(a— Y) YZ) 247 + YZ) 

+ (l— m) 24Y + YZ) YZ) =0, 


or 
+ cZ)— 4a°(b + ¢) YZ 4+ 2a [YZ?(2b +c) + + 2c) ] 
+ cZ)=0, 


where 


b=n--l, c=l—m. 


Calculating the invariants of this quartic in v, we have, 


31 = — Z)2(b?+ be + 
= 4Y3Z3(¥ — Z)3(2b +c) (b + 2c) (b—c). 


Hence, a7 ye 38 independent of the ratio of Y to Z. Since the cross-ratios of 


it follows that the anhar- 


the four values of x depend only on the ratio pe 


monic ratio is the same for all straight lines through O. 
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Involutorial Transformations. 


By Frank M. Morgan. 

It has been proved by Professor Bertini* that there exist four distinct 
types of involutorial transformations in a ternary field. 

By distinct types he means that no type can be reduced'to any other type 
by means of a series of quadratic transformations. 

In the present article I have set up the equations of these four types. 
The first type, harmonic homology, can be reduced to the form, pa, =, 
pr, = %, p®,—= —a3. It will not be considered further. I have then shown 
how the transformations of class one and two considered by Bertini,+ those 
of class three and four considered by Martinetti,{ and those of class five con- 
sidered by Berzolari,§ may be reduced to some one of the four types. I have 
then shown by the same process how a transformation of any class may be built. 

The four types are: 

1) Harmonic homology. 

2) Involutorial perspective Jonquiéres transformations of degree n, with 
a fixed curve of degree », which contains an (n—2)-fold point. 

3) The Geiser transformation of degree eight with seven fundamental 
points of the third order, and a fixed curve of order six which has double points 
at the seven fundamental points. 

4) The Bertini transformation of degree seventeen with eight fundamental 
points of the sixth order, and a fixed curve of degree nine, having triple points 
at the eight fundamental points. 

Type II. 
To set up a Jonquiéres transformation, consider a pencil of conics having 


four distinct basis points, and a pencil of cubics four of whose basis points 
coincide with the basis points of the conics. This configuration sets up an 


* Annali di Mat., Ser. 2, T. 8, pp. 244-286. 

+ “Sopra aleune involutioni piane,” Lomb. Ist. Rend., Ser. 2, Vol. XVI (1883), pp. 89-101, 190-208. 

{ “Le involuzioni di 34 e 4a classe,” Annali di Mat., Ser. 2, T. 12 (1883-1884), pp. 73-106. 

§ “Ricerche sulle trasformazioni piane, univoche, involutorie e loro applicazione delle involuzioni 
di quinta classe,” Annali di Mat., Ser. 2, T. 16 (1888-1889), pp. 191-275. 
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involutorial transformation. For, choose a point P, and pass a conic and a 
cubic of the pencils through the point P. The conic and the cubic are fixed. 
Therefore the sixth point of intersection P’ is fixed. Conversely, if we choose 
the point P’, the same conic and cubic are fixed, and therefore the point P is 
determined. That is, the pencil of conics and the pencil of cubics determine 
an involutorial transformation. 

Call the common basis points 1, 2,3, 4, and the basis points of the cubics, 
which are not basis points of the conics, 5, 6,7, 8,9. The points are the 
fundamental points of the transformation. The fundamental curves corre- 
sponding to 5, 6,7, 8,9 are conics. For, take the point 6, with 1, 2, 3, 4. 
They determine a conic. Take P on this conic, and as the cubics vary for 
different points P, the remaining sixth point of intersection, which is the image 
of P, must necessarily be at 6. In the same way the fundamental curves 
corresponding to 5,7,8,9 are conics. 

To find the fundamental curves corresponding to the fundamental points 
1, 2,3,4, take the pencil of conics 2, + u,+44(x#,+u;) =0 and the pencil of 
cubics 2, + v3 +A(x,-+ v3) =0. That is, we associate curves of the pencil 
which touch each other at 1 = (0,0,1). 

Eliminating 2, we have 

(2, + Uy) + V3) — (%, + Vs) + = 90, 
Ly Uy + Vz + Uy Vz — Ly Vz3— Uy — = 0, 


which is a C, having a triple point at 1, double points at 2,3,4 and simple 
points at 5,6,7,8,9. We will denote this by the following symbol: 
_ 123456789 
(395911111): 
The fundamental curves corresponding to 2,3,4 are likewise quintics. The 
order of the transformation from the relation, order of Jacobian = 3 (n—1), 
gives (n—1). 
The image of a straight line is a C,,, which may be written 


= (128456789 
u=(555522222): 


A C,, is fixed by 77 points. The four five-fold points count for 60 and the five 
double points for 15. Therefore there are two degrees of freedom. The 
maximum number of double points in a C,, is 45. The four five-fold points 
count as 40 and the five original double points make up the 45. 


| 
| 
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The whole problem may be approached in a different way. Take the 
points 2,3,4 as the vertices of a fundamental triangle with regard to a 
quadratic inversion Q. Transforming the pencils of conics and cubics through 
Q, we obtain a pencil of lines through 1’, the image of point one, and a pencil 
of cubics through 1’, 2, 3, 4, 5’, 6’, 7’, 8’, 9’. An involutorial transformation is 
again set up. For, take a point P, and this fixes a line and a cubic of each 
pencil which intersect in another point P’. Conversely, given P’, the same C, 
and C, are fixed. Therefore the image of P’ is P and the transformation 
is involutorial. 

If the point P is on the line (15), the image of P is the point 5. Every 
point on (15) goes into 5. Therefore 5 is a fundamental point and (15) a 
fundamental line. There are therefore eight fundamental lines. The funda- 
mental curve corresponding to the point 1 may be found in the following 
manner: Consider the C,; whose equation is 

Xx, X3+ ®, (X, X,) X; + ®; (X, X,) =0, 
and the C, 
= 
Also the C, whose equation is 
X,X3 (X, X,) Xs + (X,X,) = 0, 
and the C, 
Ae = 
Then form the pencils 


(X, +4 X,) X3 + (®, +A) X3 + (D; + = 0 
X,+4X,=0. 


and 


Eliminating A, we get the locus of P, 
(X, ®, te) Xz + (®; X, — X,) = 0. 


Therefore the locus is a C, with a triple point at 1. The sum of the orders of 
the fundamental curves equals the order of the Jacobian, which is 3 (n—1). 


Therefore 
8+4=3(n—1), 
or n=). 

The C, has a four-fold point at 1, for the point P corresponds to P’. 
Therefore the line (1P) can cut the C, only in one point outside of 1, 1. e., 
1 is a fundamental point. The image of any curve, for example a straight 
line, will pass through 5. For the line must cut (15) in some point P, and 
the image of P we saw was 5. For the same reason the curve will pass 


11 
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through 6,7,8,9. There are certain points which are the images of them- 
selves. These points form the curve of coincident points. It will be called 
the curve. 

To determine this curve we proceed as follows: Call the point 1 = (0,0,1) 
and take a point (&,, &,&) on the curve. A line through (0,0,1) and 
(&,, &) is &,X.—&,X,=0. A tangent to the curve at (&,, &, &) is 


i. _ 
Xi t + = 0. 


These are necessarily identical, for geometrically we see that the curve 
of coincident points is the locus of the points of tangency of the tangents 
drawn from (0,0,1) to the corresponding curve of the other pencil. 

Therefore, 


C; , 
a4 


Eliminating a, we have 


(EE) 8 (E,&) |’ 


which is a curve of order five. 


for no term X, can appear. 


= —&, 


Going back to our original cubics 


Cy = X,X3 + Xj + (X, = 0 


and 


C, = X, ®, (X,X,) X; + ®, (X,X,) =0, 


getting the derivatives and substituting them in the above S aee gives 


4 


x, {(2X, X, +4) 


= 
{( +5 = 
This curve we see has a triple point at 1. 
If we perform the operation Q7,Q~', we will have the transformation 


generated by the pencil of conics and cubics. 
A C, by Q goes into a C,(2,3,4). This by 7, goes into a C,, the three 


(2X, X; + — 


and 

4.9 | 

t 
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fundamental curves corresponding to the points 2, 3,4 dividing out as factors. 
This C, by Q now goes into a C,, with the symbol 
23456789 
1\§55552222 2/7" 
The above results agree exactly with what we had before. 

In general, if we have a pencil of lines through the point 1, and a pencil 
of curves of degree n having an (x — 2)-fold point at 1, and passing through 
2(n—1) simple points, it will define an involutorial Jonquiéres transformation. 
The curve of coincident points will also be of order n. Any two pencils of 
curves, one of which, by successive quadratic transformations, may be reduced 
to a pencil of lines, and the other to a pencil of curves having an (n — 2)-fold 
point at the vertex of this pencil of lines, may be solved by the above method. 

A very simple manner of obtaining the transformation is to consider it 
determined by [ and the pencil of lines. If we choose a point X not on [ 
and draw the line (1X), it will cut the curve in two points X,, X,. To get 
the image of X, get the harmonic conjugate to X, X,, X,, and eall it X, 

Since these four points are harmonic, we have 


or 
2X X— (X+X) (X,4+X,) +2X,%,=0. (A) 


The equation of the general C,, having an (n—2)-fold point is 
»(¥Z)+X@,_, (YZ) + ®, (YZ) =0, 


or 2 ®,_, ®, —0 
Substituting now in relation (A) gives 
® 
or 
2XX®,_.(¥Z) + (X+X)®,_, (¥Z) + 20, =0; 
¢., XO,_, +29, 


(2X®,_, + ®,_,) 
But Y=Y and Z = Z; therefore we have 


which are the equations of the general perspective Jonquiéres transformation. 


| 
4 X= XO,_, + 
Y= — (2X9,_, + ,_,) Y, 
4=— (2X®,_» + ®,_;) 4, 
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A very interesting fact is that if the ratio of the four points is not taken 
to be harmonic, but is taken to be equal to A, then the transformation is neither 
periodic nor birational. Then we have 


(X,—X) (X, — X) 
(X,— X) (X,—X) 


or 
(1 —A) (X, X, + XX) ‘vy, (X, + X,) (X+ X) + (1 + A) (X,X+ X, X) = 0. 
The curve I’, we saw, was 


(YZ) + X®,_, + ®,, 0. 


Therefore 
®,, 
Xx, X; = 
_ 


It then follows that 


(1—a) + FX) + Pe + (1 +a) =O. 
n—2 n—2 


If we solve this for X, we see it brings in radicals. Therefore the trans- 
formation is neither birational nor periodic. 

I will now set up the equations of a Jonquiéres 7, which is non-perspec- 
tive. A non-perspective Jonquiéres transformation is one such that instead of 
having the image of a point A on the line connecting it to 1, it is a point B on 
a separate line (1B). Conversely, the image of B is the point A. The rays 
through 1 are in involution and therefore contain two fixed rays. These con- 
stitute the curve [. If two of the fundamental points fall on one of these lines, 
the order of the transformation will be lowered one unit, and [ will consist of 
a line of invariant points and two isolated invariant points. A still more 
particular case arises when we let two more fundamental points lie on the last 
fixed line. The curve I then consists of four isolated invariant points, and 
the order of the transformation is again lowered one unit. 


In this 7, whose equations I will derive, I will have one line of invariant 
points and two isolated invariant points. The invariant line becomes a tangent 
to the fundamental curve belonging to the point 1, for a tangent to an invariant 
curve at any fundamental point is tangent to the fundamental curve at that 
point. For the triangle of reference I will take the triangle whose vertices 
are 1, 2,3, calling (1,2) =X, (1,3) =Y, (2,3) =Z. The image of a point 


®,_, 
| 
| 
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on X is on ¥, and conversely, the image of a point on Y ison X. The image 
of the point 1 is evidently the C, 
(X—Y)Z+aXY=0; 
therefore 
and 
Y=X[(X—Y)Z+AXY]. 

It now remains to find the image of Z. We see 2 goes into Y and 3 
into X. We now have to determine what is the image of (4,5). Let Y= pX 
be the line connecting 1 to 4, and Y = qX be the line connecting 1 to 5. The 
line Y = pX is to go into the line Y= qX; t.e., pq=1. 

To find the lines through 1 consider the conic Z (X—Y)+axY=0 
and an arbitrary line AX+ BY+CZ=0. Solving gives 


—(AX+BY) (X—Y)+ACXY =0. 
This represents the two lines through 1. We want them to be Y= pX and 
Y=qX. Therefore 
pqX’; 
1. 
A=—1 and B=1. 
The value of C is indeterminate; so I will call it K. Then 
Z=(X—YH+KZ)XY. 
If we form the isologue, we know that Y — X must bea factor. The 
isologue*™ is: 
Y((X—Y)Z+aVYX) X((X—Y)Z+AXY) XY (X—YV+KZ) 
X Z 
a 
If this is to have the factor Y — X, it is necessary that K =a. Therefore 
the transformation may be written 
X Y Z 


If one cares to find the two invariant points, he merely has to let X = X’, 
Y=Y’, Z=Z’ im the above equations, and then solve them, rejecting the 
factor Y — X. 


* The definitions of this and of other technical words are given in the long paper of Bertini 
mentioned above. 
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This non-perspective J onquiéres transformation is immediately transformed 
into a perspective Jonquiéres transformation by the linear transformation 


X=Y, Y=X, Z=2'. 


That is, we have 
X’Z' YZ (X’—Y'+ay’) XY’ —Y'4+A2’) 
The curve of coincident points is 
X’Y’ (X’— a7’) 
which agrees with what we had before. 
So in general, any non-perspective Jonquiéres transformation can be 
transformed into a perspective Jonquiéres transformation by a linear trans- 
formation which interchanges the rays X and Y and leaves Z unchanged.* 


Type III. 


Let us start with seven basis points, no three of which are on a straight 
line. Through these seven points we can pass a net of cubic curves. If we 
choose another point P, this fixes a pencil. The curves of this pencil will 
intersect in another point Q. Conversely, if we had started with Q, the re- 
maining intersection would have been P. Therefore an involutorial trans- 


formation is set up. 
Consider the net ag, +09,+c¢@,=0 and the two pencils of the net 


?, +ko,=0, = 0. 
If the point P is (&,, &, &), the two cubics of the pencil become 


9: — $29; (—) =0, 
$2; (E) — (§) = 0. 
To find the order of the transformation, let us consider what the image of 
the line A,X, + A,X, + A,X,;=0 will be. Solving the last equation for X,, 
we see X, = mX,+nX,. Substituting this in the above equations, we have 


(X_X5) (&) — (§) = 9, 
(X, (&) — 3 (X, X3) (£) =0. 
Eliminating the X’s by Sylvester’s method we get a curve of order eight which 
has a triple point at each of the fundamental points. 
The fundamental curves are cubics, for the Jacobian which is of order 
3 (n—1), where n is the order of the transformation, is equal to the sum of 
the degrees of the fundamental curves. Since all the fundamental curves are 


* Dr. Karl Doehlemann: “Geometrische Transformationen,” Teil II, p. 169. 
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associated with symmetrically situated fundamental points, the curves will be 
the same. Since fundamental curves are uniquely fixed by the fundamental 
points, the curves will be 


t 


7: 123456 5) 
That is, the following transformation is set up: 


13333333): 


Suppose the two cubics, instead of intersecting in the points P and Q, had the 
point P=Q, i. e., were tangent to each other at P. Such a point as this 
would be an invariant point, 7. e., its image is itself. This means we have 


bE, OE, 

op og 

1 b 2 P2 


For this to be true the determinant of the coefficients of a, b,c must vanish; 
a. @., 


Therefore the curve of coincident points is merely the Jacobian. Since every 
term is of order two, the determinant is of order six. The multiplicity at a 
fundamental point is known to be 3i—1.* In our case i=1, or the multiplicity 
is 2, Therefore the curve of fixed points is 


1234567 


s\o222 


* Doehlemann: “Geometrische Transformationen,” Teil II, p. 142. 


| 1234567 
1234567 
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According to our hypothesis no three of the fundamental points were on 
a straight line. I will now consider the case when three fundamental points 
are on a straight line. The curve of order eight, which is the image of a 
straight line, will necessarily degenerate, for we will have a straight line 
cutting it in three triple points. The transformation can then be written: 


1234567 
T, (3333222): 
The fundamental curves of the points 5,6,7 will also contain the line as a factor. 
Consider the involutorial inversion whose triangle of reference is 1, 2,3; 


then 
(1 2 3), 
1234567 
=C; 
1234'5'6'7' 
=O1(411311 


If the cubics are @,=0 and C, (aC,+0C,) =0, the Jacobian has the factor 


C,, or 

Inverting this through J,,, gives 
123 4'5'6'7’ 

(4119 11 i): 

Therefore the first case reduces to a perspective Jonquiéres transformation. 
Second, suppose that the points 3, 4,7 were also on a straight line. Then 
9) 

we have a 7’, (3 sageiietrcpeate! . If the curves are ¢,=0 and X, X, (aX,+aX, 


322221 
9 
—kxX,) = 0, the Jacobian reduces to C, : : : . Then 


1234567 
4'5'6'7" 


Then reduces to a C, Therefore this case reduces to a 


perspective Jonquiéres transformation. 
Third, let the points 2,4,6 also be on a straight line. Then the trans- 


# 
i 
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formation is a 7; : 7 


1 
big = (1 23), 
(1284567 
C27; 
100 
1234'5'6 


I becomes C, G 00010 +5 Therefore this may be generated from a per- 


spective J onquiéres transformation, which in this case is a perspective quadratic 
transformation. 
Fourth, in the original 7, let the points 1,2,7 and 3,4,7 and 5,6,7 lie on 


a straight line. Then we havea 7’, 3299920)? While is 

= (1109110 


The curve [ remains the same; therefore the transformation may be built 
from a perspective Jonquiéres transformation. 

Fifth, let the points 1, 2,7; 3,4,7; 5,6,7; 2,4,6 be on a straight 
1234567 
line. Then we havea T, C 121210)” and’ is C,(135). Now 


C, (1 2 3), 


1234567 

1234'5'6'7' 


The curve I becomes C, (1 3 5’). Therefore the transformation may be built 
from a non-perspective quadratic. 
Sixth, let the points 3,4,7; 5,6,7; 2,4,6; 2,3,5 be on straight 


is a non-perspective Jonquiéres transformation in which the curve of coincident 
points consists of two fixed rays through the point 1. 
Seventh, let the points 1, 2,7; 3,4,7; 5,6,7: 2,4,6; 2,3,5 be on 


straight lines. Then we have a 7, and is C,(1). This is the 


lines. Then we have a T, ( 


non-perspective Jonquiéres incienmadton whose equations I derived. 
12 


89 
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The eighth and last possibility is to have 1, 2,7; 3,4,7; 5,6,7; 2,4, 6; 
2, 3,5; 1, 3,7 on straight lines. We then have a quadratic transformation 
whose triangle of reference is 1,4,5 and whose coincident points are 2,3, 6, 7.* 


Type IV. 


A curve of order six may have ten double points, and is completely deter- 
mined by twenty-seven arbitrarily chosen points or by nine arbitrarily chosen 
double points. If we choose nine double points, the sextic will break up into 
a cubic counted twice. It is therefore apparent that if nine points are double 
points, there is some relation between them. Therefore, if eight arbitrarily 
chosen points are double points on sextic curves, how may the ninth point be 
situated so that these nine points are on a proper sextic. There can be no 
proper sextic having the ninth point at the intersection of the two cubics 
through the eight points, for we would then have a cubic and a sextic inter- 
secting in the nine points and any other point, which makes nineteen intersec- 
tions of a cubic and a sextic. 

Let  (X) =0 and f (X) =0 be the equation of two cubics through eight 
arbitrarily chosen points, and 0(X) =0 be a proper sextic having a double 
point at each of these points; then all sextics having these eight double points 
are of the form 


(X) (X) f (X) + uf? (X) +76 (X) =0. 


If we impose the condition that the above curve have a ninth double point, we 
may still have one other point arbitrarily chosen, through which it may pass. 


If we pass this curve through a point P’, it will be of the form 
(X) (X) — (X) O(X)] +e (X) (X) — (X) (X)] 
+a (X) f (X)  (X) (X) (X) 6 (X) 
where 9’ (X), f’ (X), # (X) are the results of substituting the coordinates of 
the point P’ in  (X), f (X), 0(X). 


* de Paolis: “Le trasformazioni piane doppia,” Atti d. r. Accad. d. Lincei, Series 38, Vol. I (1877), 
pp. 511-544; “La trasformazione piana doppia di secondo ordine, e la sua applicazione alla geometria 
non euclidea,” Atti d. r. Accad. d. Lincei, Series 3, Vol. II (1878), pp. 31-50; “La trasformazione piana 
doppia di terzo ordine, primo genere e la sua applicazione alle curve del quarto ordine,” Atti d. r. Accad. 
d. Lincei, Series 3%, Vol. II (1878), pp. 851-878. 

Sturm: “Lehre von den geometrischen Verwandtschaften,” Vol. IV, pp. 120-122. 

Snyder: “The Involutorial Birational Transformation of the Plane, of Order 17,” AMERICAN 


JOURNAL OF MATHEMATICS, Vol. XXXIII (1911), No. 4, pp. 327-336. 


Morean: Jnvolutorial Transformations. 91 


This is the equation of a net, and the locus of the double points must be 
the Jacobian 
0, —2p9, f’?6, —2f 0,—of,0 = 0, 
0, —299, 0 —2f f,0 9, —of,0 — o,f 


4. €., 


f 4, 
6’ —9’f)’ fs 0, = 0. 
fs 9 


We may always choose @ so it does not pass through P’. Therefore 
@’ does not equal zero. Also no proper sextic could have a ninth double point 
on the cubic @f’ —@’ f = 0; for if it did, this cubic would have nineteen inter- 
sections with the sextic, eighteen at the nine double points and one at the 
point P’. The proper locus is therefore 


ff, 94 
K = 6, =0 
fs 9. 


The Jacobian K is of order nine and has a triple point at each of the original 
points. To show that each of these points is a double point on K =0, we 
must show that at these points K;= 0 (i=1,2,3). Performing the differen- 
tiation, we have 


6, fi: 6, f, 9, 
K,= Po; 9, + | Pe 6, + fs 
ds: fs 6, 6, fs 0, ; 


But at these points 0, = 0; therefore the first two determinants disappear, and 
we have left the last determinant. Multiplying the three rows by X,, X,, X, 
respectively, and adding, we have 


hi 
3g 3f 58; 


At each of these points considered, ¢=0, f=0, 6;=0. Therefore, K, 
vanishes, 2. e., K =0 has a double point. Let us now represent the second 
derivative of K with respect to X, and X, by K,,=0 (i,k = any two of the 
numbers 1, 2,3). We have, neglecting the determinants that have columns 
vanishing at the points in question, 


$3; f 3 f 3t f 3 f 3 65; f 3k ; 


| 
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Multiplying the rows in each determinant by X,, X, and X, respectively, and 
adding, remembering at these points = 0, f = 0, 0; =0 (j = 1, 2,3), we have 


14; 9, 9,; 1 4,; 


But at each of the original eight points, both of these determinants are equal 
to zero, because either there are two rows alike or, multiplying the rows by 
X,, X, and X, respectively, and adding, we have a row 39, 3/, 506, (7 =7 or k), 
which vanishes at these points. Therefore, since the second derivative of K 
vanishes, K = 0 has a triple point on this curve. 

If we consider the net ¢?+Ao@f+u0=0 passing through eight double 
points and one simple point P, this point being the residual intersection of all 
the cubics of the pencil passing through the eight aforenamed points, we can 
set up an involutorial transformation, as this accounts for 8-3 +1 = 25 
constants and 27 constants determine a sextic curve. Therefore take any 
point Q and pass a sextic of each pencil through it. These will intersect in 
another point R. Conversely, starting with R, the remaining intersection will 


be Q, 7. e., we have an involutorial transformation. 
The fundamental curves may be found as follows: Suppose Q, the arbi- 


trarily chosen point, to coincide with a fundamental point. Then ¢=0 and 
f =0 would be fixed cubics, and the corresponding point P would be any point 
on the fixed curve which is a C, having the symbol 

C, 2345678 


Similarly, for 2 we have 


and for 8 we have 
2345678 


The order of the transformation is therefore easily obtained by remember- 
ing that 3(m—1) equals the sum of the orders of the fundamental curves. 
Therefore 3 (n—1) = 8-6 or n=17. 

The curve of coincident points is evidently the Jacobian which we have 
found. Therefore we have an involutorial transformation of order seventeen 


| 
| 


% 
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with eight fundamental points, which have corresponding fundamental curves 
of order six, that have a triple point at the fundamental point to which they 
correspond, and have double points at the other fundamental points. There is, 
however, a ninth fundamental point of a different type. If we try to find the 
image of the point which is the residual intersection of all the cubics through 
the points 1, 2,3, 4,5, 6, 7,8, we see it is itself. But, however, we know that 


the curve of coincident points does not go through this point. We have then 


an isolated invariant point. The transformation is therefore 


T 123456789 
7\666666660/)° 

The particular cases of three points on a line, or five points on a conic, 
may be reduced to a Geiser transformation by the following scheme: 

Let the points 1,2,3 be on a straight line. Since in 7',, a general line not 
passing through a fundamental point goes into a Cc. with 8 P,, it follows that 
if 1,2,3 lie on a line, it must divide out as a factor. The symbol of the trans- 
formation may now be written 


123456789 
C.T Cn(555666660): 

The fundamental curves of 1, 2,3 must also contain the line 1,2,3 as a 
factor, becoming for 1, C; C 7 : : ; : : : , and similarly for the others. To see 
if T,, can be reduced to a simpler form, consider a set of points 1’, 2’, 3’, 4’, 5’, 
6,7,8 such that 1’, 2’, 3’,6,7,8 lie on a conic. Consider the involutorial in- 
version J,,,. The conic will go into a straight line through 1, 2,3. Let 4’, 5’ 
go into 4,5. Then, by J,,,, an arbitrary straight line will go into a conic 
through 6, 7,8; 4. 

C, deg == C, (67 9). 
Now transform this conic by 7’, 


12345678 
C2 Pig= Crs 
Then transform this C,, by J,,, backwards, 
1’ 2° 3° 4'5'6789 
Therefore 
* «7... 


It now is necessary to obtain the configuration of the fundamental curves 
of T,,. No new fundamental points were introduced. We proceed as follows: 


& 

ri 
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The point 1’ goes into 1 by J. Then 1 by T7,, goes into 


12345678 


This by I goes into 


Thus 
5: 8 


The next step will be to reduce 7,,. It will be recalled that 1’, 2’,3’,6,7,8 
lie on a conic. Take 4’,5’,6 as the vertices of an inverting triangle, and five 
other points, 1”, 2”,3”, 7”, 8”, which will go into 1’, 2’, 3’, 7’, 8’ by 
An arbitrary line will go into the conic C, (4’, 5’, 6); 4. e., 
= Cy (4 5 6). 
This curve will go into a curve of order ten by 7, having the signature 
1’ 2’3'4'5’6789 
33552330 
This curve is now to be transformed by Jp%,. It becomes 
1* 2° 3” 4° 7” 8° 
Cs (3 3 3 330 3 0 


To get the configuration of the fundamental points proceed as before. 
1” by goes into 1’. Then 1’ by T,, is C, This by 
becomes C, : : : : , and similarly for the others. But this 
is exactly the configuration of the general Geiser which we have considered. 
Having considered the special cases of the Geiser, there is nothing more to be 


considered in this transformation.* 
Bertinit has considered the transformations of Classes I and II. By 


* Sturm: “Lehre von den geometrischen Verwandtschaften,” Vol. IV, pp. 120-122. 
Snyder: “The Involutorial Birational Transformation of the Plane, of Order 17,” AMERICAN 


JOURNAL OF MATHEMATICS, Vol. XXXIII (1911), No. 4, pp. 327-336. 
+ “Sopra alcune involutioni piane,” Lomb. Ist. Rend., Ser. 2, Vol. XVI (1883), pp. 89-101. 
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class is merely meant this: Let n be the order of the transformation and m 


n—m 


the degree of [; then the class of the transformation is The class is 


evidently not an invariant property, for we may transform so as to keep 
invariant and not the order of the transformation. The transformations of 
Class I are the first five special cases of the Geiser which have already been 
considered. By the same process the transformations of Class II all reduce 
to one of the four types. 

To amplify this method, I will consider a few transformations of Classes 
III and IV studied by Martinetti* and one of the class studied by Berzolari. + 

Consider a pencil of lines 1 and a pencil of conics 2, 3, 4,5. Let a line 
of 1 and a conic 2,3,4,5 be determined by a point P. They intersect in one 
other point Q. Conversely, fix Q and you get the point P. Therefore we 
have a one-to-one correspondence. The fundamental curves are 


1) €,(12345), 2) ©,(12), 3) C,(18), 4) C,(14), 5) C, (15). 


Using the relation 3 (n —1) = sum of orders of fundamental curves, we have 


n= 38. Therefore we have an involutorial transformation T, 


Performing the operation /,,, T, 14, we have 

C, Ing, = C, (2 3 6), 

123456’ 
CT, 
1’2 3 4’ 5’6 6” 

= 3399091 )- 
The pencil of lines becomes a pencil of conics, and the pencil of conics remains 
a pencil of conics. We now have, then, an involutorial transformation defined 
by two pencils of conics having two basis points 1 and 2 in common, and the 
curves of the first pencil also passing through 3,4, while those of the second 
pencil pass through 5,6. Rewriting, we will call the transformation 


| 


322221 
Then 
Cy Lh = C, (18 9), 
(123456789 
C,T, = 0145333311 
(123456789 8" 9” 
Cy Tih = Cu(9 533331551 1) 


* “Le involutioni di 3a e 48 classe,” Annali di Mat., Ser. 2, T. 12 (1883, 1884), pp. 73-106. 
+ “Ricerche sulle trasformazioni piane, univoche, involutorie e loro applicazione alla determinazione 
delle involuzioni di quinta classe, Annali di Mat., Ser. 2, T. 16 (1888, 1889), pp. 191-275. 
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23456 


The TI of the 7, is C, . Transforming this by I,,, gives C, 
3323171 


Thus we see that the 7, is of Class I. Rewriting, as we did with the trans- 


formation, we have [ equal to C, : Transforming this by 


9 
we have C, 9 : : Therefore the is of Class IV. 


By letting certain points lie on straight lines, we can have particular cases 


of the above transformation. For example, if 2,3,5 are on a line in the 7,, 


we haveaT;,. If this is transformed by J,,,, as before, we get a 7, which is 


of Class III. 
Martinetti,* in discussing the transformations of Class III, gives as 


9 
his last species 7’, (3 3 : which is generated, he says, by 


C, (1234) and C,(1235). Berzolari in the Annali di Mat., Ser. 2, Tomo 16, 
p. 201, shows that this transformation does not exist. This can easily be shown 
by the method used in the previous problems. If we invert the two pencils by 
I,.3, we get two pencils of lines. These generate a 7. If this is transformed 
by J,.3, we ought to arrive at the above transformation. But I,,, 7, 1j33 gives T;. 

A very interesting transformation of Class II may be set up in the following 
manner: Consider the 7, generated by C, (5) and C, (123 4). 


C, C, (1 6 7), 


GT, 
The fundamental curve corresponding to 


It will be noticed that the image of the lines (17) (56) (75) (16) are the 
lines themselves. Therefore the points of intersection of (17) (56) and 
(16) (75) are invariant. The transformation therefore is 
123456789 
while is C,; (1234567). 
If 7’, is transformed by I,3,,, we get a 7’, of Class V. 


* “Le involuzioni di 3% e 4 classe, Annali di Mat., Ser. 2, T. 12 (1883-1884), pp. 73-106. 
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I will now show how to build transformations of Class v from the general 
Jonquiéres transformation. The same procedure may be applied to the Geiser 
and to the Bertini. In fact, it may be applied to any involutorial trans- 


formation already found, so as to get one of higher class. 


Jonquiéres transformation is 


mn—11111.... 
I. Consider the quadratic inversion /,,,. Then 
Tyg, = C, (2 3 4), 
on 1 2345 .... 2n—1 


2n—1 
1 2 3 4 5 .... 2u—1 
2un—5 2un—5 2n—5 2.... 2 
becomes 
1 2 3 4 
22-3 \n—2 n—2 n—2 n—2 1 1 
Therefore v= n—3. The fundamental curves are 
y 1 2 3 4 5 .... 2u—1 
1 2 3 4 5 .... 2n—1 
5: C,(1234 5), 
2n—1: C,(12342n—1). 
Writing this transformation in terms of v, we have 
=f 1 2 3 4 
4o+3 ~ 2v4+1 2v4+1 2v4+1 2 2.... 3 
is ( 1 2 3 4 
+1 v+1v+104+11.... 1 
The transformation has the following fundamental curves: 
(123 45)§ (123 46)§.... 


The general 


The number to the right and above the parenthesis is the fundamental point 
to which the curve belongs, while the number below the last named number 


gives the order of the fundamental curve. 
13 


| 
x 
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II. Transform the general Jonquiéres transformation by J,,p, where the 
point P is any point except a point on T. Then 


Ci Igp = C, (23 P), 


1 2345....2n—1 
CoP, = 1122 2 
becomes 
1 n—2 


Therefore the class v = n -- 2. 
Writing everything in terms of v and calling the points 12345.... 
2v+5, we have 
Bh 2 3 4 5. 
2v+1 2v41 2v 2v2. 2 
r is 
( 1 2 
1 


The fundamental curves are 


( 1 (; 2 345. 


vo+lvvvl.... 


It will be noticed that this is equivalent to the first transformation when 
the points 3, 4,2v-+5 are on a straight line. 

III. Transform the Jonquiéres transformation by J,9p, where Q and P 
are points that are not onT. Then 


C, C, (2QP), 


1 234....2n—-1Q'P 
Ot 2 1 
2 
is 
1 n—la—l 


Therefore v = n—1. 


& 
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In terms of v we have, rearranging the order of the points, 


T ( 1 2 4 5....2v+3 20+4+5 
2e 2.... 2 1 1 


). 


The fundamental curves are 


T is 


v+lvvo0vl... 1 

123 4 ¢ 2 3 + 
vvvv—11 1 


(123 45)§ (12346)$.... (123 (1 2)}*t* (1 

Notice that this transformation is equivalent to having (3 4 2v+5) 
(24 2v+4) of the original transformation, in a line. 

IV. Transform the Jonquiéres transformation now through J,,;, where P 
is a point on Ir. This transformation is of interest, for we will see that taking 
P on the invariant curve is equivalent to taking out two linear factors of I. 
Furthermore, we will see that the transformation will have an invariant point 
which is not a point on I. The location of this point will also be shown. Now 


C, Lagp = C, (2 3 P), 


@&.... 
Then [T is 
1 3 45....2n—1 
\n —2 n—2 n—211.... 1 n—2 


and v = n—2. 


Writing the transformation in terms of v, we have 


T 123 4656.... 

is 12348. 


The fundamental curves are 


v—lvv0vl.. 


123 4 | 3 
vvuvv—-111... 
(12345)§.... (1234 
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It will be noticed that the image of (1 2) is itself. The same is true of 
(3 4). Therefore the point of intersection of these two lines is invariant. 
The transformation therefore is 
1228 46... 

This is equivalent to I where (3 4 2v+ 5) . 22v+5) are on a line. 

V. Transform by J,gp, where Q is a point on I’ and P is not. Then 
Ci = C, (2 Q P), 


1 234....2n—1 
12 


1 2 Pp” P 
is 1 2345....2n—1 
and v= n—1. 
In terms of v, we have 
2 3 4 5....20+3 2v+4 
40\2v 2u 2v—1 2v—1 2.... 2 1 
vvv—lv—11. 


The fundamental curves are 
12 3 | (oe 4 
1 2 4 5. 4 
It will be noticed that the lines (13) and (24) are invariant. Therefore 
the transformation is 


T 4 5....2u+3 204+4 20+5 
40\2v 2v 2v—1 2 1 0 


It will be noticed that this is equivalent to I with three factors taken out. 
One goes out on account of the choice of P and two for Q, since Q is on L. 
VI. Invert by Jpgr, where PQEH are points not on I. Then 
C, Iper C, (P QR), 
1 23....2n—1 PQ 
141) 


2 1 11 2n2n2n 


q 

) 

& 

& 
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is C 1 234. 
*\n—2111. 1 nnn 
and v=”. 


Rearranging the terms and writing them in terms of v, we have 


T 2 3 4 5 ....20+2 204+3 274+4 20+5 
40\2u 2vu—2 2.... 2 1 1 
and T is 
C 123 4 
27\yvvvv—211. 1 


The fundamental curves are 


vvvv—111. 1 1 
vvvv—11. 1 
vvvv—11 ey v—1 v—1 v—21. 


(12345)8.... (1234 2v0+2)2°t? (1 43)??? (1 204 
(1 
This transformation is equivalent to having in I three sets of three points 
on a line. 


VII. Transform by Ijgz, where P is on F and Q and R are not on IL. 
Then 


C, = C, (P Q R). 


1 234....2n—1 PQ R’ 
1 23....2n—1P Q"R” Q 
= (on 9 2 2n1 1 2n—1 2n—1 


and [ is 
@ R 


1 n n—1l n—1/)° 


ON 


1 234 
111 


The class v =n. 


The transformation in terms of v is 


1 2 3 4 56....2v+2 2v+3 20+4 
40-1\ Dy Qu—1 2v—1 2v 22.... 2 1 1 
and is 
v—lv—21. 
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The fundamental curves are 

« 2 3 4 65....2v+2 2v 4\3 
1 
1 2 3 = 
v—1 v—1v—1v—21. 
(12345)3.... (1234204 pytets 
It will be noticed that the point of intersection of the lines (14) and (23) 
is invariant; therefore the transformation is 
2 3 4 5 2043 20+4 20+5 
2u—1 20—1 20—22.... 2 1 1 0 
This is equivalent to having four linear factors taken out of I. 
VIII. Transform through I,5;, where Q and P are points on. Then 
C, C, (2 FP), 
1 2345.....2 Q Py 
= (on 31992... 


11 
Con—1 4237 = (on —3 9n—32.... 2 2n—3 
is 1 2 @ 
n—211.... 1 n—2 


Therefore v = n—1. 
In terms of v, we have for the transformation 
1 2 3 4 ....3e+423 
while is 
2 3 45....20+ >) 
= yv—1 v—1 v—141. 

The fundamental curves are 


1 2 3 46 ...; 
v—lv—lv—1lvl.... 


201 


20-1 
he = 4 


2 3 4 
vv—lv—lv—1i1... 


20—1 


(12345)8.... (1234 2043)2°48, 
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It will be noticed that (1 2), (34), (13), (24) are invariant lines. This 
determines two invariant points. The transformation therefore is 


T ( 1 2 3 4 5....204+3 
2v—1 2vu—1 2v—1 2.... 0 0 


which is equivalent to having three factors divided out of I. 


IX. Transform by Ipgp, where P and Q are on I and Ris not. Then 
C, = C, (P QR), 


2 Q R 
Or, = (on 29 2 1 2n—2)? 
1 n—1n—1 n—1/° 
Therefore v =n and the transformation in terms of v is 
T ( 1 2 4 
40-2 \ —1 2v—1 2v—22.... 2 1 


The fundamental curves are 

1 2 383 4 
v—lvv—-lv—11.... 1 
2 3 t 
vv—lv—lv—11.... 1 

1 2 3 + chilies 
v—1 v—1 v—2 v—-11.... 1 
1 2 3 4 5....2v+2™ 
v—1 v—1 v—1lv—21.... 1 


(12345)8.... (1234 Qu + (1 2)2°48, 


The lines (13) (14) (24) (24) are invariant. Therefore there are 
two invariant points, and the transformation is 


T ( 1 2 3 4 56....2v+2 20+4 
2u—1 2v—1 Qv—2 22.... 2 1 0 0 


This is equivalent to dividing out five linear factors out of I. 


| ‘ 
4 
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X. Transform by Ipgg, where P Q FR are points on. Then 


C, Insz = C, (P Q R), 


i —1PQR 
= Conlon 29 "9 1 i 
1 23....2n—1 P 
Con Tran = Cun—s (on 29 2 2n—2 2n—2 
becomes 
1 23....2n—1PQ Ry) 
2n—38\ —2 1 nnn 


Therefore n = v. 
In terms of v, we have 
( 1 2 3 4 
49-3 \ Qu—2 2u—2 2v—2 2v—2 22.... 


becomes 
1 2 3 4 5....2¢+4+2 
1 


Cov—s v—2 v—2 v—2 


The fundamental curves are 
1 2 3 é ¢. 
v—2 v—1lv—lv—-1l. 
1 2 3 4 5. na ie 
yv—1 v—1v—1v—-11. 


But the lines (12) (13) (14) (23) (24) are invariant. Therefore 
there are three invariant points. The transformation therefore is 
2vu—2 2v—2 2v—2 22. 2 0 0 
This is equivalent to dividing out six linear factors out of I. 
By applying this process to any transformation which is involutorial, we 
can build involutorial transformations of all the different classes. 
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A Theorem for the Development of a Function as an 
Infinite Product. 


By A. F. Carpenter. 


The usual conception of change of any kind as being brought about by an 
{ additive process, is purely arbitrary. So far as quantitative relations are con- 
cerned, the multiplicative, or indeed, any one of the extensions—in the sense 
a of De Morgan *—of the ordinary algebraic processes, may be substituted for 
the additive. Corresponding to each of these conceptions, a consistent calculus 
may be built up +t involving theorems which, by analogy, should be extensions 
of, and indeed, should be reducible to, the theorems of the ordinary calculus. 
' For example, the Quotiential Calculus, based upon the conception of variation 
as taking place through successive multiplication by a quantity h $1 and whose 
limit is 1, should produce a set of theorems analogous to those of the ordinary 
calculus, the exact relation being that the processes of addition, multiplication, 

.., of the ordinary calculus are respectively replaced in the new theorems 
by multiplication, involution,..... As a specific instance, Taylor’s Theorem 
should have, corresponding to it, in the Quotiential Calculus, a theorem 
whereby a function may be expanded into an infinite product. This is exactly 
the case, as the following development serves to illustrate. 


7 To conform with the new conception of variation, it will be well to restate 
the definition for continuity at a point. 

3 Derinition: The function f(x) 1s continuous for «=, if ee) ap- 
0 


proaches the limit 1 as h approaches 1 through values either less than, or 
greater than, 1. 


*Christine Ladd: “De Morgan’s Extension of the Algebraic Processes,” AMERICAN JOURNAL 
oF MATHEMATICS, Vol. IIT (1880). 

+ Moritz: ‘Generalization of the Differentiation Process,” AMERICAN JOURNAL OF MATHEMATICS, 
Vol. XXIV, No. 3. 


14 


I 

| 

2 


106 Carpenter: A Theorem for the Development 


A function is continuous over an interval if it is continuous for every 
point in that interval. It is clear that the values + o and 0 must be excluded 
from consideration, since for each, xh will not differ from x, and hence, every 
function would be continuous at these points. Any interval under consideration 
will then be finite and exclude the origin. 

In addition to the definition of continuity, the proof of the principle 
theorem makes use of the following auxiliary theorem: 

THeoreM [: Jf F(x) and QF (x)* are continuous in the closed interval 
(a, b), and F(a) = F(b), then for some value x, of x, such that a<v,<b, will 
QF (x,)=0. 

Proof: If F(x) is constant in the interval (a, b), then will QF (av) =0 
over the whole interval. If F(x) is not constant, then will there be some value 
x, of x, (a<x,<b) for which F(z,) is a maximum (or minimum). Suppose 
F(v,) is a maximum and let, 


Ist, h>1; 
F(a,h) F(x,h) im F(ah) <9, 
then F(a, <1 and log, F(z.) <0, hence QF (x,) = rear log, F(z.) <0: 
2nd,h<1; 
F(x,h) F(a,h)y lim F(a,h) 
then FG) <1 and log, F(a) 20, hence QF (x,) = log, F(z.) 20 


therefore, QF (a,) = 0. 
A similar course of reasoning for F'(z,), a minimum, will result in the 


same conclusion. 
II. 


Let f(x) and Qf(x) be continuous in the closed interval (a, b) and define 
a quantity P, by means of the equation 


(1) 
f(a)(-) 
and write 
F,(2)=1@)_, 


f(a) 


Then F,(b)=1, by (1), and F,(a)=1, by (2).t 


* QF (x) = the first quotiential coefficient of F(x) with respect to x. In like manner Q"F'(x) = the 


nth quotiential coefficient. 
+ Neither f(a) =0 nor f(b) =0, else (1) would fail to define P,. 
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Now* QF, = Qf(x)— P,, whence QF, (x,) = Qf(x,) — P,=0, where 2, 
is some value of x such that a<a4,<b. (Theorem I.) 
Then P,= Qf(x,), and (1) becomes 


f(b) 
(3) 
) 


Equation (3) may be said to express the law of the mean for Quotientiation. 
To obtain a first extension of (3), define a quantity P, by means of the 
equation 


f (6) 
LON + log 1, (4) 


and write 


f(x) 
F,(2)= (5) 
f(a) Cre" = 


Then F,(b)=1, by (4), and F,(a)=1, by (5). 
Now 


QF, =9(x) = Qf (x) — Qf (a) — 2P, log =, (6) 


so that for some value 7,, of x, such that a < 2,< b, @(2,)=0 (Theorem I) ; 
also = 0, by (6). Again, 
Of (x) (x) — 2P, 
Q9(2) 


and for some value 7,, of 2, such that a<4%,< 4,, 
Qf (#2) —2P, 


Hencest Qf and Qf (x), 80 that (4) be. 


comes 


* All the Quotientiation formulas involved in this discussion are easily developed without the use of 
Taylor’s Theorem, or, indeed, without recourse to the differentiation process. 


7 9(2,) is not infinite, else at least one of the quantities Qf (#2), Qf (a), log “ would be infinite, by (6). 


But (a, 6) is a finite interval excluding the origin, and by hypothesis, Qf (x) is continuous. 
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A second extension of (3) is made by defining a quantity P, by means of 


the equation 


f(a) ( Q%4(a) log +P; (log ) 
a 


(8) 


and proceeding as before, the resulting value of P, being 


QF (2) QF (ae) (a) + (24), 


where x, is some value of x, such that a < a,< b. 
By assuming the existence of the first » quotiential coefficients of f(z), 


and writing ak for b (i= =), the (n —1)th extension of (3) gives 


f (ak) = f(a) (k) C1 + Ce log k+ Cg(log k)2+ ....Cn(log 


= f(a) (€)% s(logk)*-+ ....Cn(log 


where, by the nature of process used, it is clear that 


If any coefficient, say C,,, proves constant when a (or x,) is replaced by ~, then 
will C,,, and all succeeding coefficients be zerot and the expansion stops of 
itself. If this be not the case, then in order to find the proper value to assign 
to this development, it will be necessary to find an expression for the quotient 


f(ak) 


f(a) (e) C; log k+ Ce(log k)?-+ C3(log k)” ? 


assuming the existence of f(z) and its first » + 1 quotiential coefficients in the 
interval (a, ak). To do this, set 


f (ak) 


f(a) (e ) Cylog Ca(log C3(log k)8-++.... Cn(log k)"-+- P(log 


*In Cn, a is replaced by an, where xn is some value of # such that a<an<b. 
7 This is not equivalent to Qx+1f(a)=0. The vanishing of any q.c. does not bring the development 


to an end, but leads only to a special case. 


108 
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OF (a), 
0,=40,0C,, 
4 C.QC,, 
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where p is any positive integer and P, a quantity defined by the equation 
itself, and consider the function 


k) | 
( ) f(a) (e)" log + Cy" (log (log °+....Cn’ (lox "+ P (log 


(10) 


Ci = OF (2), 
C3 = 


n 


F(a)=1, by (9), and F(ak)=1, by (10), and upon quotientiating after a 
simple reduction, 


QF (x) = Pp (log “*)" (log “*), (11) 


so that, by Theorem I,* QF'(x,)=0, where x, is some value of x such that 
a<a,<ak. Replacing « by x= ak", where a positive proper fraction, 
and solving the resulting equation for P, gives 


where C,, is the result of replacing « with ak” in C’,, and 6 = 1— 6,=a positive 
proper fraction. 

By replacing P with its value from (12), equation (9) gives rise to the 
following: 

THeorem II. If f(x) and its first n+1 quotiential coefficients are con- 
tinuous im the mterval (a, ak), then will | 


f (ak) f(a) (e)% log k Co(log k)?-+ Cg(log k)3-+....Cn(log (13) 
where 
P,=— 6,00, (log k)"*", 


p being any positive integer and @ a positive proper fraction. The values 
which suggest themselves for p are readily seen to be 


whence P,= C,QC,,6"(log k)"*+!; 
= = i o 
p=n-+1, whence P,= (log k)"*}. 


*F (x) and QF (a) are continuous in (@,ak) through the conditions imposed on f(z). 


where 
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It is also to be noted that if P, approaches 0 as » approaches , (13) may be 


written 


f (ak) = f(a) (e) (14) 


or, placing z for a, 


f (ak) = f(a) TH (2) 


Interchanging x and k in (15), gives 


and, when k = 1, (16) becomes 


f(a) = f(1) (17) 


Equations (15) and (16) at once suggest Taylor’s Theorem, and (17), 
MacLaurin’s Theorem. 


III. 


It will be observed that the coefficients C,,....,C,, in (15), (16), (17), 
are not as readily expressed in terms of successive quotiential coefficients as 
are the coefficients in Taylor’s Theorem, in terms of successive derivatives. 
But if the derivative notation be substituted for the quotiential, this difficulty 
is removed. For this reason, the extension of Theorem II, to functions of two 
or more independent variables, will be considered subsequent to the change of 


notation. 


Now, 


_ady_dlogy_ dy 
yd log x’ (28) 


so that 
(19) 


* Moritz, “Generalization of the Differentiation Process,” AMERICAN JOURNAL OF MATHEMATICS, Vol. 
XXIV, No. 3. 


| 
| 


From (18) and (19) the coefficients C,, C,,....,C,,...., may now be written 


= d log f(a) 
d log a 


@ log f(a) 
2! (dlog a)?’ 


C= 1 d*log f(a) 
(d log a)”’ 


and equations (14) to (17) become 


1_ dn log f(a) (log k)” 


T(ak) = f(a) n @log a)» 


08 f(2) (og 
= f(a) TH Glog 


d” log f(k) 


a=] 


1 d” log f(1) 
a=! 
Consider now, the function 


P(y) = = f(a, B), 


where a= B= bry, 
From (24) @(1)= f(z, y); also 


du =— lo 0B = log y 
= za" log a and = yb log b. 
Again 
dy 0a oy’ 


Op _ | — grey 


dy dB OB 


of a Function as an Infinite Product. 
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(27) 


(28) 


| 
(20) 
(21) 
| 
(24) 
(25) 
(26) 
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Whence, by (25), (26), (27) and (28), 


ye 
dlogp _° dy _ Oy d log 
that is 


From (29) 


logo _ d log og + 10 208 2)" 


and, in general 


d log 
From (30) and (23), since ¢(1) =f (2, y), there results the equation 


log y) log 1 ™ 
+log b dog y) 


a0 1 
= Dry) = y) TI (31) 
When y =e, (31) becomes 
a ) = y) 1” 
by) = f(x, y) (eye 


The above extension to a function of two independent variables is general and 
will apply equally well to functions of any number of variables. 


IV. 


It remains to exhibit the exact nature of the relation between the theorems 
just established and certain theorems of the ordinary calculus. 

Consider the function 

F(y) = ef(log y) 
Applying (22) to F(ky), 
1. df(log k) (log 
F (ky) = — ef log ky) — = (e) (d log k)" (33) 
Now, writing k = e* and y=e’, and taking the logarithm of each member, 
(33) reduces to 
f(a+a)=f(a)t+ f(a), 


one of the common forms of Taylor’s Series for a function of a single variable. 


n=1 

; 


of a Function as an Infinite Product. 


Again, consider the function 


F(u, ) — ef (log u, log v, log w, 
Applying (32) to F(gu, kv, lw,....), 


F (gu, kv, lw,. (log gu, log kv, log lw,....) 


(n) 
— ef (log u, log v, log w, ya 08 9 og log + (34) 


n=1 


Now writing 
g= bo bee; ... 


and taking the logarithm of each member, (34) reduces to 
(4, y, 2 ....) 
+E 


Taylor’s Series for a function of any number of variables. 


Or, again, writing 


k=e™, 


— 


and taking the logarithm of each member, (34) reduces to 


f(a, b+ ah, c+ 2bh + ah’, ....) 


=f (a, b,¢, . + h(2b + ah) 


+h(3¢ + 3bh + ah?) 


where it is to be noted that the nth power of the operator is no longer 
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equivalent to m successive applications of its first power. If, following 
Sylvester,* we write 


f(a,b+ah,c+2bh+ah’,....)= 


d 


(35) becomes 
(hO. + WO, + +....)%, 


or, more concisely, 
(36) 


Equation (36) is one form of what Sylvester chooses to call Salmon’s Theorem. 


V. 


Theorem II can easily be established for functions of complex variables, 
the work necessitating, of course, the defining of quotientiation and its inverse, 
for such functions, and involving also the proof of a theorem expressed by the 


equation 


Log f(2) 1 
j(o)= 


* Sylvester, Mathematical Papers, Vol. III, pp. 88-92. 
+The inverse of the quotientiation process is Q@—1f(#)—= 


i 
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The Reducibility of Maps. 


By Gerorce D. Brrkuorr. 


Introduction. 


It is known that any map on a surface of genus zero, such as the sphere, 
can be so colored in at most five colors that no two regions with a common 
boundary line are of the same color; but it is not known whether or not only 
four colors always suflice.* In the present paper we restrict ourselves to maps 
on such a surface and to the use of four colors, a, b, c, d. 

Substantially all that has been done toward the solution of this four-color 
problem is contained in the following four reductions: 

Lf more than three boundary lines meet at any vertex of a map, the coloring 
of the map may be reduced to the coloring of a map of fewer regions.t For, 
not every pair of regions meeting at such a vertex have a boundary line in 
common, as is the case when three boundary lines meet at a vertex. Thus we 
may join two of these regions without a common boundary line, by opening the 
vertex, so as to form a map in one less region. When this simple map is 
colored, the original map is obtained, properly colored, by merely restoring the 
vertex to its original form. 

If any region of a map is multiply-connected, the coloring of the map 
may be reduced to the coloring of maps of fewer regions. For we may color 
the partial maps which arise when all but one of the parts into which such a 
muitiply-connected region separates the surface are erased, and afterward give 
the same color to this region in all of the partial maps by a permutation of the 
eolors. By effecting a superposition of the partial maps, we,obtain a coloring 
of the original map in the same colors employed in the partial maps. 

If two or three regions of a map form a multiply-connected region, the 
coloring of the map may be reduced to the coloring of maps of fewer regions. 


* A set of references may be found in the Encyklopddie der mathematischen Wissenschaften, LIL A, B3, 
pp. 177-178. The question admits of transformation to several remarkable forms; in particular see the 
recent paper by O. Veblen, Annals of Mathematics, Ser. 2, Vol. XIV (1912), pp. 86-94. 

+ ‘Throughout this article we use the term boundary line or side to mean one of the continuous lines 
in common to two distinct regions, and the term vertex to mean a point in common to three or more 
distinct regions. A region may have only a single boundary line or side. 
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In fact, these regions separate the surface into two or more parts. If we color 
the partial maps which arise when all but one of these parts are contracted to 
a point, and by a permutation then make the colors of the two or three regions 
the same on each of the partial maps, the original map may be colored by a 
superposition of the partial maps. 

If the map contains any 1-, 2-, 3- or 4-sided region, the coloring of the map 
may be reduced to the coloring of a map of fewer regions. If a 1-, 2- or 3-sided 
region be present, we may shrink this region to a point, color the resulting map 
in one less region, and then introduce this region again in a color different 
from the colors of the regions to which it is adjacent along a boundary line. 
If a 4-sided region be present, at least one of the two pairs of regions which 
abut on opposite sides are distinct and have no boundary line in common. 
Let two opposite regions of this kind coalesce with the 4-sided region. If the 
resulting map in two less regions is colored, the original map may be colored 
by inserting the 4-sided region in a color different from that of the two or 
three colors of the regions adjacent to it along a boundary line. 

By a succession of reductions of the above types it is clear that we are 
brought either to a map of one region consisting of the entire surface, which 
ean be colored in one color, or to regular maps in which (1) all vertices are 
triple (2. e., belong to three regions), (2) every region is simply-connected, 
(3) no two.or three regions form .a multiply-connected region, (4) every 
region has at least five sides.* 

The purpose of the present paper is to show that there exist a number of 
further reductions which may be effected with the aid of the notion of chains 


due to A. B. Kempe. t 


* In the case where five colors are given, an additional reduction of 5-sided regions is possible. 
Namely, let coalesce with any 5-sided region two distinct regions having a boundary line in common with 
this tegion but themselves without a common boundary line, and color the resulting map which has two 
less regions. Then introduce the 5-sided region in a color different from the four or fewer colors of the 
regions which are adjacent to it along a boundary line. 

This reduction,shows that the coloring in five colors can always be effected since there can not 
exist a reguiar map in which there are no 5-sided regions. For, let f;, fs, .... denote the number of 
5-sided, 6-sided, .... regions respectively in a regular map. By Euler’s theorem on polyhedra we have 


for this map 
number of regions + number of vertices = number of sides + 2, 


or 
9 


so that there are at least twelve 5-sided regions in any regular map. 


+ Kempe employed this notion in attempting to prove that every map on the sphere can be colored 
in only four colors. See AMERICAN JOURNAL OF MATHEMATICS, Vol. II (1879), pp. 193-200. The error was 
pointed out later by P. J. Heawood, Quarterly Journal of Mathematics, Vol. XXIV (1890), pp. 332-338. 


whence 
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§1. The Kempe Chains and Reducibility. 


Suppose that a map J is colored in four colors, a, b, c, d, and select a pair 
of these as a,b. Consider any region colored in one of this pair of colors 
together with all of the regions in these two colors, adjacent to it, or connected 
with it by a set of regions in the two colors. Such a set of regions will be 
called an a, b chain. Obviously, the same a, b chain is defined by any region 
in the chain. 

A fundamental property of the chain is that if the two colors on the regions 
of a single chain, or of any set of these chains in the same colors, be all inter- 
changed, a new coloring of the map results, since no region in one of these two 
colors becomes adjacent to another of the same color by such a transposition 
of colors; the colors on any set of the chains in the complementary pair of 
colors may be interchanged at the same time. 

Every region on the map lies on an a, b chain or c,d chain, an a, c chain 
or b, d chain, an a,d chain or b,c chain. By successive permutations of the 
colors on the chains a number of different colorings may be obtained from a 
single one. It is only when there is but one chain of each description that the 
new colorings obtained differ from the original one by a mere permutation of 
the colors throughout the map. 

Consider now in a regular map a cyclical arrangement of x (n>3) regions 
My, lo, -+++) @, Such that each of these regions has a boundary line in common 
with the one preceding and following it in cyclical order, but with no other 
region of the set. 

A ring R of regions of this kind divides the map into two sets of regions 
M, and M, which together with # make up all the regions of the map M. 

The partial maps M, +'R and M, + R are bordered by the ring R of 
n regions. If it is possible to color M,+R and M,+ 8 so that the arrange- 
ment of colors on R is the same in both cases except for a mere permutation 
of the colors, it is clearly possible to take the coloring on Rk the same in both 
the partial maps and by a superposition color the map M = M,+ M,+ R. 

Take now one of the partiai maps M, + R, and consider any pair of its 
regions on the ring R&, either region having one of the colors a, b, say. If these 
two regions are on the same a, b chain, this fact may be indicated by joining 
the two regions by an a,b line, marked a, b and lying within the chain. Let 
all such lines be drawn and marked with their pairs of colors, and at the same 
time let the colors on F& be indicated: thus a scheme on the ring R is formed. 

No two lines marked in complementary pairs of colors will cross since 
lines in complementary pairs of colors lie in different regions. 
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If a chain (found in M,+R) joins a region a of R toa region 6 of R, 
and if also a chain in the same colors joins the region @ to the region y of R, 
then a chain in these colors joins a to y. Consequently, if in any scheme a line 
marked in two of the colors joins a to 8, and a line marked in the same colors 
joins 8 to y, such a line will also join a to y. 

Two regions a and @ of R in one or both of any pair of colors are either 
joined by a chain in these colors, or else a pair of regions y and 6 of R, such 
that a, y, 8, 6 occur in cyclical order on R, are joined by a chain in the com- 
plementary pair of colors. For, if the chain in the first pair of colors which 
contains a does not contain 8, this chain abuts on a chain in the complementary 
pair of colors which joins a region y to a region 6. Consequently, either a line 
marked with this pair of colors connects a and 8, or a line in the complemen- 
tary pair of colors connects a pair of regions y and 6. 

These three properties of schemes will serve to define them completely for 
our purposes. 

As we have observed, it is possible to derive from the given coloring of 
M,+8 a second coloring by transposing the pairs of colors at pleasure on 
any two complementary sets of chains. Returning now to the corresponding 
scheme, we see that we effect a transposition of complementary pairs of colors 
as a,b and c,d on a set of regions of R and that we transpose together the 
colors of all regions of R connected by a,b and c,d lines respectively. The 
a,b and c,d lines of the new scheme will be the same as in the old, but the 
lines of the four other types may be altered. 

We are thus led to the following formal principle: A given scheme on R 
gives rise to a new scheme in which two complementary sets of lines are un- 
altered and the corresponding colors are permuted on R in any way so that all 
those connected by these lines are transposed together. 

Suppose that in M we replace M,+ R by a set of regions Mt, of not more 
than a certain number k of regions but with the same » peripheral boundary 
lines as R; in this manner we form a map M,+ M2, which we assume to be 
eolored. For each of the finite number of essentially different choices of WN, 
we get a certain number of choices of colors on the periphery of R, which are 
possible for M,, and thence, by permutation, a certain number of sets I of 
schemes for M,-+- R with these same colorings on R. 

Likewise, by forming a map i, and then M,+ Yi, we get a certain number 
of sets II of schemes for M, + R. 

These two sets are closed under the application of the above formal prin- 
ciple. If it can be shown that for some k any two sets of schemes [ and II 
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have at least one coloring in common, we will say that the ring of » regions 
is reducible; and if k is the least integer for which this is true, we will say 
that @(n) =k —n_is the reducing number of R. 

It is clear that if in the map M there exists a reducible ring of » regions 
having more than $(z) regions on both sides of it, then, by coloring the maps 
M,+ 2, and M,+ MM, of fewer regions than M in all possible ways, one will 
always be led to two such sets of schemes, at least unless one of these maps 
ean not be colored. By definition, one coloring at least in each of the two sets 
will be essentially the same. Hence, by a superposition one may color M, pro- 
vided all of the auxiliary maps employed in this process can be colored. Since 
these auxiliary maps each contain fewer regions than M, the question of the 
coloring of M has been reduced to that of coloring maps in fewer regions. 
This fact justifies the use of the word reducible here. 

The definition of reducible rings is entirely independent of whether or not 
a coloring of the map M is possible. We note, however, that if there is a map M 
which can not be colored but which contains a reducible ring of x regions 
having more than $(i) regions on both sides of it, then one of the auxiliary 
maps M, + MN, or M, + M, can not be colored; and that the map of the least 
number of regions which can not be colored, if there is such a map, contains 
no ring of this kind. 

It is proved in the present paper that rings for » = 4 or 5 are reducible. 
However, for x = 6 and greater values of x the question is left unsettled. 

Suppose now that a ring R of x regions is given, which is such that any 
possible set of schemes deduced from M, + YN, as before, where Yt,, however, 
has fewer regions than M,+ R, always contains at least one coloring for R 
suitable for M, + R. 

The question of coloring a map M of this kind reduces to that of coloring 
maps M, + MN, in fewer regions than M, and in these circumstances the ring R 
will be termed reducible with respect to M,. 

It is clear that in this case the map W can be colored if all the maps 
M,+M, in fewer regions can be colored, and that the map of the least number 
of regions which can not be colored contains no reducible ring of this type. 


§2. Rings of Four Regions. 


We can prove at once that in a regular map a ring of four regions is 
reducible and the reducing number is 0.* 


* In this proof and later proofs we use the notation of $1 in our consideration of rings; in par- 
ticular, R denotes the ring, M, and 7, the two aggregates of regions on opposite sides of the ring, and M 
denotes the map M,+ M,+ R. 
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Let a,,@,,4;, a, be the four regions of the ring taken in cyclical order. 
Consider the maps M, + XW, and M, + M,, where Mi, and YW, are formed from 
M,+R and M,+R# by shrinking M, and M,, respectively, to a point and joining 


a,anda,. The possibilities for the colors are essentially either 


a,b,a,b or a,b,a,c, 


for a,, 4, 4,, 4,, respectively. If the colors are the same in both sets, we 

have a coloring for R the same in both sets of schemes. Otherwise we have 
a,b,a,b for M,+R and a,b,a,c for M,+ R, say. 

Now form a second choice of 2, by shrinking M, to a point and joining 

a, toa,, giving 

a,b,a,b or a,b,c,b for M,+ R. 

The only case necessary for us to consider is the second of these two 
since the first is listed for M,+ R. Thus we have the set of colors a, b, a, b 
in the schemes for M,+ R; and the sets a, b, a, ¢ and a, b,c, b in the schemes 
for M,+ R. 

In the scheme a, b, a, b for M,+ R either an a, d line connects the regions 
a,,@3, in which case we obtain a, b,a,c by a permutation, or else a b,c line 
connects the regions colored in b, and we get a,b, d,b by a permutation. 
In either case we get an arrangement of colors already essentially found in 
the set of schemes for M, + R. 

Hence, the ring of four regions is reducible. The reducing number is 0 
since Mt, and MY, did not contain in any case more than four regions. 


§3. Rings of Five Regions. 

Any regular map contains a 5-sided region* and, after the reductions 
of § 2, contains a ring of five regions about each such region. If rings of five 
regions were reducible with a reducing number 0, one could therefore conclude 
that the coloring of every map is reducible to that of maps of fewer regions, 
and hence that all maps could be colored in four colors. As a matter of fact, 
however, we can prove that a ring of five regions is reducible and has a reducing 
number 1, that is @(5) =1. 

Let us first prove that @(5) does not exceed 1. We need to show that 
any two possible sets of schemes for M,+ R and M,+R have at least one 
common coloring for R, if for MN, and Mi, are permitted all maps of less than 


Six regions. 


* See foot-note, p. 116. 


BrrxHorr: The Reducibility of Maps. 121 


We can then take Yt, and Ww, to consist of the five regions of R and a 
single contained region. This leads us to schemes on R which are in at 
most three colors (those different from the color of the contained region) ; 
and, since the colors can not alternate on five regions, there are precisely three 
colors, at most two of any color; we have then essentially two regions in a, 
two regions in b and one inc. This gives arrangements c,a,b,a,b for the 
regions in & taken in cyclical order. We will call the region colored c the 
marked region; it may be any one of the five regions a,, a, a3, a,, a, of R. 

If the marked region is the same in a scheme of each set, we can make the 
colors on the ring the same for M,+ R and M,+ R by a permutation, so that 
this case is disposed of. 

Now in every case either a marked region in set I, of schemes for M,+ R, 
and set II, of schemes for M,+ Rk, must fall at adjacent places, or a coloring 
for R in I and II is the same. For suppose that this is not so. It is then 
no restriction to assume that a, and a, are marked regions for I and II, 
so that we have I(cabab) [1.e., ¢, a,b, a,b for a,,a,, a,,a,,a; in I] and 
Il (abcab) [t.e., a, b, c, a, b for a,, a,, a3, a,, a; in IT]. 

In the second of these schemes we may suppose that a b, ¢ line joins the 
regions a,, a, to the region a,, for otherwise we would be led to II (acbab) by 
a transposition. This is a scheme for II in which the marked region is on a, 
adjacent to a,, contrary to assumption. Hence a b,c line joins these regions 
and we may change a on a, to d, obtaining Il (abecdb). 

Now, form a second map Yt, by shrinking M, to a point and joining a,, a,, 
so that Yt, consists of four regions. We are then led to a scheme I (x a**a) 
where the *-colors are different froma. The last two «-colors may be taken 
to be b and c, and thus the cases arise: 


I(babca), I(cabca), I(dabca). 


The first of these has a marked region a, adjacent to a,, a marked region in IT. 
Hence this case is excluded. The second case is of the same type but with 
marked region a,. This is the case disposed of at the outset, namely that of 
the same marked region in I and II. The last case I(dabca) must then arise, 
giving essentially the same coloring as Il (abcdb) obtained earlier. Thus a 
contradiction arises and the statement is proved. 

If, however, marked regions in I and in II are adjacent, the two schemes 
again have a coloring for 2 in common. 

To prove this, let us take these marked elements to be a, and a, respectively 
so that we have I(cabab) and Il(bcaba). Consider the regions in the colors 
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b,cin II(beaba). Ifa b,c line does not connect the regions a,, a,, and a,, 
we obtain II(cbaba) with marked region at a,, a type already listed in I. In 
this case the statement is true. When a b,c line does connect these regions 
we obtain II(bcdba) by changing a on a, to d. 

Now, form Yi, by shrinking M, to a point and joining a, toa, in R. This 
gives [(b** bx), which leads to one of the types of schemes: 


I(bcdba), I(bcdbec), I(bcdba). 


The first of these has just been listed in IT, and the third has a marked region 
at a, so that this type also appears in II. Thus we are led to I(bcdbc) with 
marked region at 

Consequently, if the two sets of schemes have no common coloring for R, 
we infer that I and II have a marked element at a, and a, respectively, and 
thence that I has a marked region at a,. 

By a repetition of this argument, starting with a marked region a, of II 
and a, of I, we prove that a, is a marked region for II. By another repetition 
we prove that a, is a marked region for I, and by yet another repetition we 
prove that a, is a marked region for ITI as well as for I. 

Hence, in every case there is a coloring common to the two sets of schemes, 
and this shows that the ring is reducible, with a reducing number which does 
not exceed 1. 

To show that the reducing number $(5) is 1, it is required to exhibit two 
sets of schemes containing essentially different colorings for 2, and such that 
all the permutations of either set of schemes yield another scheme of the same 
set. These sets of schemes must have the further property that some coloring 
in each set is consistent with any possible choice of Yt, and W, of less than six 
regions. 

A simple reckoning shows that all the schemes a, b, a, c,d for R in which 
the regions in b,c and b, d lie on b, c and b, d lines respectively, suffice for one 
of these sets of schemes; and that all the schemes c, a,b, a,b on R in which 
the regions in a and b lieon an a,d and b, d line suffice for the other set of 


schemes. Hence we must have $(5) = 1. 


$4. Regular Maps under the Reductions of §2 and §3. 


It is interesting to inquire as to the kind of map to which we are led by 
the above reductions. What is the nature of regular maps M containing no 
rings of four regions, or of five regions except about a single region? 
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To answer this question we consider an arbitrary k-sided (k25) region A 
of the map adjacent to the regions B,, B,,...., B,, where these regions are 
taken in cyclical order, one for each boundary line of A. These regions are 
all distinct, since otherwise a region B; and A would together form a multiply- 
connected region, a case excluded by the definition of a regular map. Likewise, 
no region B; has a side in common with any region B,; except the two which 
precede and follow it in cyclical order, for otherwise B;, B;, A together form a 
multiply-connected region. Consequently the regions B,, ...., B, form a ring 
about A. 

Consider next the regions C,, ...., C, which abut on the outer edge of the 
ring B,,...., B,. These are taken in cyclical order, one for each boundary 
line directed outward from the ring B,, ...., B, and / is at least as great as k 
since each region B, has at least five sides. All of the regions C,, ...., C, are 
distinct; otherwise we should have a ring of four regions formed by regions 
C,, B,, A, B,, or a multiply-connected region formed by C,, B;, B,. 

If two regions C;, not adjacent along a boundary line directed outward 
from a region B, had a side in common, we would then have a ring of five 
regions of the form C;,, C;, B,, A, B,, or a ring of four regions C;, C,, B,, B,, 
or a multiply-connected region C,,C,;, B,. The last two cases are excluded 
by our hypothesis about M. In the first case, such a ring of five regions would 
contain one region only on one side by our hypothesis, and this region is a 
region B, of course. The regions C;, C; would then be adjacent to each other 
along a boundary line directed outward from a region B. Thus the first case 
is excluded as well as the other two. 

Therefore we conclude that in a regular map not subject to the reductions 
of $2, §3 the neighborhood of any region of the map is formed by a ring 
B,, B,, ...., B, (k25) enclosing A and a second ring C,, C,,...., C, (Zk) 
enclosing A, B,, B,, ...., B,. Conversely, it is obvious that if a regular map 
has this property it will contain no rings of four regions, or rings of five 
regions except about a single region. 

A simple example of such a map is the map of twelve 5-sided regions 
formed by the faces of a dodecahedron. 


§5. Rings and the Four-Color Problem. 


After the preceding reductions and the application of them to normalizing 
the form of the map, it is natural to inquire whether or not rings of more than 
five regions are reducible and have such reducing numbers as to enable one to.ex- 
tend the preceding conclusions about the structure of a completely reduced map. 
16 
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For example, if rings of six regions were reducible with a reducing 
number 3 we could infer at once that in a map not subject to reduction there 
was a third set D,, ...., D,, of cyclically ordered regions about C,, C,,...., C,, 
all of which were distinct.* 

It is apparent, however, that the ring of six regions is of a decidedly 
different character from the ring of five regions. In fact, we may have a 
regular map, each region of which is surrounded by three successive rings of 
regions, in which, however, a ring of six regions containing an arbitrary 
number of 5-sided regions may be found (see fig. 1, p. 125, in which the dotted 
line indicates the ring). It will be seen later, that if there are more than 
three such regions, the ring of six regions is reducible. In so far as there is 
an analogy between the ring of five regions and that of six regions, the num- 
ber 3 may be expected to play the same role for the latter as the reducing 
number 1 did for the former. 

In all the cases which I have considered, the ring R of six regions con- 
taining more than three regions in M, is reducible with respect to M,. 

It may easily be seen that if a ring R of six regions, or more generally of 
n regions, contains a sufficiently large number of regions in M,, it will neces- 
sarily be reducible with respect to M,. In fact, all the possible choices of 
regions Jt, to replace M,+ R (where we do not now limit the number of 
regions in M,) only yield a finite number of different aggregates of colorings 
for R. Let ¢,, t.,....,¢, be the number of regions in maps furnishing 
respectively each of the different aggregates of colorings. Clearly if ¢ be the 
greatest of these numbers, the ring R of n regions will be reducible with 
respect to M, if M, + R contains more than ¢ regions. 

The importance of reduction by means of rings may be explained as 
follows: In any map the direct and successful method of coloring is to start 
with a single region and color the regions adjoining, in succession, by trial. 
If a ring of & regions, where k is small, occurs somewhere in the map, and one 
comes to the regions of the ring from one side, it is impossible to determine 
what coloring to give to the regions of the ring unless one has considered the 
very complex map that may be on the other side. 

On account of the curious results which a careful analysis of the ring of 
six regions gives, it is not probable that the ring of more than five regions can 
be eliminated as has been done with the ring of five or fewer regions, and this 
fact seems to me to make plausible any one of the following three alternatives: 


*See $4. 
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1. There exist maps which can not be colored in four colors, a leading 
feature of the simplest one of them perhaps being a ring of six regions with 
more than three regions on either side. By the method of reduction one will 
always be led either to a coloring of the given map, or to one or more maps 
that can not be colored. 

2. All maps can be colored in four colors and a set of reducible rings can 
be found, one of which exists in every map. 

3. All maps can be colored in four colors, but only by means of reduc- 
tions of a more extensive character, applicable to sets of regions bounded by 
any number of rings. 


Fie. 2. 


§6. Rings of Six Regions. 

I shall not attempt to give an exhaustive analysis of the ring of six regions, 
such as I have actually carried out, but will confine attention to the more 
interesting special results that arise. 

To begin with, let us show that a ring R of six regions is reducible with 
respect to M, if M, consists of four 5-sided regions (fig. 2). 

Let 8,, 8., Bs, B, be the 5-sided regions of M,, taken to abut on the 
regions @,,a@;, a, of the ring as indicated in the figure. 

Our method of proof is to assume R not reducible with respect to M,, so 
that by hypothesis one has not necessarily one of the sets of schemes for 
M,+ R suitable for coloring R of M,+ R, and to show that a contradiction 


results. 
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Let Bs, a, of M,+R coalesce to form M,. With this 
choice of It, we obtain a coloring J, x, a, *, a, x of R in the scheme for M,-+ R:- 


The only essentially different cases are then the six following: 


6, ¢,4,0,4a,¢; 6, 0,46, 


b,c, a,b, a,d; b,c, a,c,a,d; _ b,.c, a, d, a, d. 


Direct trial shows that it is possible to color M, + R starting with any of these 
colorings for R except b, c, a, c, a,c which must then be listed in the set of 
schemes for M, + R. 

A c,d line will connect all of the regions colored c in b, c, a, c, a, c, for 
otherwise we should be led to one of the schemes just excluded by a transposi- 
tion of the colors c,d. Hence any permutation of the colors a,b is permissible, 
and one of these gives b, c, b, c, a, c, which is a suitable arrangement of colors 
on for M,+ R. 

Thus in every case we are led to a scheme for M,+ R having a coloring 
on R suitable for M, + R, so that the initial hypothesis is not correct. 

We may generalize the result as follows: Jf all the regions M, interior to 
a rig R of six regions are 5-sided, and if there are more than three such 
regions then R is reducible. For M,+R then contains a configuration of the 
kind just seen to be reducible. This follows from the fact that the interior 
arrangement of 5-sided regions is of the simple nature indicated in fig. 1. 
This suffices to show that R is reducible as stated. 

We can show immediately that a ring R of sia regions is reducible with 
respect to M, if M, consists of six 5-sided regions about a 6-sided region. In 
fact coalesce M, and alternate regions of R into a single region, thus forming 
a possible choice of Jt, and a scheme a, *, a, x, a, *. Taking account of the 
circular symmetry, we obtain only the cases a, b, a, b, a,b; a, b, a, b, a, ¢; 
a, b, a, c, a, d, all of which are suitable colorings for M, + R. 

These are the simplest types of reducible rings of six regions containing 
more than three regions in M,. 

The first of the above reductions is interesting since it has the consequence 
that in a completely reduced map no boundary line can be enclosed by four 
5-sided regions. In fact, four such regions necessarily are surrounded by a 
ring of six regions in the map if the reductions of §2,§3 have been made. 
If we recall (foot-note, p. 116) that the number of 5-sided regions in a regular 
map exceeds the number of 7-, 8-, ....-sided regions combined, we see that 
this reduction applies to a variety of regular maps. 
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If the ring of six regions is reducible, the reducing number exceeds 3. To 
prove this statement it is necessary to show that there exist two sets of 
schemes I and II without a common coloring for R, such that a suitable 
coloring for every Yt, and YW, of nine or fewer regions exists in both schemes 
and such that every permutation of either scheme leads to another of the 
same scheme. 

The colorings of R may be taken to be 


a,b,a,b,a,b; a,b,a,b,a,c; a,b,a,c,a,b; a,c,a,b,a,b; a,b,c,a,c,b; 
1. 4 c,b,a,b,c,a; c,a,c,b,a,b; a,b,c,a,d,b; d,b,a,b,c,a; c,a,d,b,a,b; 
| b,c, d,a,b,a; a,b,a,b,c,d; a,b,c,a,b,d; a,d,b,a,c,b; a,b,c, a,b,c. 


~ a,b,a,c,a,d; b,a,c,a,c,a; b,a,c,a,b,a; b,a,b,a,c,a; b,a,c,a,d,a; 
II. } a,c,b,a,b,d; b,d,a,c,b,a; b,a,b,d,a,c; c,d,a,b,a,b; d,a,b,a, b,c; 
| a,b,c, d,a,b; b,a,b,c,d,a; a,b,c,d,c,b; a,c,b,d,c, b. 


It is not necessary to specify the lines in the schemes but only to verify that 
for each coloring in I and II and for some arrangement of the lines all the 
permutations deduced by the formal principle of § 1 lead to colorings in I and 
IT respectively. 

We will not verify this property of I and II, or that.colorings in I and II 
exist suitable for all choices of 2%, and YM, of not more than nine regions. It 
may be assumed that I, and WM, are not subject to the earlier reductions, and 
this limits the total set of possibilities for 2, and Mi, to 38. 


§7. Rings of n Regions. 

It is possible to find reducible rings of x regions. I shall only consider 
two of the simplest cases. 

A ring R of n regions in a map M, + R+ M,, where M, consists of a ring 
of 5-sided regions about a single region, is reducible with respect to M,. Let 
@,,----,@, be the x regions of R in cyclical order, and let 8,, ...., 8, be 
the 5-sided regions of M, which abut on (a,, a,), (a,, G3), ...-, (@,, @,) 
respectively, and let y be the remaining region of M,. To form M%,, let 
alternate regions a,, a3, ...., @,—, coalesce with M, if » is even, and alter- 
nate regions a,, 43, ...., @,. with M, if n is odd. We thus obtain a coloring 
in a scheme for M,+ R 


In either case we can color M, + R# with such a coloring for R. In the first 
case if the *-colors are all one color b we can color £,,...., 6, ine and d 
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and then y ina. If this is not so, by taking account of the cireular symmetry 
we may assume that we have 


1. €., We may assume a, and a, are not of the same color. Now color 8, which 
abuts on a,, a, in b, 8, in d, B, in a color different from that of a,, B,, a,, and 
so on, until we reach £,, which must be colored in a different color than that 
of a,, 8,-,, a, and 8,. But a, and £, are both colored in b, so that this 
is possible. Having colored @,, ...., 8, in the three colors different from a, 
we may color y ina. In the second case we can employ a similar process as 
follows. First color @,in b. If then a, is also colored in b, we can color 
B,—1) »-++, 8, and y as in the first case. Otherwise a, is in c or d, and 2, may 
be colored in d or c, and @, in b. Here again, if a, is colored in b, we may color 
B,-1) «+++, @ aS in the first case. Otherwise a, is in c or d, and @, may be 
colored in d or c, and 6, in b. In this way we either color @,,...., 6, in 
b, c, d and y in a or we come to a coloring 
cor d, 6,.c er d, b, 0; %, * 6, 

where the *-colors may be taken to be c and d, and y may be colored in a. 

When combined with the reductions of § 2, §3 of a regular map, this 
reduction obviously eliminates any region of » sides surrounded by a ring of 
5-sided regions, for this region is surrounded by a second ring. The simplest 
example not previously covered is the case n = 7. 

A ring R of 4n regions ina map M,+ R+M,, where M, consists of a set 
of 2n 6-sided regions about a single region, is reducible with respect to M,. 
Let a,, ...-, a@,, be the regions of R, and 8,,...., the 6-sided regions, 
so that a,, ...., abut on B,, (B,, Bs), Be, (Bz, Bs), +> (Bans 
respectively, and let y be the inner region. To form MW, let a,, a,, ...., a, 
coalesce with M, and obtain a coloring *, a, x, a, *,....,a, for R. The regions 
8 each touch two regions a,; and one *-region. If the *-regions are all in one 
color b, we may color the regions 8; in c and d, alternately, and the n-sided 
region in a or b. If this is not the case, we may assume that we have c, a, 
....,b,a@ for a@,, and proceed to color (in b), ..--, Bans 
successively, and then y just as we did in the preceding reduction. 

The simplest application is to a 6-sided region surrounded by a ring of 


six 6-sided regions. 
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The Highest Common Factor of a System of 
Polynomials in One Variable.* 


By Luoyp L. DIngs. 


As is well known, the condition for the existence of a common factor of 
first or higher degree of two polynomials 


is the vanishing of a certain rational integral function of the coefficients called 
the resultant. This resultant of two polynomials has been expressed in many 
different forms, and exhaustively studied.+ 

The object of the present paper is to consider the more general problem: 
the conditions which characterize the existence of a common factor of first or 
higher degree of a system 

consisting of any finite number of polynomials in one variable. This problem 
has been treated briefly by Meyer,{ and under certain restrictions by Foethke.§ 

Meyer showed by a generalization of the Euclidian algorithm, that there 
always exist n—1 rational integral functions of the coefficients whose vanishing 
constitutes necessary and sufficient conditions for the existence of a common 
factor of first or higher degree of the polynomials F',, F',,...., F,,. These 
functions appear aS remainders in a process of repeated division. Foethke, 
by a careful analysis of the Meyer process, showed the existence of n»—1 deter- 
minants such that if certain restrictions be made upon the coefficients of the 
polynomials F,, F,, ...., F',, the vanishing of these »—1 determinants is 
equivalent to the vanishing of the n—1 remainder functions of Meyer, and 
therefore constitutes necessary and sufficient conditions. 


* Read before the American Mathematical Society, October 28, 1911. 

+ By Euler, Bezout, Sylvester, Scheibner, Meyer and others. For bibliography, see Encyclopédie 
des Sciences Math., I, 2, 73. 
+ Franz Meyer: Jahresbericht der Math. Ver., Vol. XVI (1907), p. 16. 

§ Foethke: Dissertation, Kénigsberg (1907), and Archiv der Math. und Physik, Vol. XVIT (1910), 
p. 170. 
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In the present paper (Chapter II), a matrix is constructed whose elements 
are the coefficients c,, of the given polynomials, arranged according to a simple 
rule, and which for n —2 reduces to the matrix of the ordinary resultant deter- 
minant of Euler and Sylvester for two polynomials. This matrix has the 
following properties: 


(1) Its vanishing* constitutes necessary and sufficient conditions for 
the existence of a common factor of first or higher degree 
(Theorem [). 

(2) Its rank determines the degree of the highest common factor 
(Theorem ITI). 

(3) The coefficients of the highest common factor are determinants 
of this matrix, easily characterized (Theorem IV). 


In Chapter III it is shown that in any numerical case there are n—1 
“essential” determinants of this resultant matrix, whose simultaneous vanish- 
ing is equivalent to the vanishing of the matrix (Theorem VII). In the case 
n= 3, the two (=xn—1) “essential” determinants are easily characterized 
(Theorem V). For any value of n, the “essential” determinants are easily 
characterized whenever there is a pair of the given polynomials whose coeffi- 
cients satisfy a certain condition (the analytic condition that the degree of the 
highest common factor of the two be not higher than one). (Theorem V1.) 

Chapter I contains two simple lemmas concerning matrices, which facili- 
tate the succeeding proofs; and Chapter IV gives as an illustrative example 
a detailed treatment of the case of three cubics. 


CHAPTER I. 
A CERTAIN TRANSFORMATION OF Matrices Into EQuivaLENT 
§1. Equivalent Matrices. The Transformation T,. 


Two matrices are said to be equivalent if one of them can be obtained 
from the other by a transformation which does not change the rank of a matrix. 
The elementary transformations which do not change the rank of a matrix are: 


(1) The interchange of two rows (or columns). 

(2) The multiplication of all the elements of one row (or column) by 
the same quantity different from zero. 

(3) The addition of the elements of one row (or column) to the 

corresponding elements of another row (or column). 


* Throughout this paper a matrix of « rows and v columns (u<¥v) will be said to “vanish” when 
all the determinants of order » of the matrix vanish. This definition, given by Pascal (‘Die Deter- 
minanten,” p. 192), though not in as general use as another which is current in the theory of matrices, 
is more convenient for present purposes. 
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In the proofs of theorems which follow, considerable use will be made of a 
transformation which is a repeated product of the elementary transformations 
(2) and (8), and which we now define. 


Definition. If a,,a,,...., a, are any h quantities, and a denotes the 
sequence (a,, a, ...., @,), then 7, is that transformation which changes 
a matrix 

, , , 

K’ = 

, 


where the rows of K’ are found successively from the rows of K by means of 


the recursion formulas 
h 


[= 3 


a;,-;(t2k) being interpreted as zero. The relation existing between K and K’ 
is expressed symbolically by TK=K 


Evidently K’ can be obtained from K by repetition of the transformations 
(2) and (3), and we therefore have 

Lemma I. If two matrices M and M’ are so related that there exists a 
sequence of quantities a = (a,,a,,....,a,) such that T,M = M’, then the two 
matrices are equivalent. 


§ 2. Application of the Transformation T, to a Particular Type of Matrices. 


In what follows, the transformation 7’, is applied to a, particular type of 


matrices, namely those of the form * 
N—m columns 


Co 
C, Co 
C; 
Co n 
Cm 
Cu 
Cm 


* In the representation of this matrix, and likewise of others which follow, the portions of the 
array in which no elements are indicated, either by letters or by dots, contain only zero elements. 
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‘ 
in which each column contains as elements the sequence of quantities c,, ¢,, 


Cy, and zeros. 
Frequent use is made of the following 
Lemma II. If for any sequence a=(a,,a,,...-, %,), the matrix M of (1) 
is changed by the transformation T, into 


columns 


, 
Co 
, , 


, 


, 
Cy_1 Cy_2 - 


then the matrix consisting of the last h rows of M’ vanishes, if the determinant 


, 
Cm—h+1 


Cm+ h—1 ° 


consisting of the elements common to the last h rows and last h columns of M’ 


vanishes, 
To prove this lemma, we note that by the definition of the transformation 


T., we have the relations 


h 


where the notations c, (k > m) and c,_; (i > k) are interpreted as. zero. 
Now since the elements of any one of the last h rows of M’ constitute 


some segment of the sequence 


, , , , 
Cy—1) Cy—o9 Cyn—35 Gm—h4iy 


it is evident from (3) that if to one of the first N —m—h elements, say the 


. . Co mM 
& 
|) 
a 
, 
Cn+1 Cn (2) 
‘ 
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p-th element, of such a row, there be added the (p + 1)-th, (p+ 2)-th, ...., 
(p+h)-th elements multiplied respectively by a,,a,, ...., a, the result is the 
corresponding element of the matrix M. Therefore, by processes which do not 
change the rank of a matrix, the matrix consisting of the last h rows of M’ 
ean be transformed into one in which the elements of the last h columns remain 
unchanged, while the elements of the other columns are the corresponding 
elements of the matrix consisting of the last h rows of M. But these elements 
of M are all zero, and from this it follows that the matrix consisting of the last 
h rows of M’ vanishes if the determinant (2) vanishes. 


CHAPTER II. 
THe Resuttant Marrrx. 
§ 3. Conditions for the Existence of a Common Factor. 
Given the system of polynomials 

where the coefficients c;, are independent of x, and the leading coefficients c;, 
are all different from zero. It will further be supposed that the polynomials 
F, are arranged according to their degrees, so that m;2 m;_,. 


Of fundamental importance in the theory of the highest common factor of 
the polynomials (4) is a matrix constructed as follows: 


N—m, columns N—m, columns N—~m, columns 
A. 
Cy Ch 1 
c c 
M,(F,...¥,)= 2 
Cim Cim; Mn 
Cin. 
where N is any integer satisfying the conditions 
5 
N2>m,+m, ((#9). (5) 
n 
The matrix My (f,..../,,) has N rows and © (VN —m,) columns, the latter 


being arranged in » groups, each group containing elements which are the 
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coefficients of one polynomial F;. The group corresponding to the polynomial 
F’; has N — m, columns and will be denoted by G;. 

There are evidently an infinite number of such matrices corresponding to 
the infinite number of possible values of N, the matrix of lowest possible order 
being given by N=m,+m,. Any matrix M,(F,....F',) constructed in the 
manner indicated is called a resultant matrix of the system (4), The theory 


which follows is developed for the general resultant matrix M,(F,....F,), 
N being any integer satisfying the relations (5). 
TseorEeM I, The vanishing* of the resultant matrix My(F,....1',) is 


necessary and sufficient for the existence of a common factor of first or higher 
degree of the polynomials F,. 

The necessity of the condition may be seen as follows: If the polynomials F’; 
have a common factor containing 2, then the n equations F,= 0 (j =1,2,...., 2) 
have at least one common root, and therefore the system of equations 


| (j =1,2,...., 2), 
considered as a system of linear homogeneous equations in the quantities 
2, 1, has a solution. From the theory of linear equations 
it follows that the matrix of coefficients of this system of equations must 
vanish, and that is exactly the matrix My(F,....F',). 

To prove the sufficiency of the condition, we employ a device used by 
Kronecker in his general theory of elimination. If wu, (k = 1,3,4,...., ”) 
and u; (l = 2,3,....,”) are two sets of arbitrary parameters, then the two 
polynomials 


have a common factor containing 2, only if the polynomials F have such a 
common factor. But, as is well known, these two polynomials have a common 
factor containing x if their resultant determinant vanishes, and therefore the 
vanishing of this determinant forms a sufficient condition for the existence of 
a common factor of the polynomials F;. Since the polynomials > F, u, and 


> Fu; are respectively of degrees m, and m, in x, their resultant determinant 


* See foot-note, p. 130, concerning definition of term “ vanish.” 


a 
¥ 
: 
Ly 


System of Polynomials in One Variable. 135 


is of order m,+m,. It is furthermore a rational integral function of the 
parameters wu, and w;, and can therefore be expanded in the form 


where U,, U,, .... are different power products of the parameters wu, and u;; 
and 9, 9, -... are functions of the coefficients of the polynomials F;. The 
polynomials F', have therefore a common factor containing x if the functions 
Po» Pi, all vanish. 

Now if the resultant determinant of the two polynomials =F, u, and 28, U 


be constructed, it 1s seen that the functions p,, p,, .... are linear combinations 
of determinants of order m, + m, of a matrix 


m, columns m, columns m, columns 
C19 
C1 Cio 
Ci Cir Cro 
Ci Ch 1 Cro 
+ 
m4 . . Cim; . . eee C,. My Cro = 
Therefore if the matrix (7) vanishes, the functions p,,9,,.... are all equal 
to zero. 

But the matrix (7) vanishes whenever the matrix M, (f,....F,,) vanishes. 
For, corresponding to every determinant A of order m, + m, in (7), there is a 
determinant of order N in My (F,....F,,) which is equal to cy” (™t™ - A, and 
since c,, is different from zero, this determinant can not vanish unless A does. 
Therefore if the matrix My (F,....F,) vanishes, the functions pg), p,, .... are 


all equal to zero, and the polynomials F’; have a common factor containing 2. 


$4. Sub-resultant Matrices. Degree of the Highest Common Factor. 


It has been shown in the preceding section that the vanishing of the 
resultant matrix My, (F,....F,,) is necessary and sufficient for the existence of 
a common factor of first or higher degree of the polynomials (4). In the 
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present section it will be shown that the exact degree of the highest common 
factor can be stated in terms of the rank of the resultant matrix, the final result 
being reached in Theorem III. To this end we define a certain sequence of 
matrices called sub-resultant matrices and denoted by 


M® (F,....F,) (6=1,2, 


Derinition. M{ (F,....f,) is the matrix formed from My (F,....F,) 
by striking out the first 1 rows and the last 1 rows, and the first i columns of 


each group G;. It has therefore N — 27 rows and = (N — m,— 7) columns. 
j=1 


TueorEM II. The highest common factor of the polynomials (4) is of 
degree k (<m,), tf and only if 
while 
(F,....F,) #90. (9) 


The proof of this theorem is accomplished by means of the following: 
Lemna III. Jf the polynomials F, have a common factor 
D® (4) =a" 


and if 


then: 
(1) The matrix T,My(F,....F,), where a is the sequence (a,,a,,...-., 
of coefficients of D™, has only zero elements in the last h rows. 
(2) The sub-resultant matrix MY? (F,....F.,,) is equivalent to the resultant 
matrix My_o,(F{?....F&) of the quotient polynomials F\™, 
For the proof of the lemma, let any one of the polynomials F’, be denoted 
temporarily by 
+¢,0"'+.... 
and the corresponding quotient polynomial F/D” by 


Then the relations existing between the coefficients of F, D” and F™, on 
account of (10), are 
h 
C=C — (k=0,1,....,m), (11) 


where the notations c), (kK >m—h) and c,_;(i>k) are to be interpreted 


as zero. 


i} 


System of Polynomials in One Variable. 137 


From these relations and the definition of the transformation 7’, it follows 
that the matrix 


N—m columns 


Co 
G 
9 
We (12) 
Cm 
Cn 
Cm 
formed from the columns of My, (F,....F,,) which correspond to the poly- 
nomial F, is transformed by the transformation 7, into 
N columns 
, 
Co 
| 
m-—h 
(13) 


Cm- hi 


h rows 


in which the last h rows contain only zero elements. Since, then, every matrix 
formed from a group G; of columns of My (F,....F,,) is transformed by 7’, into 
a matrix which contains only zero elements in the last h rows, the same is true 
of the matrix M, (F,....F,,) itself, and this proves the first part of the lemma. 

Now, the group of columns in M{ (Ff,....F,,) which corresponds to the 
polynomial F is, by definition, obtained from (12) by crossing out the first and 
last h rows and the first h columns. The matrix formed from this group of 
columns is transformed by 7', into the matrix obtained by striking out the first 
and last h rows and the first h columns of (13). But it is evident that this 
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latter matrix consists of exactly those columns of My_,, (F{”....F%) which 
correspond to the polynomial F™. From this follows at once 


T,M® (F,....F,) =My_o (F@....F), 


and the second conclusion of the lemma. 

We now prove Theorem II. 

(a) The conditions of the theorem are necessary. For, the existence of 
a common factor D™ of degree k of the polynomials F’; necessitates the 
existence of common factors of degrees 1, 2,....,k—1. If these be denoted 
respectively by D® (i=1,2,...., and if 


F,=D®F® (j=1,2,....,n), 


then each of the sets of polynomials F'{? (for a fixed value of 7) possesses a 
common factor of first or higher degree. Hence, by Theorem I, each of the 


resultant matrices My_,;(F....F©) vanishes; and by Lemma III the same 
is true of the matrices (F,....F,) (¢=1,2,....,#—1). 

Moreover, M{ (F,....F,,) does not vanish. For if it did, the same would 
be true of the equivalent matrix My_,, (F{”....F“), and therefore the poly- 


nomials F' would have a common factor. This would require that the highest 
common factor of the polynomials Ff, be of degree greater than k, which is 
contrary to our assumption. 

(b) The conditions of the theorem are sufficient. For, these conditions 
being satisfied, the polynomials F’, have, by Theorem I, a common factor of at 
least the first degree. They have, moreover, a common factor of degree k. 
For suppose the highest common factor were of degree i(<k). Let it be 
denoted by D®, and let 


Then, by Lemma III, the resultant matrix My_,;(F{?....F©) is equivalent to 
M® (F,....F,,), which vanishes by hypothesis, and therefore the polynomials 


F® have a common factor of at least the first degree, which contradicts the 
supposition that D® was the highest common factor of the polynomials F’,. 
The polynomials Ff’; have therefore a common factor of degree k. 

This factor of degree k is the highest common factor. For if 


F,=D©F® (j=1,2,....,n), 


then My_., (F@....F) is equivalent to MY (F,....F,), which does not 
vanish. Therefore the polynomials F{"” have no common factor containing 1, 
and the highest common factor of the polynomials F’; is of degree k. 


System of Polynomials in One Variable. 


TueoreM III. The highest common factor of the polynomials F,, F,,...., 
F, is of degree k, where N—k is the rank of the resultant matrix My (F,.... 
F,,). The rank can not be smaller than N—m,, where m, is the smallest of 
Ws 

The last part of the theorem follows at once from the fact that the deter- 
minant of order N—m, formed from the elements common to the first N—m, 
rows and the last N—m, columns of the matrix is equal to c/>™", and is there- 
fore different from zero. 

For the proof of the first part of the theorem, it is sufficient, on account 
of Theorem II, to show that conditions (8) and (9) are equivalent to the con- 
ditions that the matrix My (F,....F,,) be of rank N—k. 

First, if conditions (8) and (9) be satisfied, then the matrix My, (F,....F,) 
is of rank N—k. 

It can not be of rank greater than N—k. For under the assumption of 
conditions (8), the polynomials /’, have a common factor of degree k, and the 
matrix My, (F,....F,) can, by Lemma III, be transformed into a matrix 

v(F,....F,) of the same rank, and such that ail elements of the last k rows 
are zero. Since, then, M,(F,....F,) is obviously of rank not greater than 
N—k, the same is true of My (F,....F,). . 

To prove that the rank of M,(F,....F,) is exactly N—k, it suffices to 
note that, by condition (9), there is at least one determinant, call it K, of 
order N—2k in Mf (F,....F,,), which is different from zero, Therefore the 
determinant of order N—k formed by annexing to AK those elements of the 
first k rows of My (F,....F,) which lie in the same columns with K (all of 
which elements are zero), and those elements of the first k columns of 
M, (F,....F,) which lie in the first N—k rows, does not vanish, for this 
determinant is equal to ci, K. 

Conversely, if the matrix M,(F,....F,) is of rank N—k, then the con- 
ditions (8) and (9) are satisfied. 

To prove by the indirect method that (8) is satisfied, suppose for some 
positive integer h, less than k, there were a determinant H of order N—2h 
in MY (F,....F,) which did not vanish. Then the determinant of order N—h 
formed by annexing to H those elements from the first h rows of My (F,....F,) 
which lie in the same columns with H (which elements are all zero), and those 
elements of the first h columns of My (F,....F,,) which lie in the first N—h 
rows, would equal ci,H and therefore would not vanish. This would contra- 
dict the hypothesis that My (/’,....F,) is of rank k, and the contradiction 
proves that (8) must be satisfied. 
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To prove that (9) is satisfied, suppose that MY (F,....F,,) vanished. 
Then the polynomials F; would have a common factor of degree k +1, and the 
matrix My (F,....F,) could, by Lemma III, be transformed into an equivalent 
matrix in which all elements of the last +1 rows were zero. Since this 
latter matrix could obviously not be of rank N—k, the matrix M,y(F,....F,) 
could not be of that rank, as it is by hypothesis. This completes the proof of 
the theorem. 

$5. Determination of the Highest Common Factor. 


Suppose now the rank of the matrix My (F,....F,,) is N—k, that is, the 
polynomials F’; have a common factor of degree k; then, as has been seen, there 


is a determinant of order N--2k in the sub-resultant matrix MY (F,....F,) 
which does not vanish.* Let this determinant be denoted by A,. 
In the N—2k columns of My (F,....F,,) which contain the columns of A,, 


the elements of the first k rows are all zero. The matrix formed from these 
N—-2k columns by striking out the first k rows of zero elements will be 
denoted by M, and is a matrix of N—k rows and N—2k columns. According 
to our definition, the determinant formed from the first N —2k rows of M 
is A,. In general, the determinant whose first N —2k—1 rows are the first 
N —2k—1 rows of M, and whose last row is the (V—2k+7)-th row of M, 
will be denoted by A;. There are k +1 such determinants, namely, A,, A,, 
..., 4,, and in terms of them we can state 
TueoremM IV. The highest common factor of the polynomials F, is 


A,v + A, wi+....+A,. (D) 
Since the matrix My, (F,....F,,) is the matrix of coefficients of the system 
of equations (6), it is evident that M is the matrix of coefficients of a system 


of equations 


a-F,=0 (p=1,2,....,.N—2k). (14) 
Now, let the co-factors of the elements of the last row of A, be denoted 
by C,, C,, ...., Cy_sx3 C, being the co-factor of that element which is a 


coefficient in the p-th equation of (14). If the left sides of equations (14) be 
multiplied respectively by the corresponding co-factors C,, and the results be 
added, we obtain the identity 


N-2k 


p=l1 
the coefficients of the higher powers of 2 on the left-hand side being zero in 


* Of course it is entirely possible that there be several determinants of this character. The im- 
portant point is that there is one such. 
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consequence of the well-known theorem that the sum of the products of the 
elements of one row of a determinant by the co-factors of the corresponding 
elements of another row is zero. 

From the identity (15), it follows that every common factor of the poly- 
nomials F’; (p=1,2,...., N—2k) is a factor of the polynomial D, and 
therefore the highest common factor of the polynomials F’; (7 = 1,2, ...., 
which is known to be of degree k, must be a factor of D. Therefore D must 
be the highest common factor. 


CHAPTER III. 
ReEsuLTant DETERMINANTS, 
§ 6. Definitions and Notations. 


In Chapter II it was shown that a necessary and sufficient condition for 
the existence of a common factor of first or higher degree of the polynomials 


(4) is the vanishing of the matrix My (F,....F,). This is not in general 
a single condition, but many, since it means the vanishing of all the deter- 
minants of order N in the matrix My, (F,....F,). These determinants are 


not, however, independent, and from the known result of Meyer that there are 
n—1 rational] integral functions of the coefficients whose vanishing constitutes 
necessary and sufficient conditions for the existence of a common factor, one is 
led to suspect that there are n—1 particular determinants of the matrix whose 
vanishing is equivalent to the vanishing of the matrix. This seems not to be 
strictly true, in that it seems impossible to characterize formally and generally* 
n—1 determinants of the matrix whose vanishing is equivalent to the vanishing 
of the matrix. 

However, it will be shown in the present chapter that in every numerical 
case there are n—1 determinants of the matrix whose vanishing is equivalent 
to the vanishing of the matrix. As a rule these determinants have to be con- 
structed successively, the form of each after the first depending upon the ranks 
of those which precede. However, in certain important cases, the n—1 deter- 
minants are easily characterized. 

In order not to disturb the continuity of the discussion later, we introduce 
here some definitions and notations. 

My (F,F,). First we note that the columns of the groups G, and G, 


* Cf. the restrictions upon the coefficients required in Foethke’s conditions, loc. cit. 
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..,”) of the 


(where r and s are any two different numbers of the set 1,2, .. 
matrix My, (F,....F,,) constitute the matrix M, (F, F,). 

R(F,F,). The ordinary resultant determinant (as formed by Euler and 
Sylvester) of the two polynomials Ff, and F, will be denoted by R(F,F,). It 
is of order m,-+ m, and is obtained from My, (F, F,) by striking out the first 
N—(m,+m,) rows, the first N —(m,+m,) columns of G,, and the first 
N— (m,+m,) columns of G,. 

R© (F,F,). The sub-resultant determinant F',) is obtained from 
R(F,F,) by striking out the first i rows, the last 7 rows, the first 7 columns 
containing coefficients of F,, and the first 7 columns containing coefficients of 


It is of order m, + m,— 2%. 
PY (F,F,). A determinant of order N —i which is equal to 


R© (fF, F.) 


can evidently be formed by bordering the determinant R® (F, F,,) on the top 
by the zero elements which lie above it in the matrix M,(F,....F,) and at the 
left by the first N —(m,+m,) +7 columns of the group G,. This determinant 
is denoted by P§ (F, F,). It vanishes if and only if R® (F, F,) vanishes. 

PY (F,F,/F;). The determinant of order N formed by annexing to 
PY (F,F,) those elements of the last i rows of My (F,F,) which lie in the 
same columns with P (F, F,), and to the matrix so formed annexing the last 
i columns of the group G,; (where j is any number of the set 1,2,...., %, 
different from r and s), is denoted by F,/F;). 

R® (F,F,/F;). The determinant PY (Ff, F,/F;) just defined is, from its 
form, equal to a product of a certain power of c,, into another determinant of 
lower order. This latter determinant is denoted by R“ (F,F,/I’,). Since it 
plays an important réle, we give the following more direct method of con- 
structing* it. 

To the determinant R® (F, F,) annex those elements of the last i rows of 
M, (F,F,) which lie in the same columns with R® (F,F,). The resulting 
matrix has m,+ m,—irows and m,+ m,—27i columns. To the right of this 
matrix annex 7 columns consisting of those elements in the last 7 columns and 
the last m;+ rows of the group If m,—1, the result is a 
square matrix of order m,+ m,—i, and the corresponding determinant is 
R© (F,F,/F;). If m;+i<m,+m,—1, fill in the upper right-hand corner 


* The determinants RQ) (F, F./F,) and R(@) (F, F./F;), where F,, F, and F; are ecubies, are dis- 
played in Chapter IV, and will serve as illustrations of the constructions here described. 
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with zeros until a square matrix of order m,+ m,—7 is obtained. The corre- 
sponding determinant is R® (F,F,/F;). If m,+%7>m,+ m,—i, prefix 
those elements of G, which lie in the m;+7— (m,-+ m,—7) columns imme- 
diately preceding (F', F,) and in the last m;-+ i rows. By filling in above 
hk (F, F,) with zeros, a square matrix of order m; +7 is then obtained, whose 
corresponding determinant is Rk (F, F,/F;). 

§7. The Case n=2. 

If the number of polynomials considered is two, and if N be taken equal to 
m,+m,, then My (F,F,) is the matrix of the resultant determinant R(F, F,), 
and the sub-resultant matrices M{(F,F,) are respectively the matrices of the 
determinants Rk” (F, F,). We have, therefore, as special cases of Theorems II 
and III, the two well-known theorems: 

The highest common factor of two polynomials F, and F, is of degree k, 
if and only if R(F,F,) and R© (F,F,) (@=1,2,....,4—1) all vanish, while 
R® (F, F,) does not vanish.* 

The highest common factor of two polynomials F, and F, is of degree k, 
where N —k is the rank of the resultant determinant R (F, F,).t 


§8. The Case n=3. 
Regarding three polynomials 
F, (4) +a,a*'+.... +4, 
=b,a* +b, 1'+....4+5,, (16) 
we have the following 

TurorEm V. If F, and F, are any two of the three polynomials (16), 
and if R® (F,F,) =0 (@=1,2,....,k—1), but (F,F,) $0, then 
necessary and sufficient conditions for the vanishing of the matrix My(F,F,F3), 
and therefore for the existence of a common factor of first or higher degree, are 

R(F,F,) =0, (F,F,/F;)=90 (9 #17,8). (17) 

That the conditions are necessary is evident since the determinants 
R(F,F,) and R® (F,F,/F;) are, when multiplied by certain powers of a, 
equal to determinants of order N in My (F, F, F3). 

Assuming now that Rk (F,F,) =0, it follows from the hypothesis of the 
theorem that the highest common factor of the polynomials F’, and F, is of 
degree k. Therefore by Lemma III of Chapter II, the matrix My (F, F,F,) can 
be transformed by a transformation 7’, into an equivalent matrix My (F’, F, F) 


* Cf. Scheibner: “Mathematische Bemerkungen,” Leipz. Ber., 40, pp. 1-13. 
+ Cf. Capelli: Palermo Rend., 23, pp. 130-136. 
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in which the last k rows of My(F,F,) contain only zero elements, By this 

same transformation the determinant Pf (F,, F,), which is equal to 
RO (FF) 

and is therefore different from zero, is changed into a determinant PY” (F, F,) 

which does not vanish. If, for the sake of definiteness in writing, we suppose 

r=1, s=2, then Mj (F, F, F;) will be of the form 


N columns N—u columns N —»p columns 
A A. 


ie 


N—k rows 


My (F, F, = 


M-k * 


, 


, 
Cy-1Cy-2 J 


It is evident that each of the determinants of order N of the matrix 
Mi (F,F,F;) which are not obviously equal to zero, is linearly expressible in 
terms of determinants of order k formed from the matrix 


N —v columns 
, , 


, , 


consisting of the last k rows of My(F3). 
But all of these determinants vanish by Lemma II of Chapter I, if the 


single determinant 


formed from the last k columns of (18) vanishes. Therefore the matrix 
M, (F,F,F ;) vanishes if D, = 0. 


, , , 
by Co 
a, b; bo 
. a, . b; Cy 
mM 
, , 
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Now, the determinant of order N of Mi (F,F,F,) formed from the N -- k 
columns containing P§”’ (Ff, F,) and the & columns containing D}, is equal 
to Di,. PY’ (F,F,), and therefore its vanishing necessitates the vanishing of D, 
and therefore the vanishing of the matrix My (F,F,F,;). But this determinant 
is exactly the transform of P{? (F,F,/F;) by T,. Hence, since this transfor- 
mation does not change the rank of a matrix, the vanishing of PY (Ff, F,/F;) 
necessitates the vanishing of PY’ (F',F’,/F;;), therefore of the matrix My (FFF) 
and finally of the matrix M,(F,F,F;,;). But by definition, the vanishing of 
R® (F,F,/F;) is equivalent to the vanishing of F',/F;). Therefore the 
condition (F,F,/F;) = 0, together with the assumed condition R(F,F,) =0, 
is equivalent to the vanishing of the matrix My (FF, F;3). 


$9. The Case in which a Sub-resultant Determinant R® (F, F,) 

is Different from Zero. 

Tueorem VI. If F, and F, are any two of the polynomials (4), and if 
R® (F,F,) $0, then necessary and sufficient conditions for the vanishing of 
the inatria My (F,....F,,), and therefore for the existence of a common factor 
of first or higher degree of the polynomials (4), are 

R(F,F,) =0, RO(F,F,/F;) (7=1,2,....,, excepting r,s). (19) 

The conditions are necessary, since the determinants in (19) are, when 
multiplied by certain powers of c,,, equal to determinants of order N in the 
matrix My(F,....F,). 

If now the determinant R(F',F',) vanishes, then the polynomials F’, and F, 
have a linear factor in common, and by means of a transformation 7, the 
matrix M,(F,....F,) can, according to Lemma III of Chapter II, be trans- 
formed into an equivalent matrix My (F,....F,,) such that the last row of the 
matrix M,(F,F,) will consist wholly of zero elements. The groups of 
columns G;(j = 1, 2,....,, excepting r,s) will be transformed into 


, 


Cio 


Cy excepting r,s 7, 


, , 
Cjn-1 Cjn-2 


. 
| 
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Since now by hypothesis R® (Ff, F,) does not vanish, the same is true of 
the determinant P{ (Ff, F,), and therefore of its transform PY’ (F,F,). This 
latter determinant is, by definition, of order N—1; and by a well-known theorem 
in the theory of matrices, the matrix My(F,....F,,) vanishes if every deter- 
minant of which PY’ (F, F,) is a first minor vanishes. Certain of these deter- 
minants are obviously zero, namely those which are contained altogether in the 
matrix M,(F,F,). The others are except for sign equal respectively to 


ch, P®’ (F. F,) 7=1,2,....,n, excepting r, 


k=m,, 


and vanish if and only if the quantities c;, vanish. 

But by Lemma II of § 2, all the quantities c;, vanish if the quantities 
C;m, vanish. Therefore the matrix My(F’,..../,) vanishes if the n—2 deter- 
minants of that matrix which are equal to 

Cim, PN (F,F,) (7 =1,2,....,m, excepting 1, s) 
all vanish. 

The latter determinants are, however, exactly the transforms of the deter- 
minants Pf? (F,F,/F;) (j=1,2, «..., m, excepting r,s); and therefore the 
vanishing of the determinants PY (Ff, F,/F;), together with the vanishing of 
R(F,F,), constitutes, under the hypothesis of the theorem, sufficient conditions 
for the vanishing of My(F,....F,,). Then since the vanishing of R® (Ff, F,/F;) 
is from the definition of this determinant equivalent to the vanishing of 
P® (F,F,/F;), it follows at once that conditions (19) are sufficient for the 
vanishing of My(F,....F,). 

Remark. It should be noted that if R®(F,F,) vanishes, then conditions 
(19) are by no means sufficient conditions for the vanishing of M,(F,....F,). 
In fact, if R(F,F,) = (FF ,) =9, then all of the determinants R® 
vanish whatever be the coefficients of F;. For under these conditions the 
polynomials Ff, and F, have a quadratic factor in common, and therefore 
M,(f,....F,) can be transformed into an equivalent matrix (F,....F,) 
such that the matrix My (F, F,) has only zero elements in the last two rows. 
Therefore the determinant PY” (F, F,) vanishes, and so 


(FF ...., 0, ¢, (20) 


Cim; 


But as before, the transforms of the determinants Pf? (F',F,/F;) are exactly 
equal to the quantities on the left side of (20), and so PY (F,F,/F;) = 0, 
and therefore R®- (F,F,/F;) =0 (7 =1,2,...., ”, excepting 7, s). 
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§ 10. The General Case. 


TueoreM VII. In any numerical case there are n —1 determinants of 
the matrix My(F,....F,) whose simultaneous vanishing is equivalent to the 
vanishing of the matria, and therefore constitutes necessary and sufficient con- 
ditions for the existence of a common factor of first or higher degree of the 
polynomials (4). 

This theorem has been proved in § 8 for the case n= 3; it will now be 
proved in general by a complete induction. We assume it true for n = q, and 
prove it true forn=q+1. 

By our assumption, there are g—1 determinants of the matrix My(F,...F,) 
whose vanishing is equivalent to the vanishing of the matrix. Let these 
determinants be denoted by 


R(F,F,), (F,F,/F,), R“(F,F,F,/F,), 


and suppose that they all vanish. Then the matrix My(F,....F,) has a certain 
rank N—k,,,, where k,,,>0; the polynomials F,, F,,....,F, have a 
highest common factor of degree k,,, ; and there exists a determinant of order 
N—2k,,, of the sub-resultant matrix Mf (F,....F,) which does not 
vanish.* Call it RY“ (F,....F,). There exists, therefore, a determinant of 
order N —-k,,, formed from the first N—k,,, rows of My(F,....F,) which is 
equal to cig (F,....F,) and so does not vanish, Call it (F,....F,). 

Now, since the polynomials F’,, F,,...., #, have a common factor of degree 
k+1, the matrix My (F,....F,,,) can be changed by a transformation 7’, 
into an equivalent matrix My (F,....F,4,) such that the last k,,, rows of 
My (F,....F,) contain only zero elements. By this same transformation the 
non-vanishing determinant P{**? (F,....F,) is changed into an equivalent 
determinant Pf’ (F,....F,). 


For simplicity in writing, let 


and for the moment let the number k,,, be denoted simply by k. Then it is 
evident that each of the determinants of order N of the matrix My(F,....F',4,) 


* There may of course be several such determinants. That there is at least one, follows from 
Theorems II and III. 
19 
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which are not obviously zero, has as a factor a determinant of order k of the 


matrix 
N—wm columns 


, 
Cy—ke-1 - Cm—k41 


, , 
Cy—k+1 


k rows 


(21) 


formed from the last k rows of the matrix My (F,,,). But by Lemma II 
the matrix (21) vanishes if the single determinant 


Cm Cm-1 Cm—k+1 


furmed from the last k columns of (21) vanishes. Therefore the matrix 


My(F,....F,4,) vanishes if D,=0. 
Now the determinant of order N of My (F,....F,4,) formed from the 


N —k columns containing Pf’ (F,....F,) and the k columns containing D, is 
equal to D,,- Py’ (F,....F,). Therefore its vanishing necessitates the vanishing 
of D,, and so of My(F,....F,4,). This determinant, which may be denoted 


by PY’ (F,....F,/F,+,), is the transform by T, of a determinant of 
My(F,...-F,4,), which may be denoted by Pf (F,....F,/F,+,). Therefore, 
since the transformation T, does not change the rank of a matrix, the vanishing 
of (F,....F,/F,+,) necessitates the vanishing of Pi” (F,....F,/F,4,), 
therefore of the matrix My(F,....F,4,), and finally of My(F,....F,4,). 

But the determinant Pf (F,....F,/F,+,) contains as a factor a certain 
power of c,, say ch. The determinant of order N — p which is equal to the 
quotient 1/ch- PY (F,....F,/F,+,) is denoted by R®(F,....F,/F,4,), and 
evidently vanishes only if PY (F,....F,/F,+,) vanishes. 

Replacing the index k by its equal k,,,, we have proved that the vanishing 
of the determinants 


is sufficient for the vanishing of the matrix My(F,....F,,,). As the vanishing 


of the »—1 determinants (22) is evidently necessary, the theorem is com- 
pletely proved. 


, , 

, 
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CHAPTER IV. 


An ItuustrativE Exampie. THREE CvuBIcs. 
Given 


F, (2) 
F, (2) =qQ 6," +.6. 


The resultant matrix of lowest possible order is 


(23) 


M,(F,F,F;) = 


Its vanishing is necessary and sufficient for the existence of a common factor 
of first or higher degree of F',, F, and F,. 

The two resultant determinants can now be constructed, their form de- 
pending, however, upon the values of the sub-resultants of some pair of the 
polynomials (see Theorem V). For definiteness, we consider the sub-resultants 
of the pair F, and F,. We have by definition 


Ay by 
a,a, 6,b, 
a, a, a, b, b, b 
Bs) As A, a, bg b, b, 
a,a, 
a3 bs 
a 
a, a, b,b a, b 
a, a, 6, b, a, 
A, bg by 


There are then three distinct cases to be considered. 
Case I: In which R® (F,F,) #0. The two resultant determinants 


whose vanishing is equivalent to the vanishing of M,(F, F, F;) are 
a, by 

A, 5, dy 
R(F,F,), R® (FP, =| 4, b, b, 
Az Ay b, db, C, 


a, 


149 
ay by Co 
6,8 
Ay A, A, b, b, by CC, 
As A, A, b, 
bb, Ce, 
as bs Cs 
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Case II: In which R® (Ff, F,) =0, R® (F,F,) #0. The resultant 
determinants are 
Co 
A, Ay Dy 
R(F,F,), R® (F, =|) a, a, b, ¢ ¢, 
As My Dy Cy Cy 


at 


Case III: In which R®(F,F,) = R®(F,F,) =0, R®(F,F,) #0. The 
resultant determinants are 

by Co 

R(FF,), R® (F,F,/F,) 

b, b, b, ¢, 

Cz 

C3 


3 


b 

2 D, Dy Cy 
b 
b 


In this case, if R(F,F,) =0, then the polynomials F, and F, differ only by a 
constant factor. Also R®(F,F,/F;) is identical with R(F,F,;). It is there- 
fore directly evident that the vanishing of R(F,F,) and R®(F,F,/F,) is 
sufficient for the existence of a common factor of first or higher degree of 
F,, F, and F;. 


CoLUMBIA UNIVERSITY. 


Linear Mixed Equations and their Analytic Solutions.* 


By R. D. CarMmicHakt. 


The most important early papers on mixed equations are those by Biot t 
and Poisson.{ Each of them deals with the practical integration of special 
equations and the application of the results to the solution of geometrical 
problems. The principal contents of both papers, together with references to 
the previous literature, are to be found in Lacroix’s T'raité du Calcul. § 

Questions of an analytic nature have been further treated by Cesaro, 
Lecornu, Brajtzew and others. || 

Several applications of mixed equations in the treatment of geometrical 
problems are to be found in memoirs by Puiseux and Combescure.f 

From this brief bibliography it appears that the general questions as to 
the existence and the nature of solutions of mixed equations have not been 
treated. It is the object of this paper to consider these questions for the 
system of mixed equations, 


where 
= + |x|2R; 


* Read before the American Mathematical Society, October 29, 1910. 

+ Biot, “Sur les Equations aux Différences Mélées,” Mémoires de l'Institut de France, Savans 
étrangers, Vol. I (1806), pp. 296-327. 

t Poisson, “Sur les Equations aux Différences Mélées,” Journal de ’ Ecole Polytechnique, Cahier XIII 
(1806), pp. 126-147. 

§ Third edition, Vol. III (1819), pp. xix, 575-600. 

|| Cesaro, “Sur une Equation aux Différences Mélées,” Nowvelles Annales de Mathématiques, Ser. 3, 
Vol. IV (1885), pp. 36-40; Lecornu, “Sur Certaines Equations aux Différences Mélées,” Bulletin de la 
Société Mathématique de France, Vol. XXVII (1899), pp. 153-160; Brajtzew, “On the Question of the Integ- 
ration of Linear Mixed Equations by the aid of Definite Integrals” (Russian), Moscow Mathematical 
Collection, Vol. XXI1 (1901), pp. 275-284. See also the following papers: Gregory, Cambridge Mathe- 
matical Journal, Vol. I (1839), p. 54; Walton, Quarterly Journal, Vol. X (1870), pp. 248-253; Oltramare, 
Association Frangais, Compte rendu XX (1891), pp. 66-72; Oltramare, /bid., XXIV (1895), pp. 175-186; 
Lémeray, Edinburgh Mathematical Society Proceedings (1898), pp. 13-44. 

{| Puiseux, “Sur les Développées et les Développantes des Courbes Planes,” Liouville’s Journal, Vol. 
IX (1844), pp. 377-399; Combescure, “Sur Quelques Questions qui Dépendent des Différences Finies ou 
Mélées,” Annales de Vv Ecole Normale Supérieure, Ser. 2, Vol. III (1874), pp. 305-362. 


152. CarmicuareL: Linear Mixed Equations and their Analytic Solutions. 


the symbols D;,i=1,...., k, denote differentiation with respect to x, and the 
symbols D,,1=k+1,....,n, are identical with the symbol A of the difference 
calculus. It will be noticed that such a system is analogous in form to a 
system of differential equations of the first order having infinity for an 
ordinary point. 

In Section I two formal expansions, involving arbitrary constants and 
arbitrary periodic functions are obtained, both of which formally satisfy the 
given system of mixed equations. 

In Section II we demonstrate the convergence of the formal expansions 
throughout properly determined regions and obtain fundamental existence 
theorems in two forms, and thus exhibit a remarkable duality in the solutions 
of mixed equations. A method of applying these results to a single equation 
of order higher than the first is indicated in a brief remark. 

Section III contains an application of the preceding theorems to a system 
of difference equations. Two fundamental systems of solutions are obtained. 

In Section IV we point out an essential difference between mixed equations 
and either differential or difference equations. This difference is due to the 
remarkable manner in which the arbitrary elements enter into the solution of 


the mixed equations. 


I, 
Let D,,71=1....n, denote a set of n operations, the first k of them being 
each identical with D and the remaining ones with A, where k is some one of 
the numbers 0, 1, 2, ...., », and where D is the symbol of differentiation and 


A is the symbol of differences, that is, Af(x) = f(7 +1)—f(z), and form the 
system of equations 
= 1=1....n, (1) 
(= 
where 
= + |a|>R. (2) 
In applying the method of successive approximation to the problem of finding 
a solution of (i) we write the auxiliary equations 
D, ff? (x) =9, 
i=1....n, (3) 
Di?’ (e)= 2 f(a), 


eer ee ere eee eee ee 


and by means of them define a sequence of approximation functions which lead 
to a set of formal expansions satisfying (1). 
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Hach of the above auxiliary systems (3), after the first, is of the form 
Considering first those equations of this system in which D, denotes A we have 
evidently two particular formal solutions 


9(@)= (5) 
v—0 

= 2 (6) 


The other equations of system (4), namely those in which D, denotes D, have 
each two formal solutions analogous respectively to (5) and to (6). We may 
conveniently write these in the form 


g(a) =—f da, (7) 


g(@)=—f n(x)dx, (8) 


where in the first case the path of integration extends from x to infinity in a 
direction parallel to the positive real axis, and in the second case it extends 
from x to infinity parallel to the negative real axis. Equations (5) and (7) 
may be taken together as constituting a single formal solution of (4), and this 
solution we write in the form 


t=1....0, (9) 


where S; (;), for a particular 7, is identical with that second member of (5) 
or of (7) which has the same subscript 7. Likewise from (6) and (8) we have 
a second formal solution of (4), and this we write in the form 


g(x) = Sz (10) 


where S;; (7;), for a particular 7, is identical with that second member of (6) 
or of (8) which has the same subscript 7. The solution of the first system in 
the set (3) we shall denote by ¢,(z),i=1..... For the equations in which 
D, is D it is evident that ¢;(2) is a constant; for the other equations it is a 
periodic function of period 1. 

We are now in position to obtain successively a set. of particular formal 
solutions of systems (3); we employ in the first instance the formal solutions 
(9) of (4). When any particular system of (3) is solved, the set of values so 
found is substituted in the following system and this in turn is then solved. 
In each case those particular solutions are selected which will be convenient 
later on; from each system after the first these solutions are obtained by 


| 
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and then adding ?¢,(xz) to the 


operating on the equations throughout by Sj 
resulting second member. Thus we have 
f(x) = t,(2), 

fP (x) = + (3 


If we denote by /;'(#) the formal expansion to which the sequence /{(z), 
f(a), f(x), .... leads, we have 


fit (x) = t,(x) + Sz (2 ti) + Si by (2 Vets) | 


I= 


It is easy to verify that = fj (~),i1=1....n, formally satisfies (1). 
To this end let us perform on the » equations (11), in order, the operations 
denoted by D;,i=1....n, making use of the facts that D,S3(y)=y7 and 
(x)=0 and distributing the operations over the terms of the series in the 


second members; we have: 


Df (#7) =0+ + 


= (x), t=1....n. 


We have thus shown that the functions (11) formally satisfy equations (1). 

If now we start from the formal solution (10) instead of (9) and carry 
out an argument entirely analogous to the preceding one, we shall obtain 
another formal solution f,;(7) = ir), 7=1....n, representable as follows: 


fi (@) = (2) + Sa (3 + Sa (3 dat 


II. 

In this section we determine the nature of the convergence and certain 
properties of the functions formally defined by the expansions already obtained. 
From the form of ¥,,(~) given in (2) it follows that there exists a constant M 


such that u 
|< for |xz|2 R. (13) 
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We assume that the functions ¢;(v), 1 =1....n, when not constant, are periodic 
functions of period 1 analytic throughout the finite plane. Let s=u+vV—1, 
u and v being real. We shall prove first that the expansions (11) are 
uniformly convergent series of analytic functions throughout a region in which 


u2R, uzMn+1+e, e=any positive constant. (14) 
Let us consider the series 
where S+ is defined by St (ny) =|SH(\n|)|. For fixed v and varying u let 
be the maximum value of jt,(z)|. Let A, be the greatest of the quantities 
A,;,t=1....n. Using this notation and ee inequalities (13) and (14) 
it is clear that we may write 
St (Ev, t,) <Mn A, (16) 
Let us consider the case in which S;; is an inverse of A. Then we have 
r: 1 1 1 1 


But the sum of the last series is less than the value of the integral 
f #-2 


ay when S+ is an inverse of A. (17) 


Hence 
St (3 j 


In the other case, namely that in which — is an inverse of D, we have 
(4)s 


t;)< when S; is an inverse of D. (18) 


Hence 


Combining (17) and (18) we have 


oil A 
St (3 j 


and therefore 
MnA, 


| (2 Vi) 
20 


j= 
4—1....n. , 
U 


156 CarmicHaseL: Linear Mixed Equations and their Analytic Solutions. 


Furthermore, since at any finite point x, for which relations (14) are satisfied, 
each of the n?+ n functions ¥,;(x), t;(%) is analytic, it is evident from the pre- 
ceding argument that S* (¥,,t;) is analytic throughout the portion of the finite 


plane defined by (14). 
Let us now consider the second term in (17). In view of the preceding 


discussion it is easy to obtain step by step the results indicated in the following 


relations: 
4,55 < Mn, id G >); 
k=1 

Mn A, 

Ment, 

(u—1)?° 
One also proves readily that S512 VS 5(2 Vie t,)} is an analytic function 
of x in the region defined by (14), a tek its absolute value is less than 


M’n?A,/(u—1)*. By a continuation of the process it may be shown that 
every term of the series in (11) is analytic and that oe series itself is term 


by term less in absolute value than 
4,4 + (19) 


But for u satisfying (14) this last series is uniformly convergent. The same 
is therefore true of the series in (11), and hence the latter converges to a 
function which is analytic throughout the portion of the finite plane defined 
by (14). Itis easy to see then that (11) affords a solution of (1) in the 
region defined. 

Starting from (15) and (16) and working in a similar manner, we may 
prove the convergence of the series (11) in a different region of the plane. 
We suppose in this case that |v|2R. We have 


re 1 1 
(=) (u+r)?+ v?’ 
where S; is an inverse of A. But it is evident that 


1 1 de 1) 


1 n 2 
Si ) | v | + 


Hence 
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Comparing with (16) we have 
(Sut) < +4), (20) 
j=1 |v | 
where S; is an inverse of A. Now when S; is an inverse of D it is easy to 
show that 
+ 9 


whence it follows that (20) holds also for these values of i. It is clear that 
one may continue the process just as in the preceding argument and thus show 
that each series (11) is term by term less in absolute value than the series 


A,+Mn + =) A, + Men? + (21) 
Furthermore, for z in a region in which 
5) 
|v|2R, Mn A =) <1—e, any positive constant, (22) 


it is easy to carry out an argument similar to that used in the preceding case, 
and to show that in such a region every term of the series in (11) is an analytic 
function, that the series as a whole converges uniformly (in any closed part of 
the region) and that therefore it represents a function of x which is analytic 
throughout the whole region. 

It is obvious that the two regions thus found overlap, but that each one 
contains a part which is not in the other. The form of the total region, which 
is composed of these two, is easily made out from inequalities (14) and (22). 

From the form of this region and the statements connected with (19) and 
(21) it follows that when x approaches infinity along any straight line parallel 
to the positive real axis we must have 

lim {f;* (7) —t,(x)}=0 
The principal results thus obtained are stated in the following theorem: 
I. The system of mixed equations 


where 


t=1...., 


has a solution 


where 


fit (a) = + 85 + Si 


| 
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where t,(x) is a constant or a periodic function of x of period 1, analytic 
throughout the finite plane, according as D;=D or D,=A. Each function of 
this solution is analytic throughout that portion of the finite plane for which 
either of the following sets of relations is true: 


u2R, uzMn+1+.e, (23) 
> R, Mn + 
where M is a properly chosen positive constant, ¢ is any positive constant 
whatever, and u and v are real, being defined by sx=u+vuV—1. Further, if 
x approaches infinity along any straight line parallel to the positive real axis 
then 
lim — = 0. (24) 

It is clear that the formal expansions (12) may be treated in a manner 
entirely analogous to that just employed in the investigation of the properties 
of (11) and that corresponding results will be found which are in every respect 
parallel to those in Theorem I. 

II. With the following verbal alterations I is changed into the new 
theorem which is thus obtained: Replace ft by f—, Si by Sx and instead of 
(23) write 

us—R, us—(Mn+1+ 

We have thus established the remarkable fact that there are two classes 
of solutions of (1) which are equally simple, the first of them being related 
to the right side of the plane as the second is to the left, and vice versa. 

Remark 1. It is clear that if the periodic functions ¢; (v),i=kK+1....n, 
are not assumed to be analytic throughout the finite plane, the general conver- 
gence proof can be carried out in a manner analogous to the foregoing; that 
the solutions so obtained are analytic in the same region as before’ except for 
singularities at the singularities of ¢;(%),7~=k+1....n, and that the limit 
for x approaching infinity along a line parallel to the positive rea] axis in 
general exists and has the same form as in the preceding cases. 

Remark 2. The preceding results are readily applied to a single mixed 
equation of order higher than the first. It will be sufficient to illustrate this 
remark by means of an example. For instance, if (1) has the following 
special form 


Af (x) = Yo, G(X) + f(x), 


and if we differentiate the second of these equations with respect to x and 


CarMicHaEL: Linear Mixed Equations and their Analytic Solutions. 159 


eliminate g(x) and g’(x) from the two given equations and the one thus 
obtained, we have 


Af (2) 0) (2) — (0) + (2) 


+ {en 2) — — (0) + fy (2) = 0, 


an equation of the type studied by Poisson. Hence for any equation 
Af’ (x) + af’ (x) + bAf (x) + ef (x) = 9, 


which may be written in the preceding form, theorems I and II assert the 
existence of integrals having specified properties. Whether a given equation 
is reducible to this form is easily determined in any special case. Also, 
suitable values of the ys for effecting this reduction, in case it is possible, 


may be readily obtained. 
ITI. 


So far no essential use has been made of the fact that (1) is a mized 
system; and therefore the results which we have obtained are true if every 
D, is identical with D or if every D, is identical with A. Hence our theorems 
are true of a system either of differential equations or of difference equations. 
If one seeks to apply them to differential equations it turns out that they are 
not suitable for deriving the existence theorem in a form of greatest simplicity; 
this is owing to the particular path of integration which has been chosen, there 
being in this case of course an infinity of paths from which choice can be made. 

But with the difference equations the matter is essentially otherwise; the 
path of summation (to use a term analogous to the path of integration) for 
the sum which gives an inverse of A must have infinity for one of its extremi- 
ties, must pass through the point x and be parallel to the axis of reals. This 
gives only two essentially different paths of summation; namely, the two ex- 
tending from ~z to infinity along the two directions of this line. But, for the 
ease in which (1) isa system of difference equations these two are entirely 
sufficient, as we shall see, to lead to the existence theorem in a form possess- 
ing the desired simplicity.* 


* Compare the analogous existence theorem for a different system of equations treated in my thesis. 
See also a paper by G. D. Birkhoff, Transactions of the American Mathematical Society, Vol. XII (1911), 
pp. 243-284. The theorem here derived is a special case of Birkhoff’s results. It may also be readily ob- 
tained as a corollary to the treatment in my thesis. It is nevertheless interesting to have a proof of it 
by the relatively simple method of the present paper, especially since it comes out as a corollary of the 
theorems in Section II. 
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If every D; is identical with A, so that (1) is a system of difference equa- 
tions, we may write this system in the form 


1) = = + (2), 1,j=1....m, (25) 


where 6,; equals 0 or 1 according as 7 is or is not equal to j. 


From Theorem II it follows that there exists a line / perpendicular to the 
negative axis of reals and such that the solutions referred to in Theorem II 
are all analytic throughout the part of the finite plane which lies to the left 
of 7. If we know fj 1=1....n, then (25) gives f7 (a +1), 1=1....n; 
this known, f; (x% +2), 7=1....m, is found; and so on. Hence equation 
(25) may be used to extend the solution /; (x) of Theorem II across the plane 
to the right; it is evident that this process leads to the determination of 
f; (v), 1=1....n, throughout the finite plane and that the singularities of 
these functions occur at the points congruent on the right to the singularities 
of Y,;(%), 1,7 =1....n. (A point A is said to be congruent on the right to a 
point B if A—B is a positive integer; it is congruent on the left if A—B 
is a negative integer.) 

If (25) is solved for f,;(z), 1=1....n, in terms of +1), 7=1....n, 
and z is replaced by « —1, the system may be written in the form 


f.(@—1) = 4y(2) f,(2), i=1....n. 


If one starts from this equation and employs Theorem I, it is easy to show 
that the functions f+ (z),i=1....n, are analytic throughout the finite plane 
except at points congruent on the left to the singularities of (a) phy 

For the present case, namely that in which (1) is a system of difference 
equations, the periodic functions i= 1....n, may be removed from 
under the signs Sj, i=1....n; that is, 


Sz (nt;) Sz (7). 


From this it follows that f;* (a) may be written in the form: 


n 


a= 


n n 9 
i=1....n; 6,=0if 0,=1ifi=j. 
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As particular solutions of (1) we may therefore choose 


iy (2), fb (x), 
where 


Thus fj (x), 7 fixed andi=1....n, is a special case of the preceding solution 
(x). 
Moreover, fj (x), 1,7 =1....n, constitute a fundamental system of solu- 


tions of (1); for they satisfy the necessary and sufficient condition of inde- 
pendence, namely that the determinant |f | #0. To prove this we have only 
to notice that as « approaches infinity along a line parallel to the positive real 
axis fj} (~) approaches and hence, that the determinant | | approaches 1. 
From the independence of these solutions it follows that the general solution 
of the system of difference equations is 


f(a) (a), i=l1....n, 

where o;(”), 7 =1....n, are arbitrary periodic functions of a of period 1. 

In a similar manner one arrives at a second fundamental system of 
solutions 

fig (©), fag (@), en, 

where 

fig = 8, + (Wy) +85 Via (28) 
fi; (x), 7 fixed andi =1....n, being a special case of f; (x), i =1....n. 


In case we have a solution which belongs to either of these fundamental 
solutions, the quantity A, entering into (19) and (21) is equal to 1. Hence, 
if x approaches infinity along any ray from the origin, the negative real axis 
excepted, we have 

lim ff (x) = 
with a like result for functions of the other fundamental system. 
The principal results of this section may be constructed into the following 


theorem: 
The system of difference equations 


where 
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has two equally simple fundamental systems of solutions fii (x), fj (x), 
1,7 =1....n, defined by means of equations (27) and (28) respectively; each 
function of the first solution ts analytic throughout the finite plane except at 


points congruent on the right to the singularities of ,(%), 1,7 =1....n, 
and each function of the second is analytic throughout the finite plane eacept 
at points congruent on the left to singularities of ,;(x), 1,7 =1....n. 


If x approaches infinity along any ray from the origin, the negative real 
axis excepted, then 
lim ft (x) 
if along any ray except the positive real axis, then 


lim ly (x) 


IV. 


In the preceding section we have seen that when (1) is a system of differ- 
ence equations the general solution (11) may be written in the form (26); and 
that this form has the property of being linear in the arbitrary periodic 
functions ¢,(#),7=1....n. It is on account of the possibility of writing (11) 
in this form that we have been able to express the general solution of (25) in 
terms of a fundamental system consisting of » properly chosen particular 
solutions. 

A reference to the discussion of this matter in Section III will bring out 
the fact that it depends essentially on the equation 


Si (nt;) Si (n), 


where S; is an inverse of A. But when S; is a definite integral and ¢;(x) is 
a periodic function (not a constant) the corresponding equality does not exist. 
It follows, therefore, that the method which was effective in the case of differ- 
ence equations for obtaining a fundamental system of solutions will not apply 
to the case of a mixed system of equations, and, in fact, simple examples are 
sufficient to indicate that the relations among the infinity of solutions of such 
systems are probably not expressible in a simple way in terms of a finite 
number of them singled out as fundamental. In connection with this remark 
one may compare the paper by Lecornu, to which reference has already been 


made. 


PRINCETON UNIVERSITY, December, 1910. 


On the Theory of Linear Difference Equations.* 


By R. D. CarmicHakt. 


Under the above general heading I present here a discussion of each of 
the following topics: 
I. On the Finite Integral of a Function. 
II. Entire Functions Defined by Linear Homogeneous Equations with 
Rational Coefficients. 
III. Applications of the Preceding Results to Non-homogeneous Equations. 


The three parts of the paper are closely connected by having the common 
purpose of investigating the character of functions defined by linear difference 
equations, especial emphasis being put on the possibility of obtaining funda- 
mental systems of solutions each function of which is an entire function. 
Where such a fundamental system does not exist, solutions are obtained having 
as simple sets of singularities as possible. 

Each part of the paper has its own introduction, containing references to 
the pertinent literature and giving a brief statement of the results obtained in 
that part. 


I. On tHe Finite INTEGRAL oF A FUNCTION. 
Introduction. 


Guichardt+ has proved that if G(x) is any entire function there exists 
another entire function u(z) satisfying the relation 

Such a function u(x) he obtains in the form of an integral. Appellt and 

Hurwitz§ have given other proofs of the same theorem. Hurwitz, || by an 


elegant method, has proved the additional theorem that if @(x) is any function 
of x which is meromorphic throughout the finite plane there exists a function 


* Read before the American Mathematical Society, Chicago, April 1912. 

+ Annales Scientifiques de V Ecole Normale Supérieure, (3) 4 (1887), pp. 361-380. 

t (Liouville) Journal de Mathématiques (4) 7 (1891), pp. 157-219; especially pp. 159-176. 
§ Acta Mathematica 20 (1897), pp. 285-312. 

|| Loc. cit., pp. 308-312. 
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F(x) which is also meromorphic throughout the finite plane and satisfies the 
relation 
(x)= (2). 

The primary object of the present part of this paper is to prove Guichard’s 
important theorem by direct means. Accordingly, in §1 a power series for 
u(x) is assumed and direct substitution is made in the first equation above. 
There results an infinite system of equations for the determination of the 
coefficients in the series. This system is solved by what is believed to be a 
method of considerable value,* the solution obtained being such that the power 
series converges throughout the finite plane. 

In § 2 I determine properties of the finite integral of a function which is 
analytic outside of a given circle, except possibly at infinity. 

In §$3 and 4 I treat the same problem for functions which are analytic 
within a circle and within a circular ring respectively. 


§1. The Finite Integral of an Entire Function. 


Let G(x) be any entire function and let it be expanded in the form 


We shall show that there exists an entire function u(x) satisfying the relation 


u(x +1)—u(v)=G(a). (1) 
Let us write 
= Uy + + +...., 
and substitute in (1). If we equate the coefficients of like powers of x we 
have the following infinite system of equations in u,, u,,...., 
| 
q! = t= 8, 2, ete (2) 


It is clear that uw, is arbitrary. 
It is natural to expect that a solution of system (2) is linear in the a’s. 
Accordingly, let us seek a solution in the form 


If we substitute the value of u, from (3) into (2) we have 
j=1 J+ i=0 


*It is my purpose in a future paper to develop the general consequences of this method of dealing 
with non-homogeneous infinite systems of equations. 
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We shall determine the a’s so that each of these equations is a formal identity 
in the a’s. A necessary and sufficient condition for this is that the a’s satisfy 
the doubly infinite system of equations 


(4) 


where 0,, is equal to 1 or 0 according as i is or is not equal to l. 

For any fixed value of 1 we have the singly infinite system of equations 

1=0,1,2,.... (5) 

for determining those a’s which have the given second subscript 7. The 
(1+ 1)th equation of the set has the second member 1; all the other equations 
of the set have the second member 0. 

We shall now obtain a particular solution a,,=a,, of (5) in which a,,= 0 
when k>/+1. For this case (5) reduces to the finite system (the order of 
equations being inverted) 


1, 
“ 
0, 
1 1 - 


1 


This system may readily be solved by determinants, but a solution more con- 
venient for our purposes may be obtained in the form of a contour integral. 
If we write 


expand the denominator in powers of &, clear of fractions and in the resulting 
equation equate to zero the coefficients of the different powers of &, we have 
for determining the c’s the following equations: 


ee ee eee ee 


| 
Co 
=9, 
Co 
ator t 


166 CarRMICHAEL: On the Theory of Linear Difference Equations. 


Comparing this system with (6) we see that @,,,_,.,=c¢,- But from (7), by 
means of the Cauchy theorem on residues, we have 
dg 
—9 
where the contour of integration C incloses the point zero and no other singu- 


larity of the integrand. Therefore 


Clearly this result may be written in the simpler form 


dé 


If in (8) we let J run over all the numbers 0, 1, 2, ...., we obtain a com- 
plete solution of (4). Substituting from (8) into (3) we have 
dé 


This result affords a formal solution of system (2). That in general it is 
divergent and hence does not afford an actual solution is easily shown. For 


we have 


ef—1 


as one sees readily from the value of c, obtained above. Now the radius of 
convergence of this series is not greater than 27, since &/(e* —1) has a pole at 
&=2nV—1. Hence if a, =m’, as in the case when G(x) = where m> 2z, 
series (9) diverges at least for k = 1. 

This (divergent) formal solution of (2) has been obtained by taking a 
particular solution of (4). It will now be shown that (4) has an infinitude of 
solutions, and that if an appropriately chosen particular solution be selected 
from this totality it will lead to an actual solution of (2). 

If we write a,, = a,, + 8,,, substitute in (4) and make use of the fact that 
a,, 1s a solution of (4), it is clear that we have 


Thus for each value of / we have to solve a system of equations of the form 
(11) 


j= J! 
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If B(x) is any periodic function of period 1 which is analytic at zero, and 
we write 


substitute in the equation @(z-+1)—@6(2)=0 and equate to zero the coeffi- 
cients of like powers of 2 we have system (11). Therefore, for every periodic 
function of period 1, and analytic at zero, there exists a corresponding formal 
solution of (11); and this solution is furnished by the coefficients 8,, B,,.... 
in the expansion of G(x) above. If this expansion converges for x=1 the 
formal solution becomes an actual solution. This result will be used in con- 
structing an appropriate solution of (10). 

From the function ce?"""—, where c is any constant and m is any positive 
or negative integer, we have a solution 3, = c(2nnV—1)* of (11). Now the 


residue of the function 
1 


at the point 2nnV—1,is Hence, if = we 
have @, equal to the residue in consideration. That is, we have 


B= 


where the contour of _ incloses the point 2n%V—1 and no other 
singularity of the integrand. 

Now the sum of any finite number of solutions of system (11) is also a 
solution; hence it is clear that a set of values satisfying (10) is 


Bus 


1 


where for a fixed / the sum of 2/ integrals is to be taken, one around each 
of the 27 contours inclosing separately each of the 2/ points 2nxV—1, 


m=+1, +2,...., +1 and no other singularity of the integrand. Combining 
this value of @,, with that of a,, in (8) we have for a,, the value 
dé 


where the contour of integration C, incloses the points 2nnV—1, n=0, 
+1, +2,...., +/ and no other singularity of the integrand. 


168 CaRMICHAEL: On the Theory of Linear Difference Equations. 


Substituting this value of a,, in a we have 


k=1,2,..... (12) 


In order to show that this is a valid solution of (2) we must first prove that 
the series is convergent for every value of k. 
Denote by /,, the integral 


(13) 


= 
Choose as the contour of integration the square formed by four lines each at a 
distance (2s + 1)# from the origin, two of them being parallel to the axis of 
reals and the other two being parallel to the axis of imaginaries. Making the 
transformation § = (2s + 1)2w, we have 


dw 


where the contour S is the square formed by four lines each at a distance 
unity from the origin, two of them being parallel to the axis of reals and the 
other two being parallel to the axis of imaginaries. Along the contour of 
integration 1/|e°+™ —1| remains finite; let us say that it is always less 
than A. Along the path of integration |w| is equal to or greater than 1. 


Hence 
| A 8A 
< (2s + 1)*- S, | dw | Qs — (14) 


From this result it follows that the series in (12) is convergent for every 
k provided that the same is true of the series 
@ a, 
= (2s + 
That this series is convergent follows at once by comparison with the con- 


the convergence of the latter being a consequence of the fact that G(z) is 


vergent series 


entire. 
Substituting these values for wu, in the expansion of w(x) and choosing a 


convenient value for the arbitrary constant u,, we have the following result: 
1 


(15) 


We shall next determine the circle of convergence of this power series. 
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that (15) is convergent in this circle R. Form the set of functions 


series 
R* 8A 
° ’ 


the convergence of the latter being obvious. 
Next we shall show that the series 


Uy (XL) + u, (x) + 


second member of (15). From (14) and (16) we have 
|u,(z)|<a,, 


where 


8A 
(2s + kays— i 


One shows readily that 


k 
|%4:| (28+1)* 1: 
a,  |a] 2 1) 
— 1444] 4, 
fa, 
Hence 


Since G(z) is an entire function the series 


> |a,| R: 
s=0 


Let R denote any circle of radius R about the point zero. We shall show 


In view of the inequality (14) it is easy to see that each of these series is 
convergent in the circle R. One has only to compare the sth series with the 


is uniformly convergent throughout R. By a theorem of Weierstrass it will 
then follow that the sum is analytic in R and may be written in the form of the 


is convergent for every value of &. Hence the ratio of two consecutive terms, 


u,(2) = J, $=0,1,2,..... (16) 
(17) 
| 
_ 1 2R 
la. 
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is ultimately less than or equal to one. If & > e?""/2n this ratio is greater 
than the ratio a,,,/a,; and therefore the series 
+a, +a,+a,t+.... 

is convergent, since a,,,/a, ultimately becomes and remains less than 1. But 
|\u,(z)|<a,, |w|<R; and therefore series (16) is uniformly convergent 
throughout R. Hence its sum is analytic throughout R and can be written in 
the form (15). But # is any circle about the origin. Hence (15) converges 
throughout the entire plane; that is, w(x) is an entire function. 

It is easy to show directly that w(v) as defined in (15) actually satisfies 
relation (1). We have thus proved the following theorem: 

I. If G(x) ts an entire function expansible in the form 


G(x) =a, + ae + + 


then there exist entire functions u(x) satisfying the difference equation 
u(a+1)—u(x) = G(a). 
One such entire function ts 
1 
where the contour of integration C, incloses the points 2nnV—1,n=0, +1, 
+2,...., +s, and no other singularity of the integrand. 

Evidently, the general solution of the difference equation is obtained by 
adding to the above solution any arbitrary periodic function of period 1. If 
the solution is restricted to be entire this periodic function must be entire. 

The value of the integral J,,, defined by equation (13), takes a very simple 
form when s—k is even. For, then, the residues of the integrand at the two 
points 2nnV—1 and —2nnV—1, being respectively 
and (— 2nnV—1)*-*—!, are such that the part of the integral which comes 


from these two residues is zero. Hence 


, when s—k is even. 


a= (e— k+1 
That is, J,, is in this case 20V— 1 times the coefficient of £*—*+? in the develop- 
ment of &/(c‘—1) in powers of & Hence, when s—k=0 we have 
I, = —2V—1. It is easy to see that J,, is equal to zero when s —k is even 
and not zero. To prove this it is sufficient to notice that 
1) 


or 
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is an even function; for then the coefficients of odd powers of & (greater than 
the first) in the development of £/(ef—1) are all zero. 

Making use of these results as to the value of J,, we have at once the fol- 
lowing theorem: 

II. The function u(x) of Theorem I may be written in the form 


where the accent on the second summation sign indicates that for each value 
of k only those values of s are to be taken for which s —k ts odd. 

Corotiary 1. If G(x) is an even function (so that a, is zero when s is 
odd), then the equation 


u(x +1)—u(x) = G(2) 


has a solution which is the sum of —4G(a) and an odd function which is 
entire. 

Corotuary 2. If G(x) is an odd function (so that a, is zero when s is 
even), then the equation 


= G(2) 


has a solution which is the sum of —3$G(«) and an even function which is 
entire, 


§2. The Finite Integral of a Function which is Analytic Outside 
of a Circle, except at Infinity. 
Let us consider the equation 


= G(x) + + o(4)=X(a), (18) 


where G(z) is an entire function and (x) is analytic outside of a circle of 
finite radius R about the point a as a center, the development of @() in nega- 
tive powers of +—a containing no constant term and no term in (w%—a)~!. 
It is evident that a solution u(x) of (18) may be written in the form 


u(x) = u, + + (2), 
where wu,(%), u,(Z), are solutions respectively of the equations 
G(x), 


ta + 1)— = 


Q(x). | 


(19) 


Us(% + 1)—u;(%) = 


22 
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A solution u,(xz) of the first equation (19), analytic throughout the finite 
plane, was found in the preceding section. For the second and third equations 


we have the following two formal solutions: 


Let us consider the first pair of formal solutions for u,(v) and u,(x). It is 
easy to see that there exists a line parallel to the axis of imaginaries to the 
right of which each of the series is uniformly convergent. Hence to the right 
of this line u,(x) and u,(x”), as defined by these series, are analytic except at 
infinity. From this result and the fact that u,(x) is analytic throughout the 
finite plane it follows that u(x) is analytic to the right of the same line. Now, 
by means of the equation 
u(xa—1)=u(x)— X(x—1), 

the value of u(x”) is known at x,—-1 when it is known at 2. In this way the 
solution obtained above may be defined throughout any finite region of the 
plane. Thus we see that u(#) is analytic throughout the finite plane except at 
the singularities of X(a) in the finite plane and the points congruent to them 
on the left. (A point a—~v is said to be congruent to a on the left if » is a 
positive integer; similarly, we say that a+ is congruent to a on the right 
if n is a positive integer.) 

In a similar way we may treat the second pair of formal solutions for 


Here we consider first the part of the plane which is to the 


and u,(x). 
It is clear 


left of a suitably chosen line parallel to the axis of imaginaries. 
that the solution u(x) of (18), which we obtain in this case, is analytic 
throughout the finite plane except at the points congruent on the right to the 
singularities of X(2) in the finite plane. 

Thus we have the following theorem: 

III. Let X(x) be any function of x which is analytic outside of a circle 
about the center a of finite radius R, except possibly at infinity. Then there 
exists a function u(x) satisfying the relation 

u(a+1)—u(a2) = 
and having either one of the following two properties: 

1. It is analytic throughout the finite plane except at the singularities of 
X(x) in the finite plane and the points congruent to them on the left. 

2. It is analytic throughout the finite plane except at points congruent 


ame 


on the right to the singularities of X(x) im the finite plane. 
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§3. The Finite Integral of a Function which is Analytic within a Circle. 


Let Y(2) be any function which is analytic within a circle R of radius R 
about the point a as a center. A method due to Weber* gives us in this case 
an immediate solution of the problem of finding a function w(«) which satisfies 


the equation 
= 


and is analytic in any circle within the circle R. Let R be any circle about a 
as a center and having a radius less than that of the circle R. Denote by 
(RR) the circular ring between these two circles. Ona line through a and 
parallel to the axis of imaginaries take two points A and JB, lying within the 
circular ring (RR), the imaginary coefficient of A being less than that of a and 
the imaginary coefficient of B being greater than that of a. Let a be any 


point in the circle & and denote by / the line through the points ....v—1, 
Now form the integral 
a (z)dz 


where the path of integration C extends from A to B, lies entirely within the 
circle R, passes through a point P lying on the line / between x—1 and x and 
has no other point in common with the line 7. Then, on account of the peri- 
odicity of the integrand considered as a function of 2, it is clear that 

where the path of integration is as in the preceding case except that the point 
P is now between anda+1. The difference is expressible 
as a contour integral taken along the curve made up of C taken in a positive 
sense and C taken in a negative sense, the integrand being the same as above. 
Hence, by Cauchy’s theorem, u(v+1)—u(%)= But u(x), as defined 
by (20), is evidently an analytic function of v at every point x in the circle R. 
Hence we have the following theorem: 

IV. If (a) is analytic within a circle of radius R about the point a and 
R is any circle about a with radius less than R, then there exists a function 
u(x) which is analytic throughout R and satisfies the relation 


= 


Such a function is defined in equation (20). 


* Acta Mathematica, Vol. XXVII (1903), p. 226. 


| 

t 
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§4. The Finite Integral of a Function which is Analytic in a Circular Ring. 


If @(x) is any function which is analytic within a circular ring we may 
deal with the problem of solving the equation 


+ 1)— u(x) = 


in a manner similar to that employed in the preceding section. We suppose 
that @(x) is analytic within the circular ring bounded by two circles each 
having the center a, the radii being r and R, where r+1<R. Take any two 
quantities 7 and R such that 


r<7r, r+1<R<R, 


and form circles about a with radii 7 and &. Denote by r, 7, R, R the circles 
having the radii r, 7, R, R respectively. Take points A and B lying within 
the circular ring bounded by & and R and lying on a line through a parallel to 
the axis of imaginaries, A being below and B above a. Let us define a region 
H in the following manner: Let the line AB cut 7 and £ in the points L, 1, m, M, 
these points being named in the order of increasing imaginary coefficients. 
From 1 and m draw tangents to 7 proceeding to the left and cutting 2 in the 
points 7’, and 7’, respectively. The region H has the following boundary: 
The are 7, LMT, of the circle Rk, the tangent T,m, the right-hand semi-circle 
ml, the tangent /7’,. Let x be a point in the region H and let A be the line 
through the points ....v—1,v, *+1,..... Form the function 


u(a)= f (21) 


— e2ri(a 2)? 
where the path of integration C extends from A to Bb, lies wholly in the ring 
bounded by r and R, cuts the line 4 in a point P between « — 1 and 2, and has 
no other point in common with A. 

It is easy to show, by the method employed in the preceding section, that 
the function u(x), as thus defined, satisfies the relation u(#+1)—u(x) =@(2). 
It is evidently analytic at every point of the region H. 


Now 


By means of this equation the value of u(x) at a point x,—1 can be found 
when its value at 2 is known. In this way we may determine the function 
u(x) in that part of the circular ring between r and # in which it is not 
already defined. It is thus clear that u(x) is analytic throughout this circular 


CarMicHaEL: On the Theory of Linear Difference Equations. 175 


ring except (possibly) at the points congruent on the left to the singularities 
of in 

The right and left half-planes, as divided by the line AB, enter unsym- 
metrically into the above discussion. It is clear that we may make a similar 
discussion of the problem in which the two half-planes exchange roles. 

Thus we have the following two-fold theorem: 

V. If p(x) is any function which is analytic within a circular ring 
bounded by two circles about a as center and having radii r and R where 
r+1< Rk, and if any other concentric circular ring is formed with ‘radi 
rand R, where r<7,r+1<R<R, then there exists a function u(x) satis- 
fying the relation 

u(x +1)— = 


and having either of the following properties: 

1. It is analytic throughout the ring bounded by the circles * and R 
except at points congruent on the left to the singularities of @(x) which lie in 
the circle r, 

2. It is analytic throughout the ring bounded by the circles r and R 


except at points congruent on the right to the singularities of @(ax) which lie 


in the circle r. 


II. Entree Functions Derinep sy Linear EQUATIONS WITH 
RatTioNaL COEFFICIENTS. 


Let us consider a single difference equation of the nth order 
R,(2)H(a#+n)+ o(2), 


where R,(v), R,(@),...., are rational functions. Let be the least 
integer such that 7+~“R;(x)/R,(xv) is analytic at infinity for every value of 
i,i1=1,2,....,m; and let R,; be the constant term in the expansion of 
a-*R,(a)/R,(”) in powers of v~'. We assume that the constants R; are such 
that the roots p,,p.,...-,p, of the characteristic equation 


+ '+ +....+R,_.p+ 8, =0 


are in absolute value different from each other and from zero. An equation 
having these properties, whether homogeneous or non-homogeneous, is here 
said to be of simple character. In what follows we confine attention for the 
most part to equations of simple character. 
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If the equation (whether of simple character or not) is homogeneous and 
the coefficients are constants it is easy to determine by elementary means a 
fundamental system of solutions, each function of which is entire. Guichard * 
has gone further and has shown that if the coefficients are constants and the 
independent term @(z) is any entire function, then there exists a particular 
solution of the equation which is an entire function. In this case the general 
solution can be expressed in the form 


H (x)= E(x) + p,(%)E, (2), 


where E(x), E,(x),...., H,(v) are entire functions and p,(x),...., p,(x) 
are arbitrary periodic functions of period unity. 

The question naturally arises as to whether corresponding theorems are 
true for equations in which the coefficients are no longer constants, but are 
restricted to be rational functions. Such is the subject of investigation in this 
and the following section of the present paper. 

The theorem on page 133 of my dissertation,t taken in connection with 
the remarks which follow, leads at once to a theorem which we shall need; it 
may be stated thus: 

If 

(x) =0 
is a homogeneous difference equation of simple character in which the coeffi- 
cients P,(x), P(x), ...., are polynomials in x, then 

1) There exists a fundamental system of solutions H,(x), ...., H,(%) 
each function of which 1s analytic throughout the finite plane except at the 
zeros of P(x) and the points congruent to them on the left. If x approaches 
infinity in the positive direction along any line parallel to the real axis, we 


have 
lim H,(a) {0 (a) }—*a,-*a—™ = 1, 


where a, a;,m,; are appropriately determined constants; 

2) There exists a fundamental system of solutions H,(a), ...., H,(2) 
each function of which is analytic throughout the finite plane except at the 
zeros of P,(~—n) and the points congruent to them on the right. If « ap- 
proaches infinity in the negative direction along any line parallel to the real 
axis, we have 


* Annales de VEcole Normale Supérieure (3), 4 (1887), pp. 368-370. 
+ Transactions of the American Mathematical Society, Vol. XII (1911), pp. 99-134. 
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are appropriately determined constants and 
i=V—1. 


where B, b,, n; 


From either of these fundamental systems of solutions of (1) we may 
obtain (at once and in an obvious way) a fundamental system which consists 
of entire functions; for this purpose, it is sufficient to multiply each of the 
given solutions by an appropriate periodic function of period 1 so that the 
zeros of the latter will balance off the poles of the former, thus giving a pro- 
duct function which has no singularity in the finite plane. 

Thus we see that all functions defined by linear homogeneous difference 
equations of simple character can be expressed in terms of entire functions 
and functions which are periodic of period 1. That the entire functions defined 
by an equation are sometimes not the most interesting ones which the equation 
may define is evidenced by the importance of the gamma function. It has 
been found of much more use than any entire function which satisfies the same 
difference equation as the gamma function itself. 

That non-homogeneous equations, even when the coefficients and the inde- 
pendent term are all polynomials, do not’always possess a solution which is 
an entire function will be shown in part IIT by means of an example. 


III. APppuicATIONS OF THE PRECEDING ReEsuLTS To NoN-HOMOGENEOUS 
EQUATIONS. 


The results of the preceding parts of the paper will now be applied to an 
investigation of properties of the solutions of non-homogeneous equations 
whose coefficients are polynomials in 2 but whose independent term is a mero- 
morphic function or an entire function of x. The results, other than the nega- 
tive one afforded by the following example, are stated in Theorems I and II. 

That non-homogeneous difference equations in which the coefficients and 
the independent term are polynomials do not always possess solutions which 
are entire functions is shown by the equation 


the general solution of which may be written in the form 
1 1 
g(t)=2{p(2) + 3 


where p(a) is an arbitrary periodic function of w of period 1. It is obvious 
that g(a) has singularities in the finite plane for every choice of p(x). But if 
p(x) is any periodic function which has in the finite plane no singularity other 
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than poles, then the corresponding g(x) is analytic throughout the finite plane 


except for poles. 
This example suggests the following theorem, which will now be proved: 


(1) 
is a difference equation of simple character in which the coefficients are poly- 
nomials in x, while @(x) is analytic throughout the finite plane except for 
poles, then its general solution H(x) may be written in the form 
H(a%)= M(x) + p,(")E, (x), 


where E,(x),....,H,(x”) are entire functions, M(x) is analytic throughout the 
finite plane for poles, and are arbitrary periodic 


functions of period 1. 
In section II we have shown that the corresponding homogeneous equation 


(that is, the equation obtained from (1) by writing zero for @(a#)) has a 
fundamental system of solutions each function of which is entire. We let 
E,(x), ...., E(x) be the functions ,of this solution. It is now obvious that 
our theorem will have been demonstrated when we have proved the existence 
of a single function M(x) satisfying the non-homogeneous equation (1) and 
possessing the required character of being analytic throughout the finite plane 
except for poles. We shall now prove the existence of such a function. Our 
method is the classic one of variation of parameters. 

We seek a particular solution H(x) of (1) in the form 


H (x) = a,() E,(x) + (2). 
In order that H(x) shall be a solution of (1) it is sufficient that the functions 
a;(v) satisfy the set of equations 

+1) Aa, (x7) = 0 

E,(% + 2)Aa,(7)+....+ + 2) Aa, (x) =0 


+ n—1) Aa, (x) = 0, 
£,(%+ n) Aa, (7) = (a). 


This may readily be shown by the method usually employed in finding a solution 
by means of variation of parameters. It may easily be verified directly; for, 
from (2) and the first equation in (3) one has 


= 
if 
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By means of this equation and the second one in (3) one obtains the result 
+ 2). 


The process may evidently be continued till H(a+n) is found. Then a direct 
substitution in (1) will show that that equation is satisfied. 

The determinant of (3) is not identically zero; for this is the condition 
that H,(x),...., #,(x) form a fundamental system of solutions of the 
homogeneous equation corresponding to (1). Hence (3) can be solved for 
Aa, (x), ...., Aa,(v). Thus we have 


Aa, (x) = M(x), (4) 
where the functions M,(x), i=1,....,”, are obviously analytic throughout the 
finite plane except for poles. From Hurwitz’ theorem, quoted above (p. 163), 
it follows then that there exist functions a,(z), i=1,....,”, having the same 


property. If these functions a,(z) are put in (2) we have a function H(z) 
satisfying (1) and having the property of being analytic throughout the finite 
plane except for poles. We let H(a) be the function M() of the theorem. 
Thus the proof of the theorem is completed. 

We shall now turn our attention to a more restricted form of equation 
(1). We suppose that @(a) is an entire function and that P,(~)=1. We 
write 


(1’) 


Then according to the theorem quoted in part II above, there exists a funda- 
mental system of solutions, 


H,(~), H,(x),...., H,(*), 


of the corresponding homogeneous equation each function of which is analytic 
throughout the finite plane; and these functions verify the relations 


lim H;(x) = 1, (5) 


where the limit is taken for 2 approaching infinity in the positive sense along 
any line parallel to the real axis. Here the constants p;,j7 =1,....,, are 
the roots of the associated algebraic equation and m,,j =1, ...., m, are prop- 
erly determined constants. 

We seek now a solution H'(x) of (1’) of the form 


23 


ra 
= 
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Corresponding to equations (3) we have now the system 


H, 1) Aa, (v) = 0, 


H, («+ n—1)Aa,(4)+....+ + n—1) Aa, (x) =0, 
+ n) Aa, (7) = 
The determinant of this system is D(a +1) where 
H (x) H, (2) 
H,(«+1) H,(x+1) ....H,(4+1) 


eee eee ee eee eee eve 


(6) 


D(2)= 


If we employ the notation lim y(7) in the same sense as in (5), then in view 
of (5) and the definition of D(a) it is easy to prove that 


lim D(x) 


where 


whence D is a constant different from zero, since the quantities p,, p,,..-.-, Pp, 


are all distinct. 
By Stirling’s formula for the gamma function we have 


lim +r) (a+r) tt+hett+" = 


where r is any integer. Hence we have readily 


lim + r)a-* = 


Taking this result in connection with (7) it is easy to see that there exist con- 
stants a, m, c, c0, such that 
lim =. (8) 


Now D(z) satisfies a difference equation of the first order which may be 
found in the following manner: In the determinant defining D(z) replace x by 
+1 and then substitute for H;(x+n) its value 
Py (x) 


[P, (7) 


| 
1 
pi 

| 
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gotten by means of the homogeneous equation corresponding to (1). One thus 


obtains the result 
D(x) 
1)=—(— 1p 
+ 1) =( 


If we make the transformation 
D(a) = 

we have readily the result that 

lim D(z) =¢, (9) 
where (x) is analytic at infinity and is expansible in the form 

R being an appropriately chosen constant. That D(x) is uniquely defined by 
the fact that it satisfies relations (9) is easily shown. For, if D,(x) is any 
function satisfying the given difference equation then the most general solution 
of that equation is p(x) D,(a), where p(x) has the period 1. The existence 
and value of the limits lim D,(x)=c, lim p(x)D,(“)=c require that p(z) 
shall equal 1. Hence D(x) is uniquely defined by relations (9). 

In view of the general theorem in § 1 of my dissertation, p. 108, it is now 
clear that D(a) is such that there exists a line parallel to the axis of imagin- 
aries to the right of which D(x) has no zero. Then, from the relation between 
D(a) and D(x) it follows that there exists a line / to the right of which D(z) 


has no zero. 


From these results we conclude that system (1’) has a solution in the 
form 


Aa,(z) = (2), (10) 
where the functions M,(xv) have no singularities to the right of the linel. A 
theorem of Hurwitz* then states that there exist functions a,(x) satisfying 
equations (10) and having the property that there exists a line A, parallel to 
the axis of imaginaries, to the right of which no one of these functions has a 
singularity. Hence, if we take such values of a,(x), the function H'(xv) has 
no singularities to the left of the line A. Then, making use of the fact that 
H'(x) satisfies (1’), we conclude readily that H'(x) has no singularity in the 
finite plane. Hence the general solution of (1’) may be written in the form 


H (x) = H'(x) + p,(x)H, (x), 
where p,(z), ...., p,(”) are arbitrary periodic functions of period 1 and the 
functions H'(x), H,(xv), ...., H,(”) have no singularities in the finite plane. 


* Acta Mathematica Vol. XX (1897), pp. 308-310. 
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In a similar manner it may be shown that if we modify (1) by taking 
P,(x) instead of P,,(v7) equal to 1 and making $(z) entire as before, we obtain 


the same general result. 
Thus we have the following theorem: 


II. Jf 
is a difference equation of simple character in which $(%) is an entire function 
and the coefficients P;(x),1=0,1,....,, are polynomials in x, and if either 
P,(x)=1 or P,(%)=1, then the general solution H(x) may be written in the 
form 


H (a) = + (x), 


where E(x), E,(x),...., are entire functions and p,(x), ...., p,(x) 
are arbitrary periodic functions of period 1. 


INDIANA UNIVERSITY, April, 1912. 
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On the Product of Two Quadro-Quadric 
Space-Transformations. 


By P. Hupson. 


Although the analogy of the plane theory calls attention to the composition 
and decomposition of space-transformations, yet the subject has received very 
slight attention except from Herr S. Kantor,* who has dealt fully with the 
general case of composition of quadro-quadric transformations. As so often 
in this theory, the more specialized cases are in some ways more interesting, 
and worth considering in detail. 

The object of this paper is to show that the transformation compounded 
of two quadro-quadric transformations belongs to one of the following types: 

(1) A quarto-quartic, whose fundamental system in either space consists 

of a double and a simple point, a nodal conic and a simple quartic. 

(2) A cubo-quartic, with, in the first space, a double and a simple point, 

a simple cubic and conic. 

(3) A cubo-cubic, with a double point, a simple quartic and conic. 

(4) A cubo-cubic, with a simple cubic, conic and straight line. 

(5) The general cubo-cubic with a nodal line. 

(6) The general quadro-quartiec. 

(7) The general quadro-cubic. 

(8) The general quadro-quadric. 

(9) The general linear transformation, including identity. 


In the quadro-quadric transformation, the homaloidal family in one space, 
corresponding to planes in the other, consists of quadrics passing through a 
fixed conic c and a fixed point p. If the plane of c is taken as w= 0, and the 
coordinates of p are (0,0,0,1), the equations of transformation are those 
given below (A). There are two distinct ways of specializing this transfor- 
mation. In the first place, c may break up into a line-pair ab; equations (A) 
still apply, and the quadratic function f which occurs in them falls into linear 


* Kantor, AMERICAN JOURNAL OF MATHEMATICS, Vol. XVII (1895), p. 219; Vol. XIX (1897), p. 1; 
Acta Math., Vol. XXI (1896), p. 1. See also Noether, Math. Ann., Vol. III (1871), p. 547; Del Pezzo, 
Rendic. R. Acc. Napoli (3), Vol. II (1896), p. 288; Beloch, Ann. di Mat. (3), Vol. XVI (1909), p. 64; 
Tummarello, Rendic. R. Acc. Napoli (3), Vol. XVII (1911), p. 439. 
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factors. In the second place, the fundamental point p may lie on c; then 
equations (A) cease to be applicable. In this case the quadrics all touch a 
fixed plane, taken as 2=0, different from that of c, at the fixed point p of c. 
If also c breaks up, the quadrics touch the plane w= 0 at the point of inter- 
section of wb, so that p can not lie at this point. In all cases the fundamental 
systems in the two spaces are of the same nature. 

I. Consider then the transformation between the first space and an inter- 
mediate space, given by the equations 

f, 
with fundamental systems 
(c)O=w=f, (p) =y =2; 
(‘)O=w =f’, 
and a second transformation between the intermediate and final spaces, given by 
with fundamental systems C’, P’; C,P; where x’ y’ 2’ w’, X’ Y’' Z’ W’ refer to 
different frames of reference, both in the intermediate space, and are connected 
by either of the equivalent sets of relations 

Y=a,7+by +o2+d,w', 

+c,2?+d,w’, 2 =A,X’'+ +C,2'+D,W’, 

W +by+o2+dw, 
Compounding these, we have the quarto-quartic transformation No. 1, between 
the first and final spaces, given by 

= af} 

+ b,y + 2) w+ a, (40+ by + w+ a, 

+ + ¢,2)w+adsft by aft 

(a, b.y+e,2)w+ df}, + ¢,2) w+ 

+ bsy + w+ d,f}], 

with a fundamental system h in the first space consisting of: a double point p; 
a simple point qg corresponding to P’, given by 


1 1 
i (a,% + b,y + ¢,2) = 7 (a0 + by + 


a nodal conic c; and a simple quartic c, corresponding to C’, having two 
branches through p and meeting c four times. 
The results for the reverse transformation are similar. 


| 
| 
i 
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Kither or both of the component transformations can be specialized in the 
ways mentioned above; any combination of these gives a particular case of 
No. 1, with a corresponding specialization of h. 

Specialization also occurs when the two fundamental systems in the inter- 
mediate space are specially related. If c’,C’ intersect in k points (k= 1,2 or 4), 
then c, breaks up into k generators of the cone (p,c) and a proper curve ¢,_,. 
Any other relation of incidence gives a different transformation of lower 
degree, and not a particular case of No.1. These transformations of lower 
degree occur when the quartic homaloidal family (s,) in the first space breaks 
up into a fixed part and a family of lower degree. The fixed part corresponds 
to part of the system c’, p’, which must lie on all the quadrics of the second 
family in the intermediate space (corresponding to planes in the final space), 
and must therefore coincide with part of the system C’, P’. Besides (I, above) 
the arrangements which give no reduction of degree, which have been sufficiently 
discussed, we have to consider the following cases and their combinations: 


II. Component transformations not specialized. 
(i) p’ lies on C’. 
(ii) pi =P". 
(iii) 
III. Components specialized; c’, C’ break up with a common line b’ = B’. 
(i) No further specialization. 
(ii) p’ lies on A’, 
(iii) p’ = P’, 

IV. Components specialized; p’ lies on c’. 

II. Components not specialized. (i) p’ lies on C’. In the first space, 
s, breaks up into the plane of ¢ and a cubic surface with a node at p and con- 
taining c, q; instead of c, we have a plane cubic curve with a node at p. In 
the final space, S, does not break up, but instead of Q (representing p’) it 
contains a generator of the cone (P,C). We have the cubo-quartic trans- 
formation No. 2. 

If also P’ lies on c’, in the first space q is replaced by a generator of the 
cone (p,¢c); the transformation is cubo-cubic No. 4. 
The node of s, at p is now a necessary consequence 
of the passage of the surface through this generator 
and the cubic curve. This is a particular case of the 
bilinear transformation in which the fundamental 
sextic breaks up as in the diagram, which shows the actual intersections 


of the system h. 


> 
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This includes the reciprocal transformation in which the sextic breaks up 
into the six edges of a tetrahedron. Analytically, the transformation 
2 Ww 
can be compounded of 
and X:Y:2:W=y2:2 a :ay 


Here, in the intermediate space, both conics break up, and each fundamental 
point lies at the point of intersection of the other line-pair. 

(ii) p’=P’. In the first space, s, breaks up into the plane of ¢ and a 
cubic surface with a node at p and containing c¢,c,; the simple point q dis- 
appears. The reverse is similar, and we have the cubo-cubic transformation 
No, 3. 

(iii) c’=C’. Here s, breaks up into the cone (p,c) and a quadric con- 
taining c,q; we have a general quadro-quadric transformation No.8. If also 
p' =P’, then s, breaks up into the cone (p, c), the plane of ¢ and a variable 
plane; and we have the general linear transformation No. 9. 

III. =a’ +)’, C’=A’+ 0)’. The cone (p,c) breaks up into two planes 
pa, pb corresponding to a’, b’; then s, breaks up into the plane pb and a cubic 
surface s, with a as a nodal line and containing J, p, q. 

(i) No further specialization. To A’ corresponds a pair of straight lines, 
viz., to the point A’b’, a generator lying on the plane pb and not on s,, and to 
the rest of A’, a straight line lying on s,, meeting a and this generator. We 
have the general cubo-cubic transformation No. 5, with a fundamental nodal 
line, two simple lines meeting it and two points. 

If also the point a’ b’ coincides with the point A’b’, the two simple lines 
meet on the nodal line; if the line-pairs are coplanar, one of the points lies on 
one of the simple lines; 7. e., at this point s, touches a fixed plane. 

(ii) p’ lies on A’. Then s, breaks up into the plane of ¢ and a quadric s, 
containing a, p,q. Since A’ is a generator of the cone (p’, c’), there corre- 
sponds to it a single point of b through which s, passes. In the final space, 
Q is replaced by a generator, so that P is not an isolated point. We have the 
general quadro-cubic transformation No. 7.. 

If also P’ lies on a’, the transformation is quadro-quadric. 

(iii) p’=P’. Here s, breaks up into the plane of c and a quadric; the 
transformation is quadro-quadrie. 

IV. p’ lies onc’. Then the cone (p’, c’) breaks up into the plane w’ =0 
of the conic and another plane 2’=0 which touches the first quadric family in 
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the intermediate space at p’. A surface containing c’ has the degree of its 
corresponding surface diminished by two, as if it did not contain p’, unless it 
touches 2’, when the degree is diminished by three. 

The only new case occurs when the quadrics of the second family in the 
intermediate space touch 2’ at p’. This can happen in two ways: 

(i) P’ lies on C’ and coincides with p’, the planes Z’, 2’ also coinciding ; 
this leads to a quadro-quadric transformation of the same type as the com- 
ponents. 

(ii) C’ =A’+ B’, and the line-pair lie in the plane 2’ and intersect at p’. 
Then, in the first space, s, breaks up into the plane of c counted twice and a 
quadric touching 2 at p and containing g and two points corresponding to 
A’, B’. In the final space, S, has P as a double point and A, B as nodal lines; 
to c’ there correspond a double line joining P to the point (A, B) and a conic 
through P meeting A, B. We have the general quadro-quartic transformation 
No. 6. 

Analytically, the transformation 
X:¥:Z2:W=yz :2% 


can be compounded of 
p=pr+aqyt+r2, 
= : AF: AW. 

As an example of the possible extension of the theory, consider all the 
cubic transformations with a fundamental] nodal line a. There are four such: 
a cubo-quintic with six fundamental points besides the nodal line, a cubo-quartic 
with a generator and four points, a cubo-cubic with two generators and two 
points, and a cubo-quadric with three generators. To the cubic homaloidal 
family of the first of these apply a quadro-quadric transformation whose funda- 
mental system consists of p (one of the six points), a@ and another line b 
meeting a and passing through q (another of the six points). The family is 
transformed into another cubic homaloidal family with b’ as a nodal line, and, 
corresponding to g, a simple line meeting b’ and absorbing the simple point p’, 
and four other simple points. This is the homaloidal family of the second of 
the transformations. If we now repeat the process, we again lose two points 
and gain a line, and the family becomes the homaloidal family of the cubo-cubic 
transformation. Another repetition leads to the last homaloidal family with 
three generators, and as there are no fundamental points left, we can not con- 
tinue the process; but at this or any stage after the first, we can use the nodal 
24 
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line, a generator and any other common point as the fundamental system of a 
quadro-quadric transformation which transforms the family into a family of 
quadrics. 

Since all quadric transformations are compounded of quadro-quadric ones, 
it follows that if the homaloidal family of a given transformation can be con- 
verted into a quadric family by a series of quadric transformations, then the 
given transformation is compounded of quadro-quadric transformations only. 

With reference to the list of cubic transformations given in a previous 
paper,” and the statements there made as to their composition, it is clear that 
a cubic family can be converted into a quadric family if it belongs to one of 
the following species; viz., the fundamental system contains either: 


(i) a nodal line (Nos. 1,5, 11, 27 of that list), or 
(ii) a conic and a node not lying on it (Nos. 21, 30, 36, 38, 57), or 
(ili) a conic touching the fixed plane at a binode (Nos. 16, 20, 22, 33, 37, 
45, 49, 58). 

In Nos. 46, 61, using two rays and a point of contact as the fundamental 
system of a quadro-quadric transformation (and in No. 55, two rays and a 
simple point), we convert the cubic families into families of species (iii). 
A similar treatment of No. 48 leads to species (ii). In No. 54, using »p, C, 
and a line through q meeting C,, we obtain species (i). 

In No. 43, apply the cubo-quadric transformation in which the three 
generators are C, and the two rays, and we obtain species (i); No. 31 can be 
treated in the same way, if two of the generators coincide in the ray of contact. 
The same treatment applied to No. 41 leads to No. 50; for the latter, apply a 
quadro-quadric transformation using pq, pr and the point of contact, and we 
obtain species (ii). 

In the same way, if the fundamental system contains a conic and any other 
point, or a node and a straight line not passing through it, the family can be 
transformed into another cubic family belonging to the same or a different 
transformation. 


NEWNHAM COLLEGE, CAMBRIDGE, ENG., April, 1911. 
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On Some Topological Properties of Plane Curves 
and a Theorem of Mobius.* 


By Sotomon LEFSCHETZ. 


1. In this paper an application is made of the transformation by inversion 
to the topology of plane curves. Of the results given many are new, and when 
they are not, the proofs are. <A representative sketch is given for a certain 
type of closed branches, and is then applied to a proof and generalization of 
the theorem of Mébiust concerning the inflexions of odd branches, proof based 
upon entirely different premises. We refer to his paper and to others of 
C. A. Scott ¢ for different applications of the transformation by inversion to 
the study of plane curves. 

2. Let C be a plane branch of curve with a certain number of real points 
at infinity, and C’ its inverse with respect to a pole O exterior to C. As to C’, 
which will have in O a point of multiplicity & and all its points at finite dis- 
tance, we will assume that it is a continuous, closed, rectifiable§ branch having 
only a finite number of multiple points. 

If, then, we fix a positive direction on the are at an arbitrary point of C’, 
such a direction is defined at any other point on any element of are through it. 
The number of directions of advancement from any point is even, since to a 
positive direction must correspond a negative one. 

Since an arbitrary circle divides the plane into two separate regions, it 
follows that it meets C’ in an even number of points, for starting from any 
point of C’ we can come back to it after having described the whole branch 
and must therefore have passed from one region to the other an even number 
of times. A circle infinitely near O meets C’ in the neighborhood of O, in a 
number of points the parity of which is independent of the circle. For, if Oa 
and Oa’ are two opposite directions of advancement on C’ at O, and D is a line 


* Presented to the American Mathematical Society, September 11, 1911. 
+ “On the Higher Singularities of a Plane Curve,” AMERICAN JOURNAL OF MATHEMATICS, Vol. XIV 
(1892), p. 301. 
t “The Nature and Effect of Singularities of a Plane Curve,” Ibid., Vol. XV (1893) p. 221. 
§ For a definition of these words see Camille Jordan, Traité d’Analyse, Vol. I, second edition, p. 90. 
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through O not tangent to them, then either Oa and Oa’ are on the same side 
of D (cuspidal are), or they are separated by it. If now M is a point of inter- 
section of C andTI near O on Oa, then, in the first case, to M there corresponds 
a point M’ on Oa’, and if M disappears, which can happen only if it crosses O, 
M’ also will; while in the second case, if M disappears, M’ will appear, and this 
shows that the number of intersections varies only by a multiple of 2. It 
follows that the intersections of T and C’, which are not in the neighborhood 
of O, have a parity independent of f. Passing to the limit, it is found that 
the number of points other than O, where the circles through this point meet C’, 
differs only by multiples of 2. These propositions still hold if we replace 
I everywhere by any closed branch without multiple points. If these variable 
intersections are in odd (even) number, C is said to be an odd (even) branch, 
and the inversion gives this: An odd (even) branch is met by any line of its 
plane in an odd (even) number of points. The maximum of this number will 
define the order of the branch. 

3. In what follows we will further assume that the branches considered 
are non-cuspidal, and also that the curvature is continuous, and its first deriv- 
ative everywhere definite. In this case C is of even class. For, when a line 
OD revolves around a point O, its intersections with C will change, and that 
by two units, only when OD touches C; but to every appearance of intersection 
points, there must correspond a disappearance, which shows that the number 
of contacts is even. If C is closed, it has an even number of inflexions. For, 
when a point M describes the whole branch, the curvature at M, with respect 
to O, changes an even number of times; but such changes occur only at in- 
flexions, or when OM is tangent in M; and since the class is even, the same 
holds for the number of inflexions. A closed branch met by any straight line 
in at most two points is called an oval. It can evidently have no multiple 
points or inflexions, and conversely, a closed branch without multiple points 
or inflexions is an oval. For, if it were met by a straight line in four points, 
considerations of continuity would show that it has tangents which meet in two 
more points besides their contact, and then by considering these tangents, it 
would be found that it has at least one bitangent, hence at least two inflexions.* 

4, Let AB be an arc of curve on which the curvature is increasing from 
A to B (Fig. 1), while a, @ are the contacts with the evolute, of the normals 
at A and B. We have: Chorda® < which shows that 
the circle of curvature at B is interior to the one at A. 


* H. G. Zeuthen, “Sur les courbes du 4e ordre,” Math. Ann., Vol. VII, p. 412. 
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A point A at which the curvature is maximum (Fig. 2) or minimum (Fig. 3) 
will be called a vertex.* To a point P, on one side of A on the are, corresponds 
Q on the other side, such that the curvature is the same at both points. If 
m,a,x correspond to P, A,@Q on the evolute, and if AP is sufficiently small, 
we have O=2P—xQ <2azx<aP+xQ, which shows that circles of curva- 


Fia. 1. 


ture at points separated by A in the neighborhood of A have two real inter- 
sections. Since aP—aQ is very small, aPQ differs but little from an isosceles 
triangle, 7x is nearly parallel to PQ, and therefore aA, normal at A, differs 
but little from the perpendicular bisector of 2x, which is the common chord 
of the osculating circles at P and Q; hence these two circles have a common 


Fia. 2. 


point in the neighborhood of A, in the direction of the normal, that is not on 
the arc PAQ itself. At a vertex, the osculating circle is hyperosculating. This 
ean be seen from the fact that at such a point the circle is on the same side of 
the are on both sides of the contact. We will not go further into this question. 


* For an analytic and more rigorous treatment, see: Lilienthal, “ Vorlesungen tiber differentiale 
Geometrie,” Vol. I, p. 56. 
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5. Since the curvature vanishes at an inflexion, it follows from Rolles’ 
theorem that it has at least one maximum, and the arc at least one vertex, 
more generally an odd number of vertices between two inflexions. Hence, if 
the curvature is constantly increasing from A to B (Fig. 1), there is at most 
one inflexion on AB. If there is none, it follows from § 4 that the osculating 
circle at A is exterior to the one at B, and that no circle osculating the are can 
go through a point interior or exterior to both circles, while one, and one only, 
passes through any point in the remaining region. If there is one inflexion on 
the are, it follows again from § 4 that no circle of curvature passes through a 
point interior to either circle, and one, and one only, through any point exterior 
to both. In both cases there are two regions, such that through any point of 
the one there goes a circle osculating the arc, while none goes through a point 
of the other. 

If the inverse of a closed branch C be taken with respect to a pole M 
exterior to it, the circles osculating C and going through M become infiexions; 
hence their number is even, and since it changes only when we cross a hyper- 
osculating circle, the proposition is still true if M is on C. Hence the circles 
osculating C at a point different from a point M and going through M are 
in odd number, and this still holds if M is a point of odd multiplicity. Since 
C has an even number of inflexions, it follows, from the beginning of this 
section, that it has also an even number of vertices. 

6. A branch EA' AE’ with two asymptotes D, D’ which it meets in A, A’, 
and with no multiple points, has at least two inflexions (Fig. 4). For, by 
reasoning as in § 4, we can find on the ares A’E and AE’ two points F, F’ 
at which the branch has a given curvature arbitrarily small. If we then draw 
the semi-ellipse A hyperosculating the circles of curvatvre [, I’ at F, F’ of the 
given branch, when the curvature at these two points is small enough, we 
obtain a closed branch, having no multiple points, but met by some straight 
lines (for example, the base of the semi-ellipse A) in four points at least; 
hence (§ 3) this closed branch is not an oval, and therefore has at least two 
inflexions, which, since they can not be on the arc TAT’, are necessarily on 
the are FA’ AF’, 

If the branch meets only one of its asymptotes, it has at least one inflexion 
(Fig. 5). For, by a projection conserving the line at infinity, we may add the 
condition that the branch is orthogonal to the asymptote which it meets at their 
intersection A. If we then take the symmetric of the arc AF with respect to D, 
we can, by a reasoning similar to the preceding, show that there are at least 
two inflexions on the compound are, EL. AE,, or one at least on the are AE. 
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Let us now consider a loop, L (Fig. 6), that is an are of curve having both 
ends coincident in O. By inverting with respect to O, we obtain a branch 


Fig. 4. 
such as has just been considered; hence there are at least one or two circles 
osculating the loop and going through O, according as one or both circles of 
curvature at O meet the loop elsewhere. 


D 

Fie. 5. Fia. 6. 
Let OT, and OT, be the semi-tangents to LZ at O — we will suppose them 
distinct, although this will not materially affect our conclusions — and let A,, A, 
be two points in the directions OT,, OT,. The are A,LA, forms, together 
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with the segment A, A,, a closed branch without multiple points, and it will be 
met by any other closed branch C in an even number of points. In particular, 
if C goes through O, it will meet L wm an odd (even) number of points, if it has 
in O an odd (even) number of directions of advancement in the angle T,OT,. 
7. Given, as in $2, a branch C, inverse of a closed branch, we can always 
cut it by a straight line, meeting it in at least two points, passing through 
none of its multiple points or inflexions, and not touching C. Projecting this 
line into the line at infinity, a branch C, is obtained which will be supposed to 
have no multiple points, and the inverse C; of which will therefore have only 
one multiple point of order k>2 at the pole O, while the excess of the order 
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of C onk is even. C;, is composed of a system of k loops having a common 
origin O. The loop ZL, will be said to be interior to the loop Z, (Fig. 7), when- 
ever the angle less than formed by the directions of advancement on L, is 
interior to the corresponding angle for L,. O being the only multiple point 
of C;, the directions of advancement on one loop can not be separated by 
those on another; hence two loops are either interior or exterior to each other. 
A system of loops such as L,,L,,...., L,, where L,; is interior to L;,,, 
(t<n—1), will be called a nest of loops. Counting from LZ, each loop will 
have a certain rank, and the two directions of advancement on L; will receive 
the index 1 or 2, when JZ, is of odd or even rank. 

8. Let us join the center P of a circle to the vertices A,,...., A,, of an 
inscribed regular polygon of 2k sides (Fig.8). The radii will represent, in 
the order in which they are met, the 2k directions of advancement from O. 
Thus PA,, PA,,,,...., PA;4, will represent the directions of advancement on 


Le Aiasek 
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the loops of the nest (Z,, L,, L,) in Fig. 7. The loop LZ, will be represented 
by the triangle OA ,.A,;,; or by the chord A,A,,;, etc. We thus obtain a 
diagram of C;. Since the latter is a closed branch, the starred polygon 
A,A;454,---. must be closed. Starting from A;, we may write on a horizontal 
line the first & vertices in the order A;, A;,,, A,4.,...., then the vertices 
Ajtntis Ajtete, ---- on the line below. Indicating then how these vertices 
are joined, we obtain for C; a notation or sketch as follows: 


1 


< 


where A,;= A, if t=j (mod 2k). More conveniently we may merely write 
the indices of the corresponding direction of advancement as: 


a, 2, 4, 4, 4,1 
pl 
a, 1, 1, 


and in both schemes the vertical bars represent the diametral sides of the 
polygon, while the other sides are represented by the horizontal lines. Since 
the directions of advancement from O on one loop are never separated by those 
on another, the chords A, A; can meet inside of the circle P. 

9. Given A,,...., A,,, a starred polygon representing a closed branch C; 
can be obtained from these points in a finite number of ways only. The two 
properties, given in §9 will serve to eliminate the polygons corresponding to 
impossible cases. This will best be shown on a concrete example, and so let us 
suppose k=7. If we represent each combination by its nests and their. 
number of loops, in their order, we may have the following cases: 


a) (1,1,1,1,1,1,1), (2,1,2,1,1), g) (3,2,1,1), 9) (3,3,1), 
ce) (2,2,1,1,1), f) (3,1,1,1,1), 1) (3,2,2), 


obtained by taking the partitions of 7 in a sum of numbers none greater than 3. 
The combinations a), d), g), j) alone give a closed polygon, and therefore we. 
will consider only these. 
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a) Seven loops (1,1,1,1,1,1,1). This case is not interesting. 
d) Two nests of two loops and three of one (2,1,2,1,1). Fig. 9 gives 
the corresponding circle diagram, and the sketch is: 


1 


2 
| 
1 


9. 


It is interesting to notice that the system c) (2,2,1,1,1) is composite 
although formed of the same nests asd). In fact its notation is: 


which, as can be seen, does not give a closed polygon. 
g) One nest of three loops, one of two and two of one loop (8, 2,1,1). 
The notation is: 


| j) Two nests of three loops and one loop (3,3,1). The notation is: 


1, 2, §, 1, 1,1, 1 
14 2 
\ 3 
12 4 
10 6 
9 7 
| 
1, 2, 2,1, 1, 2,2 
44.4.4 
2.4.1.2 
4 
2,2,1,1,1, 1,1 
| 
2 4.4. 
2,1, 1, 2,1,1,1 
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10. We will designate by (i, /) a vertical joining the index i to the 
index J, in the sketch, independently of the lines on which these indices are 
found. We may start our sketch from an index corresponding to a loop 
interior to none. There are then at least two more couples of consecutive 
indices (1) such as....,1,1,.... than couples of consecutive indices (2). For 
all the indices form a certain number of partial systems, each corresponding 
to a nest of Cj, and both extremities of such a system present a couple (1,1), 
while a couple (2,2) can only be present in the middle of one, and as this can 
not happen for all middle couples (for then k would be even), our assertion is 
proved. The dispositions of our sketch can be reduced to two types, according 
to the relative indices of A, and A,,,, for both can not have the index 2, 
as then k would be even. This will be shown when considering case (2). 


| | | | | 


Two verticals (1,1) are apparent here. 


(2) 


Each partial system contains an even number of indices, and since k is odd, 
the same must be true of the number of indices of the partial groups at the end 
of the first and beginning of the second line; hence we can only have the 
following disposition for the unwritten indices: 


| 
— 


One line (1,1) is apparent here. We say that there is at least one more. 
For if not, among the unwritten indices to every couple (1,1) on one of the 
lines, there would correspond a couple (2,2) on the other, so that the couples 
(1,1) and (2,2) would be in equal number, and we have seen that this can not 
be if k is odd. Let p,q be the number of bars (1,1) and (1,2) in the sketch. 
The index (1) will occur 2+ gq times, and as this number must be even, the 
same holds for g. Hence the number of bars (7,7) is odd; but it has been found 
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not to be inferior to 2; hence it is at least equal to 3, or: When k is odd, 
there are at least three bars (1,1) in the sketch, and their number is always odd. 

11. A circle of curvature [ of C, at O will be osculating an are which 
belongs to two loops A, B. I meets C; (Fig.10) in k + 2 points coincident 
with O, hence also in an odd number of points different from O. The & tan- 
gents at O being all distinct, it follows from $6 that the loops interior to A 
and B are met by I in an even number of points different from O, while those 
exterior to either A or B are met by the circle in an odd number of points. 
Hence if the ranks of A and B are of the same (opposite) parity, these exterior 
loops meet I’ in an even (odd) number of points, and the loops A, B meet it 
in a total odd (even) number of points. Hence if the ranks of A, B are of the 
same parity, one of the loops A, B, say A, meets LF in an odd number of points, 


Fia. 10. 


and from $6 we conclude that there is at least one circle osculating A and 
passing through O. If the circles of curvature for both ares of A through O 
meet A, it follows from $6 that there are at least two circles osculating A and 
going through O. But if the ranks of A, B are of the same parity, there is a 
couple (2,7) corresponding to it in the notation for C;, and conversely. From 
§ 10 it follows then that if Ci, has an odd number of loops there are at least 
three, and always an odd number, of circles osculating C; at other points than O, 
and going through O. By considering C, we obtain Mobius’ theorem: An odd 
branch without multiple points has at least three inflexions. 

12. It will often happen that a minimum greater than 3 can be found 
for the number of inflexions. Thus, referring to § 9, we can see, in the sketches 
for C,, with seven loops, that in all cases there are at least five lines (i, i), ex- 
cept for the C; represented by (3,3,1). Hence there is only one class of odd 
branches of the seventh order for which no minimum greater than 3 can be 


found for the inflexions. 
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The following is a more interesting application: A spiraloid of order not 
inferior to 9 has at least five inflexions. For a definition of the spiraloid 
we refer to Fig. 11. To prove our assertion, it is sufficient to cut the branch 


\ LEDS 


Fia. 11. 


by a line D meeting it in at least nine points, to project it into the line at 
infinity, then to take the inverse C; and write its notation, which is found to be 
the following: 


ELLALLS 
<— 


and contains effectively five lines (i,7). This sketch can be easily deduced 
from C, but we will not enter into any details as to this. 


13. From the preceding considerations, minima can in several cases be 
obtained for the number of vertices of a branch. We have seen in $5 that 
no more than one circle of curvature osculating an are can pass through any 
point, if there are no vertices on the are. Hence, from §5 it follows that 
a closed branch with a single (2k +1)-uple point with 2k +1 distinct tan- 
gents has at least 2k +4 vertices, since there are at least as many osculating 
circles through O. This supposes k51. If k =0 the inverse of the branch 
with respect to O is an odd branch with one point at infinity, and at least three 
inflexions, say J,J,K. By reasoning as in $5, we find that there is at least 
one vertex in each of the four intervals (#2 J), (IJ), (JK), (Ko), and since 
inversion in general changes vertices into vertices, the above proposition is 
also true if k=0. Hence the generalization of a well-known property of 
ellipses: An oval has at least four vertices. In the general case, we obtain by 


| — 
| 
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inversion the following proposition: An odd branch having 2k +1 distinct 
points at infinity has at least 2k+4 vertices. For example, a cubic with 
only one real asymptote has at least eight vertices: four on the oval and four 
on the odd branch. 

It is well to point out, however, that the oval of a cubic can have six 


vertices, as, for example: 


where 4, € are sufficiently small and «+ y+ 2=0 is the line at infinity which 
has twelve vertices, six on each branch. A bipartite cubic differing very little - 
from three straight lines has also six vertices on the oval. The cubic 
y® = 2v(x?—1), with an inflexional tangent at infinity, has six vertices on 
the oval and three on the odd branch, while one differing very little from it, 
but with a contact at infinity, may have six vertices on the oval and four on the 
odd branch. These few examples lay the proper emphasis on the care to be 
taken in applying the propositions of this section. 

Finally, we may remark that we have nowhere supposed our curves to be 
algebraic, but merely to possess certain definite graphical properties. | 


WorCcESTER, August 16, 1911. 


On a Flat Spread-Sphere Geometry in Odd-dimensional 
Space. 


By J. 


$1. Introduction. 


It is a well-known fact that Lie’s line-sphere geometry has no analogue in 
n-dimensional space when n is greater than 3; in fact, in a space S,(n > 3) 
there can be no one-to-one correspondence between the ot! spheres and the 
o2—1) straight lines; moreover, a contact-transformation which transforms 
spheres into lines must also transform spheres that touch into lines that 
intersect. But there is only one necessary and sufficient condition that two 
spheres shall touch, while the number of conditions that two lines shall inter- 
sect isn—2. Only if n =3 will therefore a line-sphere geometry be possible. 

A generalization of Lie’s line-sphere geometry becomes possible if, instead 
of using the straight line as space-element, we introduce a flat spread (or 


hyperplane) of a dimensions. In fact, since to spheres that touch must 


correspond intersecting flats, the condition for such intersection must be unique. 
n—1 
2 


section is in general unique; moreover, —— must be an integer. Hence, a 


Now if two flats of 


dimensions meet in n-space, the condition for inter- 


flat spread-sphere geometry is only possible in a space of an odd number of 
dimensions. It is also necessary that the number of essential parameters of 
the flat shall be equal to n +1, which is the number of parameters of a sphere. 


§2. The Minimal Cone. 


A minimal flat spread of »—1 dimensions in S, (” even) may be defined 
as one whose direction cosines A,, A,,...., A, satisfy the condition 


A? + A?+....+ 42 =0. (1) 
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If we put 
A,=a,+6,, A, =i(a,—8,), A,=a,+f,, 


n--2 n—2 


2 2 
A,-, =1—24,8,, A,=1t(1+ 2a,8,), (2) 
1 1 


the minimal] flat spread, or simply flat, may be written 
(3) 
where a,, @;, 7 are the parameters of the flat. 
If we put T = F'(a,, B,, a, and differentiate (3) with 
2 


respect to a, and @; in succession, we obtain the system 


(a, + B,)X, + — B,)X,+.... 
+ i(1 + 5,8) X, + F =0, 

Ay + iX,— 8, X,_, + 3, X,, 0, 
X,-1+ ia, X, + 


2 


—1X,_.— a,_ + Fs, .= 0. 
2 


Multiplying the second of these equations by a,, the third by @,, and so on, we 
get by adding, and subtracting the sum from the first equation, 

(1 + ya; 8;)X,_, >a; 2;)X,, B, —F, 

which solved for X,_, gives 
(Xa, 1) x,— F —3a,F_.— 

Substituting this value in (4) we obtain the following system: 


2(2a;8;+ 1) 
(a, (2a, +28; Fs, —F) + (1 +2a, @n—2 
2a; 8; + 1 2(2a;8;+ 1) 
_ i(3a,8;—1) Xa, + s,— F 


(4) | 
SSC 
X 
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which is equivalent to (4). If we consider a,, 8,, F, F.,, Fs, as the coordinates 
of a minimal line in S,, we have here the «”"~? minimal line of that space. 
We also observe that through any fixed point there will pass «*~? such lines. 


If we put 
F = axa,8,+ 2b,a;,+ d, (6) 


the system (5) reduces to the following: 


X,+ 1 i(a + d) ) 


i(a+d) 


a—d ee 1) 
2 14+ 34,8; 


which is a minimal cone having its vertex at the point 


X,+ 


in fact, eliminating a,, 8; from (7), we have 
(X, — + (X,— &)? +...-+(X, —&,)? = 0. (9) 
We shall now consider a, @,, F, Fi. F;, a8 coordinates of the surface- 
elements in an (n—1)-dimensional space which will be denoted by | 
(Since » is even s _, will be an odd-dimensional space.) It follows then from 
the above development that to all the 0” hyperboloids (6) in S_, there cor- 
respond the 0” minimal cones in S,. To the o*~* points of the hyperboloid 
correspond the 0"? minimal lines passing through the point &,; the addition 
to F in (5) of the function =b,a,+ d has the effect of trans- 
lating the minimal hypercomplex (5) to the point &;. Finally, the system (5) 
establishes a one-to-one correspondence between the 0"—* minimal lines in S, 
and the surface-elements F,a;, B;, Fa,, Fs, 


*This theorem is a generalization of a corresponding one for n= 4 ina paper by the author pub- 
lished in Trans. Amer. Math. Soc., Vol. XII, pp. 403-428. The same is true of the theorem on p. 207. 


26 


.-= 
| 
(8) 
— Cn—a) _a—d i(a+d) 
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Consider now the isotropic hypercomplex (5). Since we may interpret 


the quantities ae , ((=1, 2, ....,~—1), as coordinates of the flat space at 


infinity, we see that the lines of the complex meet the sphere at infinity in a 
point determined by the values of a; and B;. We may therefore consider the 


quantities 
i(a,+8,) a—B, i(Sa,8;—1) 
&(a,8;+1 


as coordinates of points on this sphere. 


§3. The Focal Surface. 


Let the quantities a,, 8, determine a generator D of the complex (5). 
How many minimal developables of two dimensions can we pass through D ? 

To answer this question we proceed as follows: It is evident that we 
must find a curve determined by the relations 


= B, =%(a,_2), 


such that the generators are tangent to it, and moreover such that 


This curve will then be the edge of regression of the minimal developable mw... 
The conditions that two consecutive generators of (5) shall intersect are 


X, (da, + dB,) + iX,(da,—dB,)+.... 
— = (a,dB; + B,da,) + iX,% (a,dB;+ B,da,) + dF = 0, 
+ iX,) 48, + dF’, 0, 
+ 1X,)da, + dF, = 0, 


,=0. 
2 


Eliminating X,, X,,...., X, from (4) and (10) we have 
da,_.— Fp, 218,» =0, 


2 


5) 


—2 


da, _ dF%, 
2 2 


—4 
i=1,2,...., 
2 
n—4 
da,... 
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The first relation is satisfied @ priori, since we suppose that the function F is 
finite and continuous, and possesses finite and continuous derivatives in the 
region @, 8,9. The remaining x — 3 relations need special consideration. We 
shall adopt the following notation, putting 


Oa, Oa,’ 08,086,’ 
er 
We now write the system (11)b as follows: 
de as?da,+ . . afd ©, =? 
2 


piiaseeie. a factor of diet p in this system, we may write it 
as follows: 


ab? — p)dB, + alpda, +... .+ + +... 


(af? — p) da; + af?da, +....+ af, da,_, + as? 
+ adB,+....=0, 


2 


(12) 


dd, +. 1 


2 
(a da, +a 


Eliminating da; and d@ from this system we have the following equation of 
the (m— 2)-nd degree in p: 


21 21 11 11 11 
21 21 11 11 11 
2 
21 21 21 11 11 11 
2 2 2 2 3 
22 22 12 12 11) 
2 
22 22 12 12 12 
2 2 2 oe 2 2 
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-» Pn—2» We See at once that 


OF 


If we now introduce a root of (13) into (12’), we obtain a linear system 
of n —3 differential equations in n — 2 variables; we have therefore by solving 


If we call the roots 9,, p.,... 


d 
r (15) 
da; _ 
2 


Since we have assumed F and its derivatives finite and continuous, at least for 
a certain region in the neighborhood of a,, , the functions f, and 9, 


‘will in general possess the same property. By Cauchy’s existence-theorem * 
._ there will exist a system of integrals 


which satisfies (15), and such that for a; = ay, 6, = 6, the following relations 
are satisfied : 


Hin = Bro = Ve (4n—25)- (17) 


Since p has in general n — 2 distinct values, there exist n — 2 minimal develop- 
ables passing through an arbitrarily chosen generator D of the complex (5). 

These are obtained by solving an equation of the (n—2)-nd degree and 
integrating a system of n—3 linear differential equations in n — 2 variables. 
Substituting the values of a, and 6, from (16) in (5) we obtain the required 
minimal developables, one for each root of (15). It may happen that for a 
special value of F' equation (13) has multiple roots; in this case the number of 
developables will be reduced by a number equal to the sum of the multiplicity 
numbers minus the number of multiple roots. 

We may now obtain the focal surface of the complex. From the last of 
equations (10) we get 

2 2 


oF 


*See Picard, Traité D’Analyse, Chapter XI. 
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which, if we take account of the last of equations (12’), may be written 


— X,_, + 1X, + p,=9, (18) 
where p; is any one of the roots of (13). If now we add (18) to the system 
(4) and solve for X,, X,,...., X,, we shall obtain the focal surface which, 


since p has n—2 values, possesses in general n—2 focal sheets. The equation 
of the focal surface is: 


X, =F Fal, 

X, 
(19) 
X= —F + + 

x, =+ [(1+30,8)p + F— Sa,F., 


We have thus proved the 


THEorEM: T'he isotropic complex C,,_, in S,, has a focal surface (19) which 
is the envelope of o"~* minimal developables M, obtained from the complex 
by choosing any one of the 0”? generators and passing through it n—2 
developables. This focal surface has n—2 sheets. The edges of regression 
on the surface are minimal curves satisfying the system of differential 
equations 


d —2 
(20) 
da, n —4 
J 
If we calculate the linear element of the surface (19) we find 
n—2 
2 
do, = dX?= (p,d8 —4dF’,) (p,da,—4F;,), (21) 
1 1 


where the subscript k refers to the focal sheet S,. If n=4, k =2 and do? is 
a perfect square, as was proved in a former paper “On Minimal Lines and 
Congruences in 4-Dimensional Space,” Trans. Amer. Math. Soc., Vol. XII, p.407. 
The case n = 4 seems therefore to be exceptional. 
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§4. The Surface of Reference. 


If we cut the complex C,,_, by the space X,=0 we obtain an (n—2)-dimen- 
sional surface in a new space which we shall denote by S,,_,, viz.: 


(a, + B,) (20, + 28: Fe, —F)—(1 + 20,8,) (Fa + Fa) | 


X, 


2(2a,8;+ 1) 
xy 2a, Fo, + 28 —F)+ (1 + (Fi, — 
2(2a,;8; +1) : (22) 


+a, F.,+ 26;Fs,—F 
2a;8;+1 J 
We shall call this surface the surface of reference of the complex. It is the 
envelope of the o*~? flats 
(a, B,)X, + — B,)X, (1 — 2a,8;)X,_; F= 0, (23) 
whose direction cosines are 


a,+ 8, _ t(a,— B,) 


n—1 


1+ 20,8,’ 1+ 24,8,’ 
hence, the lines a,, 8; on the surface of reference correspond to the rectilinear 
generators of the sphere | 


(25) 
1 


These generators are minimal] straight lines; in fact the linear element of the 


sphere is found to be 
2 


do? = (+ [da, dB, + da,dB,+....+ 
We shall say that the sphere (25) is the spherical representation of the sur- 
face of reference. Let M be a point on the surface (22) and m its spherical 
representation, and consider a rectilinear generator D of the sphere; it meets 
the sphere at infinity in a point P. To it will correspond on the surface a 
curve which is the locus of points of contact of tangent flats parallel to the 
generator D; that is to say, the curve of contact of a cone whose vertex is P and 
which is tangent to the surface; thus, to the rectilinear generator a, =a,=.... 
=—a,-. =const., 8, = 8, = .... = @,_,= const. corresponds on the surface 
2 


2 
the curve determined by the identical equations. We may also note here that 


the line-element of the surface of reference takes the form 


n—2 


; 
ds? dB,— dF’,,) (X,-1 da, aF,,). 
1 
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We may here mention another property of the expression on the right 
side of (22). If the expression 


2¢,8;+d 


be added to F the effect amounts to a translation and a stretching or dilation; 
in fact we have, on putting for F' the function 


F + axa,8;+ 


in (22), 
d 
XxX, = X, — 
x, = X, 
d — d 


from which it follows that 


and this identity proves the proposition. 


We shall now prove the following important 


THroreM: T'o the edges of regression of the focal surface (19) of the 
isotropic hypercomplex C,_, in S, correspond the lines of curvature on the 
surface of reference in the space S,,_,. 

Proof: The differential equations of the lines of curvature are obtained 
as follows:* a point X, on the normal at a distance 4 from the point of tangency 
is determined by the following system of equations, 


X,=X,+ X, = X, + X,—1 = + (27) 


the &’s being the direction cosines of the normal. Substituting the values of 


*This method is a generalization of one used by Darboux in his Legons, Vol. I, pp. 238-240, 
for n=3. 
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X, obtained from these equations in (23) and differentiating partially with 


respect to a, and @,;, we have the system 


(a, + B,)X, F = (14+ 3a,8,)a, 
or 


xX, iX, + a. B, A, 
1 
xX, iX, — a, +- ag = a,A, 
1 
OF 
X3+ — B, n—1 + = 
2 
> OF 
X,— ix 
3 4 1T 9B, 
F 
2 An—2 2 
2 
OF _ 


r (28) 


If now we wish to obtain the lines of curvature, we must express the condition 
that there exists a deplacement on the surface such that a point on the normal, 
for some specific value of 4 conveniently chosen, describes a curve tangent to 


the normal. We must therefore have 


dX,-1 _ (29) 


i(a,—68, 
Differentiating then (28), we get from the first equation 
(a, + B,) aX, + — B,)dX,+ Sa, 8,)dX,_, + dF 
+ X, (da, + d8,) + iX, (da, —dB,)+.... 
X,—1(a,48, + B,da,+....+8,da,) 
= Ad(1 + + (1 + 3a,8,) da. 


This equation reduces, when account is taken of the remaining equations (28) 


and the equation (29), to the following simple one: 


+ 2a,;8;) = da. (30) 


Differentiating the last n —3 equations (28), we have 


aX, + +08, 
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dX, ,+ idX, .dX,_,—X,_ 
2 
or, by virtue of (29) and (30), 


— X,_,dB, + dF’, — = 9, 
— X,_, da, + dFs, — Ada, = 0, 


n—1 


Eliminating 4 and X,_, from these equations, we have the following system of 
differential equations: 


dB, da, _ dF, ’ 
...., 


But this system is precisely the same as the one obtained for the edges of 
regression on the focal surface in S,. ((11)b on p. 204.) Hence, the above 
theorem follows. 

Consider now a point M on the focal surface (19) and let E be an edge 
of regression, Z the minimal line tangent to EH at M. The line LZ determines a 
minimal space Q,_, which is normal to it and at the same time contains L. 
Cutting this space by the space X,=0, we obtain a space Q,_, in S,_, which 
passes through the point P, the intersection of X,=0 with Z. Hence, to the 
minimal element in S, corresponds a surface-element in S,_,. To the edge E 
corresponds a curve E’ which is the intersection of the minimal developable 
determined by E with the space X,—0. As the line Z moves along E the 
surface-element determined by the point P and the space Q,_, moves along 
the curve EL’, which therefore may be considered as an element-band. 

We now project M orthogonally on X,=0 by means of the transformation :* 


the point M is projected into a point m which will describe a curve e. But 
since MP is to 1, mP is also sth to 


* For details concerning this transformation see Lie-Scheffers Suitindiauins and also the author’s 
paper in Vol. XII of Trans. Amer. Math. Soc., p. 415, where the case n= 4 is treated. 
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da + Ada,» 
2 
0. 
2 

|| 
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curve e, the projection of E, is therefore tangent to Pm; that is, e is an evolute 
of the curve E’. To the focal sheet in S,, will correspond in S,,_, a focal sheet 
of the normal hypercomplex determined by the 0 *~? normals along the lines EH’ 
which are lines of curvature on the surface of reference. Since through a 
point on this surface there pass n — 2 lines of curvature, the normal complex 
will have n —2 sheets. The principal radii of curvature may be obtained 
from the system (19) by using the orthogonal transformation (31), viz.: 


1 
+ — Fa, — Fa]; 


= [(a,—B)p, + Fi, — Fa], 


(32) 
= [(1 — 2a,8;)p,—F + 2a, + Fs]; 

b) Ry = + F 


b= 1, 


which is a generalization of the formule given by Darboux in his Legons, 
Vol. I, p. 245. To the edges of regression will correspond geodetic lines on the 
surface (32)a, which, in general, has real sheets provided a, and 8, are chosen 


conjugate imaginaries. 


§5. A Flat Spread-Sphere Geometry. 
We proved above (p. 203) that to all the 0” hyperboloids in space a... 
F = ada,6,+ (6) 
there correspond in S, the 0” minimal cones (7). We shall now employ the 
generalized Euler’s transformation: 


ai? 
n—2 
> 


by means of which the hyperboloids are transformed into o” flat spreads of 


nN 2 di 
imensions 
U=ay,+6, z=Zey,+d, (34) 


the last set of equations give the relations between the coordinates of the 


| 
| 
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surface-elements of the flat. We have here a hypercomplex of flats that 
satisfy the following system of total differential equations: 


n—2 
dm, + dy; =9, +=1,2,...., | (35) 
k=1,2,....,%>*, 
a=! 2 J 


We may also note that the condition that any two flats shall intersect in a 
point is unique, viz.: 


= (¢;— (6; — b;) + (d’—d) (a—a’)=0, (36) 
and that to a flat (a, c;, b;,d) corresponds in S,, a minimal cone whose vertex is 
b b, —d d 


Further, to flats that intersect correspond two minimal cones that are tangent 
to each other; that is, they have a minimal line-element in common. 

Suppose now we transform the hypercomplex of minimal lines (5) by 
means of the transformation (33) ; it takes the following form: 


4 —t(y, — P,) D,) (24:y,— 2) —(1 —=p,y,) (% + 4) 
—(y, + D1) (y, + (2 + (1 — 2p, Y:) (x, — 4H), 
1— Xp,y; 1—Xp,y;’ 


and the system (4) becomes 


(1 —2p,y,)X,-, + + = 9, 
X, + 1X, — y,4,_; + ty, X, + 2%, = 0, 


X,— 1X, + p,X,_,;— + = 0, 
| (39) 


n 


+ X,+4n—2 = 9. 
2 2 2 
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The condition that any two consecutive generators of the complex (38) or 
(39) shall intersect is 


a) dz—p,dx,— p,da,—....—q, dy, — = 9, ] 
2 2 
n—2 
k=1,2,...., 
2 2 


Consider now the transformed surface of reference obtained by putting X,= 0 
in (38). We have seen that to the edges of regression in S,, correspond lines 
of curvature on the surface of reference (22) in S,_,.. By means of Kuler’s 
transformation (33) it is transformed into the following: 


(Y, — — 2) —(1 — y;) (a, + 41) 
2(1— 2p, y;) 
x, 1+ Pi) (2 +1 — (% — 
_ 
1— 


The lines of curvature on (22) are of course also transformed into a set of 
curves on (41), which we shall now investigate. By Euler’s transformation 
the system of differential equations ((11)b, p. 204) which defines the system of 
lines of curvature is transformed into the system (40)b, the integration of 
which will give us a system of curves on (41) which correspond to the lines 
of curvature on (22). Weshall call these lines asymptotic curves.* Through 
any point on the surface pass » —2 such curves corresponding to the n— 2 
directions, orthogonal to each other on the original surface, which determine 
the lines of curvature. Their geometric properties are evident from the fol- 
lowing considerations: 


*The asymptotic curves defined above are a special set belonging to the system 
p, 9, 

which has been studied by several others. Cf. Bertini, Geom. proj. degli Iperspazi, p.173. Also, E. O. Lovett, 
“Contact Transformations between the Fundamental Elements of Space,” Annali di Matematica, 3d ser., 
Vol. VII, No. 1, pp. 39-98, and C. L. E. Moore, in a recent paper in the Annals, Vol. XIII, p. 94. Of the 
| n—1 directions on an (n—1)-spread in Sn we have chosen n—1 special ones, namely, those that corre- 
spond on the transform to the »—1 directions of curvature. From the standpoint of a generalized 
flat-sphere geometry, such as has been worked out in this paper, these lines must be designated as 
asymptotic lines. 


4 
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The condition that the tangent space to a surface -=f(w,,...., Uo, 
Yi) ++++) Yn—g) Shall osculate a curve on the surface is 
= (dx,dp; + dy;dq,;) = 9, (42) 
but from (40)b we have 
dz,dp,+dy,dq,=0,  i=1,2, (43) 


hence (42) vanishes identically. Therefore, the hyperplanes of the surface- 
elements of the surface osculate the asymptotic curves defined by the system 
of differential equations (40)b. Again, two consecutive hyperplanes of the 
surface-elements along the curve contain flat spreads of the form 


a, =ay,+6, 2=2ey,+d; (44) 
in fact, we have on substituting in the equation 
dz = Xp,du;+ q,dy;, 
Xo; dy; = axp;dy; + 
from which it follows that 
= ap; + UW 
which system satisfies the differential equations 


dq, — ap, (44’) 
2 


But the systems (45’) and (43) are precisely the same as (40)b. The flats 
(44) are therefore tangents to the surface along the curve, and any one flat 
passes through the two consecutive points of tangency determined by the two 
consecutive tangent hyperplanes which osculate the curve. 

Remark. For n= 4, the flats (44) become the straight lines x, = ay + b, 
2=cy+d; the two consecutive tangent planes intersect in a line which passes 
through the two consecutive points of tangency; the curve becomes therefore 
an asymptotic line on a surface in ordinary space. The only equation remain- 
ing in the system (40)b is dadp + dydq = 0, which is the differential equation 
of asymptotic lines on a surface. 

If we consider the space S,_,(F,a;8;) and a surface F = $(a,@,), the 
system of curves (11)b, which we shall call Euler’s lines,* have by Euler’s 
transformation been transformed into asymptotic lines on the transformed 


* These curves have been considered for 3-space in an article published by the author in Trans. Amer. 
Math. Soc., Vol. VI, No. 4, pp. 450-471, entitled: “On a Certain System of Conjugate Lines on a Surface 
Connected with Euler’s Transformation.” 
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surface 2=f(z,, 2;). The hyperplanes of the surface-elements of the surface 
are common with those of the hyperboloids 
F = axa, B; + + ic. + d, 


which are therefore tangents to the surface along the curves. The tangent 
spaces osculate the curve, since Euler’s transformation is a contact-transfor- 
mation. We shall denote the different spaces used previously as follows: 


i(a,, 8, F, Pi» Vis Diy 


and we may put in evidence the correspondence between these spaces as 


follows: 
Edges of regression on Lines of curvature Euler’s lines Asymptotic lines 
focal surface 
minimal cones spheres ao” hyperboloids flats 


Xn Surface of reference Surface of reference Surface of reference 


We may consider the system (41) as a transformation establishing a 
one-to-one correspondence between the surface-elements of S,_, and S,_,. It 


is only necessary to add to it the following: 
2 + 2) 


obtained from (3) by putting X,=0, by writing it in the form 
—26,8, 1-3 1—23a,8; 1 — Sa, 8; 


and using Euler’s transformation. From the correspondence between the 
spaces S,_, and S_, it is clear that the transformation (41) and (41’) trans- 
forms spheres into flats and lines of curvature on a surface in S,_, into 
asymptotic lines on the transformed surface im Ss; it may therefore be 
regarded as the extension proper of Lie’s classical transformation; in fact, for 
n=4 we obtain this latter transformation. It may be noted that the role 
which the line-element plays in Lie’s line-sphere geometry is here represented 
by the surface-elements of o” flats; further, although any space S, has a 
sphere-geometry, only an odd space can have a sphere-flat geometry of the 
kind developed in these pages. 

We shall study in detail the system (39) when cut by the space X, = 0. 
We have then, writing the system in a slightly modified form: 
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| = YX, — (X, + #X,), 
= 
2 2 
2 
=—p,X,_,—(X,—iX), 
=— Xx. 
{ In—2 —(X,_,— 44,_,) 


If now we consider (45)a, we see that to the 0” points in S,_, there cor- 
respond 0” flats of the complex a+d=0; in fact, if we compare (45)a 
with the system en 
the statement is at once proven. The point-geometry in S,_, is therefore 
equivalent to a flat-geometry in 8,1, namely, the geometry of the flat-complex 
a+d=0. Toa point (z,, y,, 2) in S,_, corresponds an isotropic flat I,-. m 
2 

in S,_,; in fact, we find from (45)a: 

= dX,,_ ,[y, (dX, — idX,) + (dX, —idX,) +....+ dX,_,] = 9. 


To a flat of the system u,=ay,+b, 2=e,y,+d 


corresponds a sphere in S,__, which may be written 


Denoting the center of this sphere and the radius by Xj, Xj,...., X;, R we 
have 


1(b,_ Cu... 
, b, C, , b,— ( 3 -2) 
X; 9 X_ = 1- 9 ’ X,-;= 9 ’ (46) 
—d 


or, solving, 
b, = —(X, + 1X2), —(X;+ 1X3), ...., a=X,_,+ RB; 46’) 
C, = —(X,— 1X), ¢ = —(X3;—1X3), ...., d=—(X,_,+ BR), 
from which it follows that conversely to a given sphere correspond two flats 
which are conjugates with respect to the flat-complex a + d =0, that is to say, 
the complex (45)a. The correspondence is therefore a one-to-two.* 


*For a proof of this and similar theorems in the case n=4 (3-space) see Lie, “ Uber Complexe,” 
Math. Annalen, Vol. V, pp. 167-175. 
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A general complex of flat spreads in a may be written 
Aa+ 3B,b,+ Dd+ HKe+F=0, (47) 
using as coordinates of the complex the following: 
| a, b;, ¢,, d, e = ad — Xc,b,. 
We shall call such a complex a flat-complex. The 0"! flats of (47) are trans- 
formed into 0"~! spheres. We shall prove that these spheres all intersect a 


given sphere at a constant angle.* 
Proof: Let the sphere be written 


> (X,— = (48) 
Substituting the values of 0b,,c,,a@ and d from (46’) in (47) we find that the 
coordinates of the center and the radius must satisfy the following relation: 


2E 
4—D)?+ 435B,C,+4EF 


Let the coordinates of the fixed sphere be denoted by Xj), Xi, ...-,Xn—10, Ro. 
We have then 


D+A 
2 
=R+R E 


"S (X! — X',)? + (iR --4R,)? = B (1 + cos9), (50) 


where @ is the angle between the two spheres. This relation is also true for 
the null-spheres R = 0 contained in the complex, and since in this case the 
null-sphere is a point on the fixed sphere, the equation of this sphere may be 
obtained by putting R = 0 in (50) and considering X; as running coordinates. 
The fixed sphere may therefore be written 

(X; — Xp)? = Ro. (51) 
But X; must satisfy (49) when in this equation R is put equal to zero; hence 
(51) becomes 


n—2 


2 n—2 (B.—C)? pr 
_ (A—D)? + 43B,C, + 4EF 


it 


4K? 
The coordinates of the fixed sphere are therefore 
B,+C; vw 1(B;—C;, 
Ry= V(A—D)* + 43B,0, + 


*This theorem is a generalization of Lie’s theorem on sphere-complexes consisting of all the 
spheres in 3-space that intersect a given sphere at a constant angle. See Lie-Scheffers Beriihrungstr., pp. 
651-653. For n=4, 3-space, the flat-complex becomes a linear complex, or null-system. 


| 
& 
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so that the equation (49) of the sphere-complex may be written 
— Xoi—10)? + (Xo; — Xoo)? + -- iR,)? — 2RRK,(1 + cos) = 0, 


where +(D +4) 
+ 45B,0, 4 


@ has therefore the same value for all spheres of the complex. Q. E. D. 
If the 2”! spheres of the complex all touch the given sphere, we have 
= 0; that is, we must have 
(D+ A)?= (A—D) + 43C,B; + 4EF, 
or, 
+B,C;+ EF —AD=0. (52) 


In the space a4 we have a flat-complex consisting of all the o”~' flats that 
intersect a given flat. We shall call this complex a special flat-complex. We 
may also extend the idea of involution to flat-complexes just as in ordinary 
space to line-complexes. Let there be given two complexes C and C’, and con- 
sider the family of complexes C + kC; = 0, which we may write 
(A + kA')a +3 (B;+ kB;)b; + + kC;)¢; + (D + kD’)d 
+(E+kE’)e+F+kF) =0. 
In this family there are two special complexes determined by the quadratic 
equation +kM +N =0, (53) 
where L, M and N have the following values: 
L=3C,B,+ F’—A'D’, 
+ + EF’ — A’ D—AD*, 
N =3C,B;+ EF — AD. 
If now k, and k, be the roots of the quadratic equation (53), we shall say 


that the complexes are in involution whenever the double ratio (0, k,, 0, k,) 
equals —1, that is, whenever k, + k, =0; hence the condition for involution is 
>(C;B, + C;,B; + + EF’ — A' D—AD' =0. 

If ¢ = 90°, we have A + D=0, and the complexes 
Aa+3B;b+3C;¢,— Ad+ He+F=0 
and a+d=0 are in involution. 

Conversely, the «”~! spheres which cut a given sphere at a constant angle 
are transformed into the flats of two complexes which are conjugate to each 
other with respect to the complex a+d=0. The proof is not difficult and 
need not be given here. 

The flats of the linear complex a + d =0 which intersect any given flat f, 


(and also its reciprocal, or polar f, with respect to the complex) are trans- 
28 
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formed into the points of a sphere; the points of the flats f, and f, are trans- 
formed into the flat spread generators of the sphere. These are minimal flats 


of = dimensions, and they are seen to be divided into two distinct families 


just like the rectilinear generators of the sphere. Any two generators of 
different families intersect in a point on the sphere which is the image of the 
flat joining two points on /, and f,. 

A surface-element in S,_, contains 0! flats passing through its point; 
to these flats are associated another set of 0! flats which are reciprocal with 
respect to the complex a +d=0, and which also pass through the point of a 
second surface-element. In S,_, we get two intersecting minimal flats and 
co} spheres touching each other at this point. Hence, to a surface F and all 
the o' flats which touch it at a given point there correspond in S,,_, a surface 
and all the «o' spheres which touch it at a point. 

If a flat has a singly infinite number of points in common with the surface, 
we get in S,,_, a surface which is touched by a sphere along a curve. Toa 
surface generated by moving a flat so that it is tangent to a given curve 
(corresponding to developables in ordinary space) corresponds the envelope of 
co! spheres which move in such a way that two consecutive spheres touch. 
To “ruled” surfaces correspond canal surfaces in S,,_,, ete. It is evident 
from the above that the geometry of flat-complexes in s. is equivalent to the 
geometry of sphere-complexes in S,,_, (n—1 odd). 

We found above that there are two special flat-complexes contained in a 
family C+ kC’=0. Each of these has a flat as directrix. If we consider all 
the flats which intersect these two directrices, we get a complex of o”~® flats 
which we may denote by the symbol C,_,. Hence to the o*~* flats which 
intersect two fixed flats there correspond the o"~* spheres which intersect 
two fixed spheres at constant angles 9, and ¢,. 

We may continue in this manner building up a theory of sphere- and flat- 
complexes, just as has been done by Lie in his paper on Complexes in Mathe- 
matische Annalen, Vol. V, for ordinary space. 


Part II. 
§1. The Flat-Sphere Transformations. 


It remains now to find all the contact-transformations that have the same 
property as (41) and (41’). We know that the transformations of the conform 
group in S, leave invariant the oo” minimal cones and that to this group there 
corresponds in S,_, a group of contact-transformations which leaves invariant 
the o” spheres of S,_,. We may obtain the characteristic functions of this 
group in the following manner: 
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The conform group in S,, is* 


of of of , Of Of 
ax,’ “9x: ox — gx 


The sphere corresponding to a minimal cone whose vertex is (X,, X.,...., Xn) 
we found to be (p. 203) 

(x, — X,)? + (4%, — + — Xy_1)? + K=O, (2) 
which it will be convenient to put in the following form, introducing auxiliary 
variables Pos 

X,+1X, cos %=X,+1X, = Xn_1 + 1X, COS (3) 


where ‘cos? 1. 
1 


Differentiating (2) partially with respect to x,, v7, ...., 2,2 In Succession, 


we have 

— X, + — 9, =0, — X, + — 9, = 9, } (4) 
— Xn—e + — = 9. 

From (3) and (4) we find 

cos 9, _ CoS P, COS Pn_» 

Cos P2 = COS —1 (9) 


from which we obtain the following equations: 


1 
2 
1 + Cos? 
From (3) and (5) we have, making 2,, X; and @; vary, 
=6X,+icos >, dX, — iX, sin 9, 59,, 
dx, =0dX,+icos 6X, —iX, sin >, 
= OX,_; +7 cos >, _, 6X, — sin 7 OPn—15 
OP, + Sp; sin 9, dp, — Sp 
n—2 
cos p, Op, 
+ =p; sin $, do, — Vit Spi L (7) 


dp,-2= V1 + Sp?sin >, _2 — 


*See Lie, Theorie der Tr saatianitiaiaaiiaiaaiia Vol. III, p. 334. 
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If now by means of the equations (7) we eliminate 6, from (6) we have the 


following system of equations: 

x, V1- =p? 6 > 

ba, =6X,+icos 9, dX, — + 6p 

x, Vit =pi dp, + cos Ep, dp; 
1+ 


dv, =06X,+icos dX, — 


n—2 
- pop; 
6x”, dX,_, +i cos 6X, —iX,, Tid Spy: 


Introducing in (8) the values of dX,, 6X,, ...., 6X, obtained from (1) and 
eliminating X,, X,, ...., X,_, from the resulting equations, we obtain a set of 
equations which must be identically satisfied for all values of X,. We thus 


obtain the values of the increments dv,, ...., d%@,_1, OPn—2- Thus, 
suppose we take the transformation 
_x Of Of 
Uf X, OX, xX, OX, ’ 


we have here 


The system (8) now becomes 


x, + Sp? oP, + cos 


dz, = X,dt— 1+ 
v1 + + Sp? + cos =D: OP: 
6x, =—X,dt—iX,- Sp? 
+ Sp? dp, + cos >, =p; OP: 
1+ 2p; 


Introducing in this system the values of X, and X, from (3), we have 


V1 + Sp? dp, + cos ¢, 
1 + Sp; 


x, Vi+2 + Tp? dp, + cos , =p; OP: 
1 + Xp; 


6x, = (a,—iX, cos@,)d 


dx, =—(x,—1X, cos¢,) dt — 


Opi 

Op; 
‘XG sph 
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From the last equation we get =p;dp;=0, and from the first » — 2 
du,=0, t=3,....,2—1, 
Op, =p, ot, dp, = —p,dt, dp,=0, i=3,....,n—1, 
and the characteristic function 
W = pb, + Dobe t+ + Da—2bn—2 — = Dy — 


In this manner we obtain the following characteristic functions of the required 
group of contact-transformations, using capital letters in order to conform 
with the notation of the formule (41), 


n—2 


1 


n—1 n—2 (9) 
2X_Xn—1 “+ Xj— 2X, P;X;, 
1 1 
1 1 
There exist therefore, im the space S,_,, infinitesimal contact- 


transformations which leave invariant the 0” spheres of that space. This 
theorem has been proved by Lie.* 


If now we superpose the generalized Lie’s transformation (41) and (41’) 
on each one of these transformations, we shall obtain a group of transformations 
in as which leaves invariant the o” flats (44) and transforms the asymptotic 
lines of an (x — 2)-spread into asymptotic lines on the transformed spread. 
We shall show how to obtain the characteristic functions of this group, which 
is similar to the group whose characteristic functions are given by (9). 

If U(X;, P;) represents any characteristic function of the set (9) and 
V Viy Z) the required function, the following relation exists between 
them :f 

pV Yis Dis =) =U (X,, Pi), 


where p is determined by the relation 


n—2 
1 


* Lie, Gétting. Nachr., May, 1871, Math. Ann., Bd. V (1872). The above method of deriving the char- 
acteristic functions of the general group of contact-transformations which change spheres into spheres is - 
a generalization of the one used in Lie-Scheffers Beriihrungstr., pp. 441-443, for n=3, or, rather, a gen- 
eralization of the method when reversed, that is, going from 3-space back to 2-space. 

+ Lie, Theorie der Transformationsgruppen, Vol. II, pp. 527-528. 
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From the equations (41) and (41’') we find, after an easy calculation, that 
1 
= ——_———_., so that we have 
+2 DY; 
V Yis Dis 2%) = U(X, +2 
and V may be obtained by expressing U in terms of the coordinates 2,, y;, p;, 
q,; and z. We shall not repeat the rather long and tedious calculations here, 


but write the functions in order corresponding to (9): 


Ll, Dis Yet Diy 
Yi — + Pe— Vide Di X, — — UW Yis 
— Di de — Ui Pr — Di — Ue Yi — GY — Vi Pry 
Li — Yi + Di — Pi Ve — — Ue Yi — Vi 
Yr Yj — — — + Yj — — Vrs 
+ Ye + Yj + Le — + Pe — Yj — Vrs 
+ Yn 4; + =P; Yj; — + 2D, — 9; + UW — MW L (10) 
29; Yj — 2; 1 — Yj; 2%; D; 
— q; — % 2m; DP; + 2d, + Py 2; P;— 2%; Pj» 
— 224, y; — 220; p; + 2%; 9,29; Y; — 9; ZY; Pj — 
— 22.4; Yj — + 2X; Yj — Pj + 


J 


By properly combining, that is, adding and subtracting, we may reduce this set 
to the following simpler one: 


Yj + We Yj; =P; Yj 22 y;); r (11) 
— Ly, Dir 20, + Dy 2%; q;— q, 2; 
— 224; y; — 22%, p; + 24, — 2%; 9; ZY; XV; q;- 


As a check on the accuracy of these calculations we may observe that for 1 = 4 
we get the following functions: ; 
1, P, Y;, «Xp + qy, ey—y'q —ZYP, =P, WY, py, 
2z2—xp—qy, &—zyq—zxp, xq, 
which are the characteristic functions of the projective group in 3-space 
considered as a contact-transformation, 
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The corresponding group of contact-transformations is now 


of of of of of 
Oz’ Ox;’ OG T Yi Oe? Ou, Oy, Pi 


of of Of Of 
x; 04, + Y; Op, On, + (2, Yi — 


Of of of af 


of of Of sé of Of 

Ox, +y Yee Oy; D; Op, qi On, + Oy, Op; | 

_, af af af af af | 
00: Op; Oz ’ Oy; Ly, DY; Ou, Yr 2Y;- dy; 


of of of of 


Ba, Py 2Y;- + ( q,Y;) 


Of 
+2 + (4, 2Y; — Pe ZY; ay — 2p, — 


+ (2 — 24; p;) ap + 2q; 2; + 2%; 9; — P;) 


ae 


4 


Of Of 


J 
7 7 


n+2 


(12) 


We shall denote the» * finite transformations of this group by the 


symbol Gi+1..+2. We have then proved the following important 
2 


995 
J 
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TuHeoremM: There exist in §,_, © ? contact-transformations which 


transform the 0” flat spreads 
a; = ay; + 
d, (13) 
= —ap;+ et, 


into the wo” spheres in S,_,. These transformations are obtained by super- 

n+1.n+2 
posing the inverse of the generalized Lie transformation L on thew ? 
transformations defined by the group of infinitesimal contact-transformations 
(12). The mverse of L is 


+ 


r (14) 
1+Vi+3P 


For n=4 the group Gn4i.n+2 becomes the general projective group in 


3-space and L the classical transformation of Lie. 
The same transformations L~' Gr+i.n+2 transform the asymptotic curves 


on an (n—2)-spread M,_, in S,_, into lines of curvature on the transform 


of M,_.%m the space S,_,. 
The differential equations of the asymptotic curves on M,_. are 


dx,dp,—» + dy; = 0, a 


dq,dp,_» dp, 0, k 
2 


while those of the lines of curvature on the transform of M,_» are 


The last statement may be proved as follows: 


*These formule are generalizations of those obtained by Darboux in his Legons, Vol. IV, p. 175, 
for n=4. We note that the correspondence is one-to-two on account of the double sign of the radical; 
i. e., to a flat corresponds one sphere, while to a sphere correspond two flats. 


n—2 
| (15) 
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On the (n—2)-spread in S,,_, the surface-elements along a line of curvature 
must be functions of a single parameter. If two consecutive surface-elements 
(X,;+ dX,;, P;+ dP;) and (X;, P;) shall belong to the same curvature-sphere, 
it is necessary and sufficient that the corresponding consecutive normals at the 
two points intersect. We have then 


where X,, X,_, are the running coordinates of the normal. But two con- 
secutive normals will intersect if 
dX,+ P;dt + tdP;=0, 
GX... = 


eliminating ¢ and dt from these equations, we obtain the system (16) written 
above. Q. HE. D. 
If we introduce EKuler’s transformation E, 


n+1.n+2 
and superpose it on the group Gn+i..42, we obtain 2  contact-transfor- 
mations ’ Gr+1,2.+2 Which transform the asymptotic lines on M,_, into the 
2 


Kuler wane on the transform in S,_ .- Further, if we introduce the variables 
a;, 8;, F.,, Fs, in the group (12), we obtain a group which has the property 
of leaving invariant the 0” quadrics 


it is a subgroup of the group (56) in Vol. II, p. 512, of Lie’s Theorie der 
Transformationsgruppen. 

If we inspect more closely the group (12), we find that it contains a sub- 
group of linear transformations, which we write as follows, omitting the terms 
due to the extension of the transformation: 


of of of Of Of of of 


Of of Of of of 
The remaining point-transformations are not projective except in the case 


n=4. Hence, if n>4 there exists a group of linear transformations 
which will leave invariant the 0” flat spreads (13), and which transform the 
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asymptotic lines on an M,_.» into asymptotic lines on its transform. In these 
(n—2) (n—4) 


transformations are contained the following 3 rotations: 
of of 
—2 . —2 
k = 1, 2, i=1,2,...., k#i, 
Of of of 


and the n—1 translations 


Application of the above theory to differential equations will be made in 


another paper: 


WEST VIRGINIA UNIVERSITY, February 22, 1912. 


The Primitive Groups of Class Twelve. 


By W. A. Mannina. 


The list of the primitive groups of the first thirteen classes prepared by 
Jorpan has long been known to be defective in the case of class 12; in 
fact, Jorpan states explicitly that the calculations for that case, having been 
gone through but once, may very well contain errors.* In spite of the con- 
siderable advances in substitution theory in recent years, the complete a priort 
determination of all the groups of this class still involves a good deal of labor. 
In order therefore not to intrude too far upon the space of this journal, the 
writer avoids a redetermination of the primitive groups of class 12 on less 
than 21 letters.| In a series of memoirs and in his lectures Professor MILLER 
has gone over this ground without use of the list of the groups of class 12. 
He has thus checked the results of Miss Martin, of Jorpan, and of Miss Ben- 
NETT on the degrees 18, 19, and 20, respectively, according to which there is no 
primitive group of class 12 on either of these three degrees. 

The method here followed will be much the same as that used by the 
author in treating the classes 6, 8, and 10, with the advantage of having at 
hand the processes employed in the paper entitled “On the Limit of the Degree 
of Primitive Groups.” This last paper, as well as that “On Multiply Transitive 
Groups,” and that “On the Order of Primitive Groups,” will be used freely 
without specific reference. 

In addition to the 25 primitive groups of class 12 of degree less than 18, 
there are four others, one of degree 27, two of degree 28, and one of degree 36. 


*C. JORDAN, Comptes Rendus, Vol. LX XV (1872), p. 1754. 

+ Minter, Degrees 13 and 14, Quarterly Journal, Vol. XXIX (1897), p. 224; Degree 15, Proceedings 
of the London Mathematical Society, Vol. XXVIII (1897), p. 533; Degree 16, AMERICAN JOURNAL OF 
MATHEMATICS, Vol. XX (1898), p. 229; Degree 17, Quarterly Journal, Vol. XXXI (1899), p. 49. 

E. N. Martin, Degree 18, AMERICAN JOURNAL OF MATHEMATICS, Vol. XXIII (1901), p. 259. 

E. R. BENNETT, Degree 20, AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXIV (1912), p. 1. 

+ Classes 6 and 8, AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXII (1910), p. 235; Class 10, op. 
cit., Vol. XXVIII (1906), p. 226; “On the Limit of the Degree of Primitive Groups,” Transactions of the 
American Mathematical Society, Vol. XII (1911, p. 375); “On Multiply Transitive Groups,” op. cit., 
Vol. VII (1906), p. 499; “On the Order of Primitive Groups,” op. cit., Vol. X (1909), p. 247. 
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bo 


Only one of these is doubly transitive. It, and its maximal subgroup, which is 
primitive of degree 27, seem not to have been before noticed. 

A regular group of degree and order 12 can not be multiply imprimitive 
in a sufficiently great number of ways to be a subgroup of a primitive group 
of higher degree than 20. 

Let G contain the substitution 

S, = @, 4,4, 6, b, b, C, d, dads. 
If it is impossible to say that among the totality of substitutions in G 
-similar to s, there are two substitutions such that one connects cycles of the 
other and has at most one new letter in a cycle, we at any rate know that we 
can find two substitutions s, and s, of such a nature that js,, s,{ has one im- 
primitive constituent on at least nine letters all of which are displaced by both 
s, and s,. 

If there are just two letters new to s, in one cycle of s,, the group 
H, = {s,, s,{ has an alternating constituent of order 60, which, however, can 
not be in isomorphism to a transitive group of degree 9. 

Then let s, have a cycle of new letters (a2By). At once, on forming the 
commutator, 

Hence 
Sy = ¢, a,b,c, a By. 

Since the constituent in the letters a,,.... is of degree greater than 4, 
there isa substitution s, similar to s,, which replaces a, by a letter of another set, 
by the letter d,, as we may assume without loss of generality, and which has at 
most one new letter to a cycle. The group H, can not be a subgroup of a 
transitive group of degree less than 20. To confirm this statement only the 
degrees 16 and 18 require examination. In the case of the degree 16, let 3 be 
the letter fixed by H,. Now the transitive group that is to include H, must 
be five-fold imprimitive in systems of four letters. But the only possible 
systems that can have 6 in common are d,d,d,6 and a@y6. If the degree is 18, 
let 5,, 6, and 6, be the three letters fixed by H,. The only systems of two letters 
that can have 6, in common are 6,6, and 6,6,, and the only system of three 
letters that can contain 4, is 6,6,6,. Then H, is intransitive. The constituent 
on the letters a,.... is not of degree greater than 4, because the letters 
a, 8, y can not occur in more than one cycle of s;. Since the other constituent 
ean not be of degree 13, 14, or 15, the degrees of the two constituents are fixed 
as 12 and 4. Now H, must be an imprimitive group of degree 20, so that 


8, = (@,we,) (—— (—— &) (—— &), 
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where-w is one of the letters a, 8, y,d of H,. If w is 3, transform s, and s, 
by s,; since both these transforms fix ¢,, and since s, can not replace all four 
letters a,, a,, b,, c, by letters not included among these four, we see that @ can 
not be 6. Leto bea; returning to s,, that substitution has a cycle new to s, 
and we may assume s, =(a,—d,)....(—6). Now if s, connects two cycles 
of s,, s, has in some cycle two letters new to s,. Then s;'s;'s, s,, or else 
S, 83'S; 'S,, is of degree less than 12. If s, dues not connect two cycles of s., 
the first cycle (a,—d,) of s, is the only cycle of s,; which contains any one of 
the six letters a,, a,, a,, d,, d,, or d,, so that s, fixes two a’s or two d’s, and 
again the degree of s?s}s,s, (or S,53S{S,) is less than 12. Then s, and s, are 
commutative: 
Ss = (a, bd,) (a,b d,) (a,b d,) (—— 4). 

If s, were to connect two cycles of s,, there would be two letters d in one 

eycle of s,, hence 

Ss = (a, b, d,) (a, b, dy) (4, bs ds) (—— 4). 

Since sjs,s, fixes ¢,, s, can not replace a, or a, by any letter of the set a,.... 
of H,. If s,=(a,ae,) (—¢,&) (——&) (—— &), 8, fixes ¢,, and therefore 
s, can not replace b, or d, by any letter of the first set a,.... of H,. This is 
in contradiction with the preceding statement regarding a, and a,. Likewise 
Ss, =(—),«).... 18 impossible because of the transform of s, s,s; by s,, which 
fixes e, and requires that s, replace c, and d, by letters not in the set a,.... 
of H,. But we can show that s, must replace D, or c, by a letter «. One of the 
substitutions sjs,s, or s{s,s, has in its first cycle the letter a and one of the 
letters a,, a,, b, or ¢,. This transform (o) must displace the four letters 
&,,...-,&. If two of the letters ¢,,.... are in the same cycle, the group 
{H,,0~'H,o} has a generator joining the two sets of H,, with less than four 
new letters «. Then ino the four letters ¢,,.... are in different cycles and o 
is the transform of s, by s,. Hence s, replaces b, or c, by a letter «,. 

Then there are in G some two substitutions s, and s, of degree 12 and 
order 3, such that s, connects cycles of s, and has at most one new letter in a 
eycle. Since H,=3s,, 5,| has a set of at least six letters, we form the suc- 
cessive groups H,, H,, enlarging the set a of H; (say) by union with some 
other set of H; by means of a substitution s;,, which has at most one new 
letter in any cycle (1 = 2, 3). 

If H, is the first transitive group of the series, H, has three sets of degrees 
ranging from 6,3,3 to 8,4,4. The constituent of highest degree is in all cases 
in simple isomorphism (to keep up the class) with one of the others, which are 
of order 3 or 12. But this is impossible. If H, («1 = 2-or 3) is transitive, the 


. 
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only degrees to be considered are 16, 18 and 20. Let H, be of degree 16. 
Then it is at least five-fold imprimitive in systems of four letters. But if a 
is one of the new letters a @y 6, s, transforms the systems to which a belongs 
into themselves and therefore they are only 


But consider s, (or s,), which displaces all the letters a@yd, and suppose a 
chosen so that in the cycle of s, (or s,) with a the two remaining letters are 
from different cycles of s,. This is legitimate since some generator must 
permute systems. Now s, (or s,) can transform into itself a system to which 
a letter left fixed (say a,) belongs only if the two other letters making up that 
system (a,, d,) are in the same cycle with a. Then the degree of H, is greater 
than 16 and 7 is equal to 3 only. Let the degree of H, be 18. The systems 
consist of two or three letters. Letters in H,,, and not in H,; (t=1,2) can 
not be in a system with letters of H,, because of the smallness of the systems. 
For some value of i, H;,, introduces at most three new letters. Then one of 
them is not in more than one system of three letters, nor in more than two 
systems of two letters. Let H, be of degree 20. It is imprimitive. The sys- 
tems are of two or four letters. Systems of two letters can not be permuted 
according to a primitive group, because of the substitutions of order 3 and 
degree 12 which permute systems, and cause the group in the systems to be of 
class 6 or less and hence alternating. This brings in a substitution of order 7. 
Hence there are in all cases systems of four letters permuted according to G%,. 
Now H, has just two sets of letters and is of degree 16. Suppose first that 
one constituent is of degree 12 and the other of degree 4. Since the latter is 
generated by two circular substitutions of order 3, it is of order 12. The 
isomorphism between the two constituents can not be simple. The head of 
degree and class 12 can only be of order 3, as is seen by recalling that the 
average number of letters in the intransitive group H, is 14. Then H, is of 
order 36. Assume the substitution of the head to be 


t = a,b, ¢, a,b,c, + By 
and 
S, = a,a,a, b,b,b, ¢,c,¢,° d,d, dg. 
Now ¢ is in each of the four subgroups of order 9 of H,, and H, is doubly 
transitive in the systems. Hence 
S, = a,ab,:b, Bo: ddd, 
or 


By = (GHC). .... 


b,b, b,a, d,d,d,a, Byda. 


Mannine: The Primitive Groups of Class Twelve. 233 


But since }s,, is the transform of }s,, s,} by b,c, b,¢,+ + By, sy may 
be dropped. Now 
and (s,s,)* is of degree 9, thus reducing the class of H,. Let H, have two 
unconnected sets of eight letters each. The group in the systems is again G,. 
The isomorphism between the two groups is simple. The two constituents 
permute corresponding systems of two letters each. Consider one constituent : 
it is generated by 
8, = 4,4, b, b, b, 
and 
= a,ab,: b, Ba, 
uniquely ; 
(8, = a,b, a,b, a8 

is an invariant operator. The group H, = $3,, 3,! is of order 24. Then H% 
has an invariant substitution ¢ of order 2 and degree 16. Let a’, 8’, y’, & be 
the four letters of H, new to H,. Since H, is triply transitive in its systems, 
we may say that s, permutes the systems a,b,c,d,, aByd, a’ B’y’s’. Then 
t and s;¢s, have in common four cycles in the letters of the two other systems 
by dy Ag bg Cg dg, 80 that t s$ts, is of degree 12. Again, t sts, and sit s}ts,s, 
have in common four cycles of the Greek letters, so that ¢ sjts, s{tsjts,s, is of 
degree 8. 

In conelusion, no primitive group of degree exceeding 20 contains a sub- 


stitution of order 3 and degree 12. 


There is in G a substitution 
8, = 4,4, + b,b,* fe. 

We shall first set up a list of the diedral rotation groups which two sub- 
stitutions similar to s,; may generate and which G may possibly include. Now 
G can contain no substitution of order 3 and degree 12, no substitution of 
order 5 and degree less than 20, no substitution of order 7, 11,13 or 17 and of 
degree less than 21. Nor has it a circular substitution of degree 18 or less. 
The group generated by all the substitutions of G which are similar to s, 
is positive. Then the only types of substitutions of degree less than 19 in 


and their powers, as can easily be verified directly. And the only types that 
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can occur in the diedral rotation groups generated by two substitutions similar 
to s, are powers of 

A, A, Az * b, by C, Cy * Ay dy, 

A, Ay Ag Ay As Ag * b, by be C, Cg; 

A, A, As A, * bb, b,b, + dy dad, dy, 

A, Ay Ag Ay * D, by by by * fife, 

In this statement only two points seem to require special mention. First, if 
the diedral group in question is of degree greater than 18, it is Abelian. 
Suppose }s,, s,' of degree 19 and non-Abelian. Since s, now has at least one 
eycle of letters new to s,, and vice-versa, (s,s,)? is of degree 15 at most. If 
the degree is 15, s,s, has five cycles of three letters each, so that (s,s,)* is of 
degree 4. Now (s,5s,)? must displace an odd number of letters and is not of 
degree 13. Suppose }s,, s,} of degree 20. If the product s,s, has four trans- 
positions (cycles of order 2), (s, s,)? is of order 3 and degree 12. The class 
is lower than 12 if there are more than four cycles of order 2 in the product, 
and so many of these cycles certainly occur. If }s,, s,} is of degree 21 or 
more, the commutator (s,s,)* is of degree 9 at most. In the second place, it 
may be asked why the type (a,a,....a,)(b,b,....6,) is excluded from the 
second list. Since the two constituent diedral groups are generated by an odd 
and an even substitution of order 2, substitutions of degree 6 do not correspond 
to substitutions of degree 6, but to substitutions of degree 8, so that this pro- 
duct belongs to a diedral group of class 14. 


From these substitutions we now construct the following list of diedral 
groups. Each is generated by 
and a substitution s, which is written out along with a numbered symbol “D” 
to distinguish the group. | 


8 


° + a, B, ; 
4,° BB, 6, 3 
Be 8,8, + & 


8 
= & & 
tw to bw 
nw 


=) 
bo 


D, : 
D, : 
: 
D, : 


© 
=) 
R 


= 
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Dy: A, by + Cy dy dy Cy 

A, 0, * * dy dy * & 5 
Dy: fife; 


D,: 


Of these groups the first ten only are Abelian. The two groups D,, and D,, 
are the same, the order in which the two generators are taken being reversed. 
The same is true of the three pairs: D,, and D,,; D,, and D,,; D, and D,,. 
We shall show that of all these groups only D,, D,, and D,, are actually sub- 
groups of a primitive group G of class 12 and of degree greater than 20. 

The first of these groups which we take up for discussion is D,,. Those 
substitutions of D,, of which we shall make use are: 


= b, + A, 0, * dye, dia, * ° fy 
tp = + b,c, d, e+ dye, * fife, 
t 
t 


ts = G, * b, by, dye, dye, * Og, 

(S,5,)? = a,¢,5, A, by dy € 


To the set a, a,b, b,¢,¢, is joined another set of D,, by a substitution s,, similar 
to s,, with at most one new letter in any cycle. The degree of the resulting 
transitive constituent is 9, 12, 16,18 or 20. If the degree is 18 or 20, since 
D,, can contribute at most 12 letters to a transitive constituent of an intransi- 
tive H, =}D,,, 53{, the group H, is transitive. However, if s, introduces five 
new letters it can connect only two sets of D,,. Hence the degree 20 is not to 
be considered. In this connection it is well to remark that D,, ean not be con- 
tained in a transitive subgroup H, of }s,,....{ of degree less than 20. First, 
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such a subgroup being generated by s,, s,,.... can have no system of imprimi- 
tivity of 8 or 9 letters. Second, it can have no system of two letters because 
of (s,s,)”. Third, because of 5,)*, 8,, Jointly, a system of three, four or 
six letters involving a common letter can not be chosen in more than one way, 
Hence H, is intransitive, and we assume for the moment that the larger. 

constituent is of degree 16. Let 

= (a, d,) (2, (8, (8; (8, 
Since s, generates with each of the substitutions s,, s,, ¢,,¢,,¢; a group of 
degree 16 or 18, s, fixes a,, d,, b,, €,, C,, 4, 6,, a,, and only c, and e, remain 
to fill the four places with B,,...., 8,. Let 

8; = (a,a,) (8, —) (8, —) (8; —) (8, —) (——). 
For the same reason as before s; fixes D,, d,, d,, by, The 
substitutions and transform D,, 


into itself and consequently s, = (a,d,).... and s;=(d,a,).... earry with 
them s; = (a,d,)...., ete. Likewise (a,/,).... and (a,f,).... are conjugate. 
However, (a,/,).... can not in this case give a constituent of degree 16. 


Assume the larger constituent to be of degree 12. Let 


(4, f,) (2, —) (8, —) (——) (——), 
where no letter d,, d,, €,, is replaced by 3, or The second 
constituent is of degree 6 or 8. 
Suppose the second constituent of degree 8: 


8s = (a,f,) (01 —) (8. —) (8; —) fo, 
As before, s, fixes a,, f,, b,, 6, ¢,, leaving only b, and c, to fill the three places 
with 8,, 8, and If 

fixes b,, f,, C2, fo, 52, 

Suppose the second constituent of degree 6, and let 

Neither }s,, ,{ nor }t,, s,; can be of degree 15. For were they of degree 15, 
the letters d,d,e,e,a,a, would form one of the constituents of degree 6 in 
‘s,, S3¢ and }t,, s,{. Not being united to new letters they can not form a set 
of three letters. But since s, and ¢, have only two cycles in these letters (as 
has s,), this is not possible. If }s,, s,{ is of degree 15, s, must displace either 
c, or Z, but from }t,, s,{, 8, fixes both c, and ¢. Hence a,, f,, b,, ¢ and c, are 
fixed by s,, leaving only 6, and c, for the cycles with @,, 8, and B,. Let 
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Since, as. before, .}t,, s,} and }t¢,, s,{ can not be of degree 15, s, fixes f, and f,, 
and therefore neither }{s,, s,{ nor {¢,, s,{ is of degree 15. For since s, has 
only four letters of one constituent of degree 6, it must have six letters of the 
other. Then b,, f,,¢,, f,, b., ¢, are fixed, leaving only a, free to enter s,. 

If s, =(a,d,)...., the second set is of degree 3,4 or 6. Let 


= (a, d,) (——) (——) (7; (f2B2) (¢ 
From js,, s3{, ss fixes a, and d,. Hence }t;, s,{ is such a group as D,, and s, 
displaces one but not. both the letters a, and a,. But this would make }s,, s.} 
of degree 17. Let 


(@,@,) (——) (——) Ba) 


From {s,, s,{, s, must have the cycle (a,a,). Now }s,, s,$ is of degree 16 or 
18, so that s, fixes b,, d,, c,, and e,. From }t,, ss}, s, fixes c,,d,,b,, and e,, so 
that no letter is left for the third cycle of s,. Now let the second set have just 
one new letter 8. This constituent of degree 4 is of order 24. Since H, con- 
tains no substitution of degree 12 connecting the set a,.... and the set d,.... 
of D,, without a new letter @, the constituent of degree 12 is of order 48, and 
t; is invariant in H,. Then 
S3 = (a,d,) (8, 

Now ¢ is new to f, to s,, f, to t,, and with s,, s,, and severally, s, 
generates a group that has a constituent on six or more letters. In one of the 
groups {58,, Sat, 45, Sst, has a cyele of “new letters,” either (/,3), 
({.8) or (¢8). That group can not be the D,, because s, can not join the 
ey¢le (f,f,) to another cycle of s,; similar statements hold for (/,¢), (f,¢) and 
s,, t,, respectively. Hence that group can only be D,,. If 


4s,,8,¢ is not D,,. Nor if 
can {s,, be D,,. Then 
and fixes c,,a,,b,,a,. Now js,, s,} is of degree 14, that is, it is D,,, and 
therefore 
8, = (a, d,) (a (f: 8) (f2$) (€2 —) —) 
the two undetermined letters must be from the same cycle of s,, but because 
{t,, Sgt is of degree 16, those two letters are b, and c,. Let 


Sz = (4, a,) 
30 
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Since (a,a,) is a cycle of s,, }s,, s,{ is not of degree 15, and therefore s, dis- 
places ¢. Let us try 


S83 = 
To this is conjugate under b,c,: b,c,+ b,d,+ f, fe. 
Now $s,, S3¢, aS above, is of degree 16, and hence s, fixes b,, d,,¢,, e. It has 
d, and e, in different cycles, accompanied by the only letters we have new to 
s,: b, andc,. Then 


or 


Before further study of s, and s;’, let us consider 


Ss = (4, (¢B)..... 
Since }s,, s,} is D,,, s, and s, have a cycle in common. If this common cycle 
is not (/,f,), 53; replaces an f by a letter of another cycle of s,. In the two 
remaining cycles we have one letter each from the cycles (b,b,), (¢,¢,), (d,d,), 
€,é,). Now js,, s,$ can not be of degree 15. If }{s,, s,{ is of degree 14, 
S, displaces b,, ¢,, d,, &. If }s,, s,} is of degree 16, s, displaces b,, c,, d,, €,. 
We may have 


$3 = B+ b,c, . 
83 
and their conjugates under b,c, b,c, d,d, f, fo. 
Now pass to H,; we have only to consider the degrees 20 and 21. Let 
From }5,, Sify Sy fixes Now 3,{ is of 
degree 18; it can not be D,, because a, is fixed by s,, nor can it be D,, because 
both b, and c, are fixed. These are the only possibilities. Let 
8, = (4,0) (¥1—) —) —) —) —)- 
This s, fixes b,, f,, fo, ¢,. Because of }s,, s,{, 
but thus s, has eight letters new to ¢, and is not commutative with it. Let 
8, = (4,8) —) (¥s —) —) —)- 
Here }t,, s,{ is of higher degree than 18, and non-Abelian. 
Next let H, be of degree 20, and let 


8, = (4, f,) (——) (71 —) (v2 —) (¥s —) —)- 
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The groups {s,, 5,{, 5,4, }S3, (s, may be any one of the five 
substitutions s,;,.... given above) are of degree 16 or 18. Hence s, leaves 
fixed a,, f,, b,, %, ¢,,a,. Now St,, s,{ is of degree 17 and hence is of order 6; 
{t;, 8, is also of degree 17. But s, can not have a cycle in common with both 
t, and Let 
8, = (4,0) (——) —) (¥2 —) —) —)- 

This substitution fixes b,, f,, f,, b,, ¢,,a. The diedral group }s,, is 
so that s, displaces a,. This fact makes }{f,, s,{ impossible. Let 


5, = (4,8) (——) —) (¥2 —) (¥s —) —). 
From }t,, s,{ it is clear that s, fixes ¢ and a,. Since the products s,s, and 
t,s, have the cycle (a,a,8), they are of order 3. Hence s, displaces at least 
one f and at least one a, so that }s,, s,} and }{t,;, s,} are each of degree 18. 
Further, s, fixes one letter from each cycle of s, and ¢;. Then }t,, s,! is D,, 
and since from }s,, s,{ a, is seen to be fixed by s,, we have 


5, = (4, B) (fea) (¥: —-) (Y2 —) (%s —) —) (a4) (42) (9) 
or-else (a, 8) (f,a,)...., which we transform into s, = (f,a,).... by 
b,6,° + ° fife. 
From }t,, s,{, s, fixes e,; and from }t,, s,{, s, fixes d,, so that 


inconsistent with the remark that t,s, is of order 3. 
While the larger constituent of H, is of degree 12, the other may be of 
degree 3. Pass at once to H,. Let 


S,=(a,f,) (y; ) (y,—) (Ys om} 
Now 5, fixes a,, f,, 6,, G, ¢,; the product t,s,=(a,a,f,).... is of order 3 and 
of degree 18, which is not possible since both b, and c, are fixed. Let 


Here s, fixes b,, f,, fz, ¢,. From }s,, s,{ we have 


but now }t,, s,} is impossible. 
We return to D,, and seek s, under the assumption that H, has a con- 
stituent of degree 9. The other set has 6, 8, or 9 letters. First suppose that 
there are two constituents of degree 9. Let 


8, = (a, f,) (——) (——) (8, —) (8. —) (8: 
With @,,.... are united only letters d,, d,, €,, €,a,,a,. Since the letters 
with 6,, 8,, 8, can not come from three different cycles of s, or t,, the groups 
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and }t,, s,{ are not of degree 15. Then s, fixes a,, f,, ¢,, f... Because 
f and f, are fixed, both }s,, s,{ and {t,, s,| are of degree 16. Then s, fixes 
a, ora,,andd,ore,. It follows that s, displaces b,, b,, d,, é, in addition to 
an a and one of the letters d,, e,. But s, must displace an odd number of the 
letters d,, d,, 4,, Let 


8, = (4,0) (——) (——) (8; —) (8: (8s —)- 

Again }t,, s,{ and }t,, s,{ are not of degree 15; hence s, fixes b,, c,, f,, f,, in 
consequence of which each group is. of degree 16. Then s, fixes d, or e,, and 
fixes also one of the letters d, and e,. Hence the remaining five letters dis- 
placed by s, are a,, b,, ¢,,a,, 4). But as before, this gives an even number. of 

Suppose that there are not more than two new letters in the second con- 
stituent of H,. The isomorphism between the two constituents is simple. If a 
transitive group of degree less than 9 has a subgroup of order 9, it contains a 
eycle of three letters. Then to this circular substitution of order 3 there 
corresponds in the other constituent a substitution of degree 9. Since any 
substitution of degree 12 in G is regular, here is a substitution of order 3 and 
degree 12. 

In conclusion D,, is not a subgroup of a primitive group of class 12° of 
which the degree exceeds 20. 

It is now an easy matter to show that G may not include D,,. The three 
substitutions of order 2 in D,, are s,, 


Among the substitutions of G similar to s, there is a substitution s, which 
replaces f, by a letter of another set of D,,. There is not imposed upon this s, 
any other condition. Let 

First suppose s,s, = s,s,. The constituent on the letters a,, .... of 
‘s,, 83 =(a,f,) (a,f,)....{ is non-regular of degree 6 or more. But now that 
D,, has been rejected, this is not possible. Hence s,s,>s,s5,, and likewise 
SoS; F 8,8,. ‘Suppose that s,=(a,f,).... fixes f,. Then the letters a, and a,, 
which form a cycle of t, are also fixed. The product ts, =(a,f,f,).... requires 
that }t, s,{ be of order 6. But a characteristic of the groups of order 6 in our 
list is that each generator displaces at least one letter from each cycle of the 
other. If s, displaces f,, it displaces also a, and a,. The set a,,f,,f,,.... 
of. }s,, Ss{ can not include the letter a,. For that would put a non-regular 
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constituent of degree greater than four in }s,, s,{, and the presence of /, and f, 
in different cycles requires that the constituent on the letters a,, .... be 
regular of degree 6 or 8. Then 


S3 = (a,f;) (f.5,) 
To justify the cycle (f,b,): obviously the four sets b, c,d, e can be inter- 
changed at will; and if b, were to follow f,, {s,, s,} would be non-regular in 
the set a,,..... First suppose the set a,,.... to consist of 6 letters; then 


83 = (4, f,) (f20,) (bp 


and from }s,, s;} the fourth cycle is (b,a,) or else 
= (4, (bg ¢,) 45) a2)... 


and in all three cases s, has a cycle entirely new to s,, which D,, does not admit. 
Then suppose js,, s,| and }s,, s,} both of order 8: 


Ss = (4, f,) (b, 
Now 8s, will clearly leave fixed the letters of one set of D,,, the letters e,, e,, és, 
say. Hence both }s,, s,} and {s,, s,{ require that s, have the form of the “s,” 
in D,,, that is, s,; has no cycle new to s, or to s,. Let us see if this is possible. 
A consequence is that c, and not c, follows b, in s;. Then 


S3 = (4,f,) (Cy 
which after all has a cycle new to’s,. 
_ Thus D,, is no longer to be considered. 


The group D,, is of order 8 and has but three transitive sets. The sub- 
stitutions of order 2 and degree 12 in it are s,, 


or 


Sp = b, did, ef, * Ge, 
t, = dd, +b, a, + + d, ey fy ae, 
There is a substitution s,, similar to s,, which unites the set a, a,b, b,c, c,d, d, 
to one of the other sets of D,,, and which has not more than one new letter in 
any cycle. This s, is subject to the condition that it displaces as few letters 
as any substitution of the series s,,.... which replaces a, by a letter of one 
of the other two sets. The degree of the extended constituent is 12, 16 or 18. 
If the degree is 18, H, is transitive. Let 


8, = (4,¢,) (——) (8,—) (8;—) (8s —) (8,—). 
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Now s, is not commutative with any of the five substitutions of order 2 above, 
and since H, is transitive, displaces both a, anda,. Therefore 
S83 = (a, (a,—) (4, 8,) (B,—) (Bs —) (B,—) (Ge) (be) (Fe) 
and but b,, d, and d, are left for the remaining four places. Since D,, is in- 
variant under all the substitutions of the group 
there remains in this connection only 


= (a,a,) (——) (8, —) (8,—) (8,—)(8,—). 


Now s;, fixes a,, so that {s,, s,{ is of degree 17. 
Suppose H, transitive of degree 16, and first let 


If }s,, Sgt, {t,, and are of degree 15 (D,,), s, displaces d,, €,, Co, fo, 
c, and f, in its last two cycles, an absurdity. Hence s, displaces a,, and in 
consequence fixes a,, €,, C,, f., ¢,, f,. Now s, can not be formed for lack of 


letters. Let 

Sz = a) (a, —) (8B, —) (8, —) 
One of the letters e,, e,, f,, f, is in the cycle with a,. If necessary, transform 
s, by a substitution of 


so that s, may be written 


(a, a,) (€, a) (8, —-) (8, —) 
Since }{s,, s,{ and }t,, s,{ are of degree 16, they require the contradictory forms 
for s,: 
and (B,¢,) 
Then H, is transitive. 
Suppose the larger constituent of degree 16. Then 


Ss = (a, €,) (8; —) (8, —) (8s —) (8, —) (——), 

where a, or a,, if displaced, is in the last cycle only. Now s, fixes a,, é,, 
fis Coy fos leaving only the five letters b,, d,, d,, a,, a, with the aid of a 
new letter y to fill the six places vacant in s,. But if y is displaced, a, or a, 
is certainly fixed. 

Suppose the first constituent to be of degree 12. Let s, unite the sets 
a,,..-. ande,,.... of D,,. There is no new letter in this extended constituent, 
and s, can not displace more than two new letters. Assume then 


= (@, e,) (a, (a, 


E 
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The three groups ssf, jt,, and }t,, are Abelian. Hence 


= (a, (a, (C, (a, 8,) (a, 


which is inconsistent with s,. Let 


S3 = (4,¢,) (a,8)...., 
leaving a, fixed. One constituent of H, is of order 6, and to identity. corre- 
sponds an invariant subgroup of degree 12 and class 12: the group }s,, ¢,}. 
Hence the larger constituent is of order 24. Its class is 10. Its positive sub- 
group has four subgroups of order 3 and hence is the regular tetrahedral 
group. Hence s, is not commutative with ¢,, but is commutative with s, or 
else transforms s, into ¢,. First assume s,s, = s,s,, and let 


83 = a, Ay a, 8. (a,) 
Since (a,a,) is not a cycle of s,, }s,, s,{ is not of degree 14, and s, displaces f,: 


= (4; €,) (by —) (fi—) (4 (41 B) (72 —) (a2) (di). 
Now that cycle which s, has in common with s, is evidently (b,b,), and since 
\t,, Ss} is of degree 15, d, is fixed. Then (c¢,f,) is a cycle of s,. Therefore 
when 5, S, = S35), S, 1s determined as 

The substitution a,c. b,d, transforms s, into f,, s, into and s,s, 
into a substitution s3 = @,¢,° ¢,f,:a,@.... commutative with ¢, and not with s,_ 
Hence s, as determined above is unique. 

We take with H, a substitution s,, which with it generates a transitive 
group on 16, 18 or 20 letters. If the degree is 16 or 18, systems of imprimi- 
tivity of 8 or 9 letters are impossible. Nor, because of 

So 8g = A, fb, + by ye, a, Bas, 
are systems of two letters possible. There may not be more than one system 
containing a given letter (y) of three, four or six letters. Then we have only 
to study the transitive group of degree 20. Let 

S,= (414) —) —) (¥8 —) —) (¥5—). 
At once we note that s, fixes b,, ay, dz, B, and from s,s,, €. Then }s,, s,| 
is D,,, so that 

but }t,, s,{ is also Djs, now impossible. 

Now H, can not be a group with one constituent of degree 12 and one of 
degree 2. For the subgroup leaving fixed the two letters of the second set 
is of class 12 and can only be of order 4. 


243 
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If s, joins the sets a,,.... and a,,.... of Dy (to form a constituent of 
degree 12 in H,), there are just two new letters in this set, while the degree of 
the other constituent is 4 or 6. Let 


Ss = (a, (8, (3;—) (——) ("1 —) (72 =). 


Clearly s, fixes a, and }s,, s,{ is of degree 17. Let 


= (8, —) 


with no new letters other than 8, and @,. In ease this substitution s, can be 
set up without contradiction, there is a substitution s, = (a,e,).... with at 
most one new letter in any cycle; and if 


g, = (ee) +, 


for example, consider the transform of D,. by s,, bearing in mind that no sub- 
stitution of the series s,,.... that connects the two sets of H, displaces fewer 
new letters than s,. The transform of D,, by s, fixes B, and 6,. Then with 
the substitutions s,, so, t,, t2, t, before us it is seen that s, must replace the 
letters a., b,, do, Co, ¢; by letters not a part of the set a,, ...., that is, 
that these five letters must be in different cycles of s,, which is impossible. 
Hence s, does not replace 3, or B, by a new letter, but is simply a substitution 
uniting a,,.... and é,,.... in a set of degree 12 or more, and with at most 
one letter new to D,, in any cycle. It has already been seen that this is not 
possible. 

With D,,, D,, disappears from our list. 

Consider D,,. We shall make use of the substitutions s,, 


Since there is in D,, a set of six letters, there is a substitution s, similar to s, 
which replaces a, by a letter of some of the three other sets and which has at 
most one new letter in any cycle. The substitutions of the group 


1d, * dye, ° dg, eC, Cy bec, dy dy 


transform D,, into itself and hence we need only put 


If }s,, s,....{ is a transitive group on 16 or 18 letters, systems of imprimi- 


tivity of two, eight or nine letters are not possible. A system of three letters 
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can be chosen in but one way, and a system of four or six letters .in three ways 
at most. Then D,, can not lead to a transitive group of lower degree than 20. 
Let 

Ss = (a, d,) (Ys (%s —): 
without condition upon the number of constituents in H,. There is no cycle 
of new letters in s,. Since }s,, and }s,, s;{ are non-Abelian, s, fixes d., 
b, and @, and again from s,, b,. Both a, and b, being fixed, }t, s;} is Dis, so that 


which, however, generates with s, a group of degree 17. 

Let us remove the condition that there is no cycle of new letters in s,. 
Suppose y; replaced by a letter 6. The group }s,, s,{ is of degree 18 and 
non-Abelian. Then s, fixes a,, d., b,, and 6, so that s,} is of degree 
greater than 18, an impossibility. Nor could there be more cycles new to D,; 
in s,. In the same way let 


where. y,, ¥2, Y¥3, ¥, are the only letters new to D,; in s,. Since }s,, s,} and 
{s, S3{ are non-Abelian, s, fixes a,, d,, b, and 6. The group $t,s,{ is of 
degree 18 (d, and 6 being fixed by s,), so that s, displaces e, or f;, not both, 
and replaces c, by a letter new to ¢. If s, replaces ¢, by e, or f,, s, fixes 
C,, b, €, or fp, and e or ¢. Not enough letters are left to replace the four 


Sz = (a, d,) 


From s,, ¢, is replaced by a letter new to s,, and from ft, b, being fixed, c, is 
replaced by ¢ or.f, not by y,,..... Then s, fixes e, or f,, and since }5,, s,{ 
can not be of degree 17, s, fixes both e, and f,. But from }s,, s,/, if f; is re- 
placed by a y, so also is f,. Since now @,, é2, /,, f. and b, are fixed, } 5s), 
is impossible. Suppose s, has one other new letter (@) in the cycle (By). 
If s, 8, = 8,8, 

which is not consistent with s,. Then }s,, s,{ is of degree 18, and s, fixes 
a, and d,. From s, fixes b, and 4; from f¢, it fixes e, and f,. Now from s,, 
8, displaces one, not both, the letters ¢ and Z, while from s,, either s,=(ef).... 
or fixes both «and ¢. If s, has two or more letters @,, B,,.... in the last 
four cycles, {t, s,' is impossible. 

We now are in position to say that if s is a substitution of G similar to s,, 
which ‘replaces a, by a letter of one of the three remaining sets of ws s has 
new letters in not more than three of its cycles. 

31 


| 
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Let s, displace just three new letters in three cycles: 
S3 = (a,d,) (——) (——) —) (ys ot} 
If s, and s, are commutative, 
= (a, d;) (a, d,) (——) (64:1) (€ (Cys); 


but since {s,, s,{ is of degree 16 or more, s, fixes 6. Then s, is not commuta- 
tive with s,, nor, in like manner, with s,. If }s,, s,} is of degree 15, 
Ss = (a, (4, —) (d, —) (¥1 —) (%2 —) —); 

and fixes, since }s,, s,} is of higher degree, b, in addition to 6, e, and %. If c¢, 
is fixed, the second and third cycles of s,, because of ¢t, contain e, and f,, which 
s, does not admit. From ¢, c, follows y,; from s, and s,,-b, is replaced by a 
letter new to s, and to s,, by y,; a, is replaced by a letter of s, (c, being fixed) 
that is new to #, by e,: 


From s, the remaining letter should be f,, and from ¢t, f,. After transforming 
(a, d;)....{ by a,b, bo ¢, + + we conclude that both s,! 
and }s., s;{ are of degree 16 or more. The letters a,, d,, b,, 6, € or Z, & or f, 
are fixed by s,. As there remain seven places to fill in s,, no other letter of 
D,,; is fixed by s,. Now c, must be replaced by a letter new to ¢t, by y, or by e,. 
If s;=(c,@,)...., ¢, is fixed. Nowif s,=(a,d,)(@¥y,)...., ¢, 18 followed by 
a letter of t, not in s,: by e or Z, whence e, or f, is fixed. 
It is proved that s, has not just three new letters, one to a cycle. 


Let s, have just two new letters in distinct cycles. If s, and s, are com- 
mutative we can not have 
S3 = (a, d,) (a, de) (y,6) (2 


because then the set a,,.... of {5,53} is non-regular of degree 5 or more. 


Then put 
= (a, d,) (dy dz) (8). 

Both }s,, and are of degree 16, so that e,, f,, are replaced by 
letters new to s, and t. But this makes }s,, s,{ of degree 17. Then s, is not 
commutative with s, or s,. Suppose both }{s,, s,} and }s., s,} of degree 16. 
Now s, fixes a,, d,,b,,6, and e,, say, and can fix no other letter of D,;. 
From s,, b, must be replaced by e,, which, since }t, s,{ is also of degree 16, is 
Suppose }s,, s;{ of degree 15 and }s,, s,{ of degree 16: s, fixes 


not possible. 


z= 
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b,, 6, 2, say, e or Z, e, or f,.. No other letter of D,; is fixed by s,. The group 
}t, is of degree 16. 


= (4, (a2 —) —) (——) —) —). 
From ¢, c, is followed by d, or e,. But 
S3 = (a, d,) Cy) 
requires that s, fixes c, and b,, and 


Sz = 4,) (a2 —) (dp —) €2) —-) (Y2 —) 
has but two letters new to s,. Then both }s,, s,} and }s,, s,{ are of degree 15; 
ss fixes two of the letters 0, e, €, both e, and f,, and only one of the letters 
e, and f,, e,, say. Hence }s,, s,} is not of degree 15 (e, and e, being fixed). 

Let H, be intransitive and of degree 16. The constituent a,,...., d,,.... 
is of degree 9 or 12. Then the letter y is in the set /,, f,,¢ on four letters. 
Three constituents of the degrees 9, 3, and 4 entail the presence of a substitu- 
tion of degree 12 and order 3 in H,. Hence H, has just two constituents. 
Now s, must have letters new to H, in at least four cycles, and can therefore 
only be 

Unless s, replaces by letters not belonging to this set of six 
letters, it is possible to choose a substitution o from D,, such that s,0~1s,0 8, 
replaces a letter of the set a,,.... of D,; by a letter of another set (/,, f., [)‘ 
and has letters new to D,; in more than three cycles. The condition that s, 
fixes a letter a,, ...., C, or transposes two of them is satisfied, because s, uses 
one cycle to transpose an f,,.... and y. 

If H, is of degree 15, s, certainly displaces letters new to D3, without a 
eycle of new letters. But we have shown that s, does not exist. 

Any non-Abelian diedral rotation group generated by two substitutions 
similar to s,, and contained in a primitive group of class 12 and of degree 
greater than 20, is therefore of degree 16 or 18. 

The group which now seems to offer least difficulty is D,. Other than the 
identity its substitutions are s,, 

t = a,b, a,b, Cod, fo * 

All substitutions similar to s,, which unite sets of D,, may be transformed 
into s,=(a,¢,).... by 


under which D, is invariant. 
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_ First suppose that no s, which joins sets of D, is free from a cycle of new 
letters. Then s, displaces all the letters of the sets united. Since H, can not 
be regular of order 12, all three sets are not united. Now s, displaces the 
eight letters a,,....,¢,....,and is therefore commutative with s, and s.. 
Hence it fixes each of the four letters e,, é., f,, f., and is uniquely 


This s, is obtained under the assumption that it displaces the minimum number 
of new letters. For later developments consider any substitution 

S = (@,C,) (@,a,).... 

of degree 12. If s is commutative with both s, and s,, it is identical with s, 
above. Let s,s,—s,s,. Then s has at least four letters new to D,, and fixes 
a, and c,. The substitution ss,s has at most, and hence exactly, four letters 
new to s,, and since it joins sets of D,, has a cycle of new letters; but any 
substitution, as s s,s, that joins sets of D,, displaces the minimum number of 
new letters, and has a cycle of new letters, is of the same type as s,. Then 


= A, C, * A, 0, + - 


so that 

Then 
SSS = + Ay by + a, dy Cody Y2V 4 
not, as required, of the form of s,. Hence any substitution (a,c,)(a,a_)... 
of degree 12 coincides with s,. 

Let us next study a substitution 
$=(a@,a).... 

of degree 12. This substitution (a,a).... can join no sets of D,. The number 
of new letters displaced by it is 6, one to a cycle. One and only one of the 
groups S{, }t, s} is of order 8 (Dj). 

We now seek the substitution s,, (@,¢,).... or (ad,a,)...., with at most 
one new letter in any cycle. Every substitution similar to s,, which joins sets 
of such a group as D,, has, like s,, four new letters. Now }D,, s,} is sucha 
group, and hence the first four cycles of s, are fixed as + a,€,° bs fy. 
The product s,s, is of order 3, so that 


Before considering s,, let s,=(@,a,)..... Suppose }s,, s,{ of order 8. 
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after having transformed H, by e,/, + e.f., if necessary. If s,s, 5,83, s, fixes 
Ci) bs, C2, both e’s or else both f’s. Hence 


S, = (a, —) (d, —) (d, —) (€, —) (€2 —). 


Now }s,, s,{ must be of degree 18, and hence a,, d, or d, is replaced by a letter 
new to s,, requiring s, to displace c,, b, or b,. The substitution b,b, a, - d, d,¢, 
fi fee, permutes s,, cyclically, transforms s, into itself, and fixes the cycle 
(a,a,) of s,. Hence it is not necessary to investigate (a,a,).... under the 
assumption that }s., s,} is of order 8. 

There are two forms s, may have: 


, 
Sy = * A, a, Cy Be ° 
” 
Sy = 4,0, Df, . defy a, a5 ° Bs. 
The group }H,, s4{=H; has but two constituents. If s,=(a,e,)...., 
from }sj, 5, and }s,, s.{, at once 


We now have before us a transitive group of degree 18, in which no system of 
imprinitivity of g letters involving y, can be chosen in g+1 ways. Hence 


we are not concerned with this group. If s,;=(a,f,)...., from D,, 

and if s,=(ay,)...., from } sj, 


then }Hj,‘s,{ is transitive of degree 20 at most. Hence G is more than simply 
transitive. We may transform s, into (a,e,).... and this substitution must 
coincide with that form of s, above which gave the transitive group of degree 18. 
Having thrown out sj, we may remark that H, can not be a subgroup of a doubly 
transitive group. For were that the case s, could be transformed into(a,a,)..... 
In particular }s,, s,,5,,....{ must not lead us to a transitive group of degree 
less than 21. Consider 


Sy = 4,6; * A, b, bs Gs * 8: 8s, 


and = Now s, bears the same relation to }s,, sj} as s, does to 
\ $1, Se, S3{, So that s,s, = sj s;, and s, replaces the letters of the last two cycles 
of si by the letters of two of the preceding cycles. Then }s,, is 
transitive of degree less than 21. 

Finally assume that at least one substitution s, is to be found in the series 
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S,, S,.... which connects two or more sets of D, and has no cycle of new 
letters. Let 

Ss, is not commutative with s,, s. or ¢. Hence s, fixes the six remaining letters 
of the sets a,,.... andc,,.... of D,, requiring six new letters, while five is 


the most it can displace. 
Since D, is a subgroup of D,, and D,,, these two groups are, with D,, to be 


struck from our list. 

Now consider D,. The substitutions of order 2 are s,, 

Since D, is invariant under all the substitutions of the group 
we reduce all substitutions which replace a, by a letter of one of the other sets 
Without condition upon the number of new 
letters involved, let 


Obviously it is not commutative with either s, or s,. Then it fixes a,, b, or e,, 
and replaces b, by a letter new to ¢, but in s, and s,, which is absurd. Hence: 
No substitution of G, similar to s,, transposes one of the letters a,, a, 
b,, bey Cry Cay Giy dy With €,, OP 
Now assume that s, displaces the minimum number of letter new to D,, 
and that every such substitution has a cycle of new letters. Then s, displaces 
all the letters of the set a,.... of H,, and in consequence is commutative with 


both s, and s,. Hence 


$3 = A, C, * * b, d, body + € 


or 
The next substitution s,=(a,y,).... has no cycle of letters new to H,. 
Let us first attend to s;. Since }s,, 53! is a group D,, the substitution 
s,=(a,y,).... is not possible. 


Consider s,, with the assumption that s,s, =s,s,. Then 


(91) (CG 
If s, displaces a,, from s,, a, and c, are replaced by letters new to s,, so that s, 
interchanges the cycles (a,c,) and (6,6,) of s,. Now s,s, and ¢s, can only be 


of order 3; hence 
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Suppose a, fixed. If b, (or b,) is displaced we can transform the resulting 
substitution into the s, just given. Let s, fix a,,b, and b,. Then }s,, s,} is 
impossible. Next assume that s, and s, are not commutative. The letters 
c, and y, are fixed. Suppose a, displaced by s,. It is followed by a letter 
new to s,;: by a,, 6, ore. The first 


(471) 


is impossible because from s,, b, is displaced by s,, while from ¢, it is seen 
to be fixed. Let 
8, = (@_9,)..... 


The letters ¢,, ¢,, Y2, 6. are fixed. If s, and s, have a cycle in common it is 
(b,d,) or (b,d,). In either event }s,, s,{ is rendered impossible. Now since 
)S3, Sy{ is D,; or D,,, and since b,d, - + transforms H, into itself, 
Sy = (441) (a, (b;—) (d;—)...., 
where b, and d, are followed by letters not merely new to s,, but also new to D,. 
On consulting s,, this is seen to be impossible. If 
Sy = (491) (dee). 

C. is replaced by a letter of s, new to s,, an impossibility. Assume that s, 
fixes a,. We may add that it fixes b, and b,. Now }s,, s,{ is impossible. 

The unique substitution 

= Az 0, C209 ° * 


generates with H, a group with three transitive constituents. We need con- 


sider only 
and since 
and 


this case is complete. 

There remains the hypothesis that a substitution s, exists without a cycle 
of new letters. Let s, be commutative with s,. It is not commutative with s. 
Then b,, b., d,, d, are fixed. If s, and s, have the cycle (a,a,) in common, 
s, has a cycle of letters new to D,. If s, and s, have (e,e,) in common, 


, / 
S3 = * Cy fife a, 2; * Be. 
If s, has a, and a, in different cycles, and no cycle in common with s,, 
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Let s, be non-commutative with s,. Since 


Db, by dy + dy dy Cy * 


permutes s,, s, and ¢ cyclically, we assume s, non-commutative with s, and t. 
Then s, fixes a,, b2, d,, d,, and must displace e,, e,, f,, a, and an 


impossibility. 
' The next step is to set up-a substitution s, with s3; or s;. If we put 


Then D, does not occur in G, and with it go Dis, Dy;, Do and D,,, in which 
D, is a subgroup. 

Any two substitutions of G, similar to s,, which have a common cycle, or 
such that one has a cycle new to the other, are commutative. 


The next group we shall study is D,,. The substitutions of order 2 are 


D,; is invariant under the substitutions of the group. 
Gy * Ag & * by & Cf, * di 


The substitutions s, to be considered are 


Assume that any substitution similar to s, which connects two or more sets 
of D,, has a cycle of new letters. Nows; =(a,e,)....ands;’ =(a,c¢)....can 
not be commutative with both s, and s,. Then we have uniquely 


= aC, Ag Co b,d, b, As 8.2,. 


Now s, must be (a,a,)..... This s, can have no cycle new to D,; and hence 
does not unite two sets of D,;. Suppose s, not commutative with s,. Since 
now Ss, fixes c,, it must displace d, and d,, whence }s,, s,{ is of degree 16. Now 
s, should replace a, by a letter new to D,;, but this may not be, because s, and ¢, 
are commutative. Let s, and s, be commutative. If s, displaces a,, it replaces 
a, by b,, which }s,, s,{ does not permit. Then s, fixes a, and b,. Both b, and b, 
can not be fixed by s,, hence 


We determined e, and f, by means of the transformations e, & and ff, 
The substitution s, is now obviously out of the question. 
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There is in the series s,,.... at least one substitution which connects sets 
of D,; and has no cycle of new letters. Let 


Since s,¢, = ¢,s,, if s, is commutative with s, or ¢,, it is commutative with all 
the substitutions of D,,. Then it is not commutative with s, or t,. Suppose 
it is commutative with s,._ It fixes a,, b., c,, d,, and displaces the same letters 
as s,. Then s, fixes a, and b,, leading to the absurd conclusion that it is 
commutative with ¢,. Let 
If s, is commutative with s,, it is not commutative with s,, and vice-versa. 
Suppose 
fixing b,, b,,€,. Since ¢,s, is of order 3, one cycle of s, is (ey,), and another 
(we may transform by fi is (G2y2). Then we also have (f,c.) or 
(f.d,), determined arbitrarily by means of c¢,d,- c,d, as (f,c,). Then this 
substitution 
is unique. If s, is commutative with s,, we transform s, into the above by 
means of 4, & * C20, d,fo* Now assume that s, 
is non-commutative with both s, and s,. The letters a,., e,, b,, €, are fixed, 
so that s, is commutative with both ¢, and ¢,, which generate D,;. Let 


We first note that s, is not commutative with both s, and ?,. If s, is ecommu- 
tative with s,, 
Sg = Cy * C, * & * Ae * C18, By. 

Since a,b, fof, transposes s, and ¢,, we next assume 
that s,; is commutative with neither s, nor f,. Now s, fixes c, and d,, which 
would make it commutative with s,, an absurdity. 

There are now two groups H, that require attention. Let us first investi- 
gate that one generated by D,, and 


If G is doubly transitive there is in it a substitution 
= 
similar to s,.. From the preceding discussion we know that s must have a cycle 
new to D,; and hence is commutative with every substitution of D,;. But 
@ =e ae, BG. hd... 
32 
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is not possible. Then G is simply transitive and the transitive group H, is of 
degree 21 or more. Since the group }t,, s,¢,s,{ fixes a, and has a transitive 
set in the four letters d,, f., y. and another in the letters c,, d., ¢., there 
are two types to which s, reduces. One is 


S, = (a, d,) (8, —) (d. —) (ds 


This substitution is commutative with ¢,, so that b, or c, is replaced by 34,. 
But if s, is commutative with s,, both b, and ¢, are fixed by s,. The other 
type is 


S, = (a, (8;—) (&—) (8;—)....- 


If s, is commutative with neither s, nor ¢,, s, fixes a, and b,, whence s, should 
be commutative with ¢,. Obviously s, is not commutative with both s, and ¢,. 
If it is commutative with s,, 


S, = Cz) ¢,) (8, —) (6, —) (6; —) (——), 


and displaces in four cycles ¢,, &, ¢, and @. _ Since s, and s, are not commu- 
tative, s, must displace «, ¢,, y, and y, in the last four cycles. Both these 
conditions can not be satisfied. If s, is commutative with ¢,, 


since s, is commutative with s, because of the cycle (b,d,). But from }s,, s,} 
the four letters e,, e., f,;, f. are in four cycles of s,. 


There is still the substitution 
= Gy Cy * My Cy * * & * B, 


The substitution s, may be reduced to a single type. For we may apply to H, 
and s, all the transformations of 


an 


Then 


This substitution must have a cycle new to D,, and is in consequence commu- 
tative with every substitution of D,;. But such a substitution is at once seen 
to be out of the question. 

The only non-Abelian group now remaining in our list is the D,, of order 6. 
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D, and D, may be advantageously discussed together. ‘There are two 
types of substitutions to which s, may be reduced: (a@,c¢,).... and (a,e,)..... 
Now (a,¢,) (@,¢,).... iS not consistent with s,; and (a, é,) (a,@.)...., since 
SS, is of: order 3, must displace one of the letters c,, c, and not the other. 

Consider the three groups D, (i=7,8,9). A substitution s similar to s, 
can not replace one of the letters common to s, and s, by another letter of D,. 
Nor can s replace one of the letters of D; not in the common cycles by a letter 
new to D;.. The first remark is obviously true. In regard to the second, if s 
replaces a,, say, by x, s, replaces one letter of each of the common cycles by a 
letter new to D,;, and displaces one letter from every other cycle of s, and s,. 
Now this makes s of degree 13. It follows that substitutions of the series 
$1, So, .... do not with D, generate a transitive group. 

The third group of our list can also be rejected, as will now be shown. 
All the substitutions of the group 

transform D, into itself. Then s, is either (a,c,) or (@,@,)..... First, the 
substitution 
is unique. Passing at once to s,, we have for it four possibilities: 
Of these, the first gives a, * body + fo, which is here not 
possible. We conclude from this that G is not doubly transitive. The other 
three forms of s, give only 
= ad, - qd, b,¢,> - aya, 8, 8,, 
= 4,0, ° Diag. 03°C, 83, 
Sy" = a, a, ° dB, pa, 
To dispose of this case it will be sufficient to show that all the above sub- 
stitutions sj, s, and s,’ lead to transitive groups of degree less than 21. The 
substitution s, to be adjoined to H, = }Hsz, s4} is 


Da, Co By dy By By fay; 
and in both cases H’ is of degree 20 and transitive. In connection with 
Hi = }H,, |, there is only 


or 
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which likewise gives a transitive group of degree 20. To H;,” = }Hg, s{’’! 
there is the single substitution 


making H;,” transitive of degree 20. The present result may be stated thus: 
There is no substitution s, similar to s,;, which replaces one of the letters 
by, be, C2, d,, d, by one of the letters e€,, G2, Such 
a substitution could be transformed, by a substitution which leaves D, invariant, 
into (@,@,)..... 
In the second place, let 


S3 = A, C, * b,d, by dy 0, 65. 


Now s, must replace a, by y,, say. But s,=(a,y,).... bears the same rela- 
tion to }s,, s3{ as (@,e,).... bears to }s,, s,{. Hence the group D, may also 
be struck from our list. There remain only D,, D, and Dy. 

The substitutions of order 2 in D,, are 


8; = a, a,° b, b, ° d, fife, 
So = Az ° b, * C3 d, d; * fifs, 


There is in G a substitution s, which is non-commutative with two of these 
substitutions, with s, and s,, say. Now s, may or may not join two sets of D,,. 
First assume that sets are connected: 


Se — Ay bg a, by C,C, d,d, €, 6,4 
In H, are also present 


tz = a,b, + + dgdy fg fy. 
Extend H, by 
= B,C, Ugly * Ag ly * fy fe; 
or by 
A, Cg * * by dod; fofs. 
Since these two substitutions are conjugate under 


which transforms s,, s,,¢, imto ¢t;, s., S,; respectively, we use the first only. 
Note the substitutions of H,: 
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=.a,¢, b,c, + bye, dd, ee, 

Next we have 

8, = 4d, + by foes, 
or 

The group H, = }H,, s;{ has two constituents, the first of which is the Gij¥, 
and the second is an imprimitive group, having five systems of two letters 
each permuted according to the G3,. The head of the second constituent is 
obviously 


of order 16. The intransitive subgroup 


is maximal, so that this group certainly has a primitive representation of order 
1920 on 16 letters. For the moment let the symbols (they are not substitutions) 
1, 12, 18, 14, 15, 23, 24, 25, 34, 35, 45, 1234, 1235, 1245, 1345, 2345 
represent the substitutions of the Abelian group Ff. If now the group A is 


transformed by these 16 substitutions in the order indicated, and if with these 
16 subgroups the letters 


A, bs, be, C1, Di, Az, Co, Czy Cy, ds, dg, de, a, 
are associated, the generators 


permute the 16 subgroups of order 120 according to the substitutions 


respectively. Hence the intransitive group H; is exactly of order 1920. 
Continuing the study of this group H, of order 1920, we write out for 
reference 


big 0, dy Dads Gg big = Cg dy Cg 
tig = fg esfi, ty =O ey es fe, 
tis = Cgd,+ fe. 


257. 
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The only substitution uniting the two sets of H, that need be considered is 


which with H, generates a primitive group of degree 27. That in H, the sub- 
group leaving 4 fixed is actually H, is a consequence of the equations 


Sg S3 Sg = S3 Sg S3, 


$655 Sg = 55,5555, 


by means of which any substitution of }H,, s,{ can be put in the form 
V, or 


where V,, V,, V; are substitutions of H,.* 
Can a larger group including H, contain other substitutions similar to s,? 
H, does not transform such a substitution into one of its own members. 
Hence we have only to consider (Ad;)...., say. This gives uniquely (using 
85 tig Sp tig 8; = (Au) (de (ds es) (dy (ds €5) ) 
S, = Ad, a,b, a,b, + e,u. 


which does actually with H, generate a doubly transitive group of degree 28 
and class 12. There remains only the question whether H, or H, may be con- 
tained invariantly in larger groups of degree 27 or 28. 

It is enough to consider H,. Let G, be the subgroup of G® that leaves 
the letter u fixed. It is assumed that H, is invariant in G, and in consequence 
H, is invariant in G,. Then G, is not transitive but has the same two sets of 
letters as H,. But the constituent of degree 16 in H, is not invariant in a 
larger group of degree 16. 

We return to the group 


}H,, 85 = @,d, + Agds C,d, * fi, fe}. 


The constituents of H; are the G73;° and the two Gj,._ For use in the following 
steps we note 


t; = a, bod, c,d; ° = bd, b, ds Cod, Teles 
= b, dz + Cyd,° C3 fafa, tig = 0,4, Code * Cy dy C,d,° €,€,° fy fa. 


Next we have 
or 
S = 0,6, * bye, As fe. 


* Cf. JORDAN, “Traité des Substitutions,” 1870, p. 30. 


S65155= 51, 
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The substitution s gives a transitive group whose generators taken in order 


correspond to 
Soy Sqy Sey S55 


in fact these substitutions are transformed into 


, 
$1, S3y Sq, 85, Sy 
respectively, by 


Proceeding with sg, we note 


, , 
, 
, 3 
tig = d,€,° d, €,+ fef;- 
Now we have 
, 


S7 = G,f,° asf, bof, eds. 


or 


Since d,f,-d,f.°dsfs-d,f,:d;f,;:Ae,: uf, is commutative with s,, s,, 53, S,, 
and transforms s,; and s, into s; and s; respectively, only s; is to be considered. 
The group } Hj, = es es has two transitive con- 
stituents, the primitive G73;° and the imprimitive G%,,,.. The relations 
, = , , , , , 
87 8) = $7 S387 = 838783, 878587 = 858785, 
, , , , , , , , , , , , , 
878287 = Sq, 875487 = 848784, 87 (8687 87 = 86 S786 8g 57 Se 
show that the primitive group H; really has }Hj;, s¢s;s5; as its subgroup 
leaving f, fixed. This group H; is simply isomorphic to the Gj,. It is not 
invariant in a larger group of the same degree. Then any larger group con- 
taining it has a substitution similar to s, new to H;. After transformation 
by the substitutions of |Hj, s¢s;5¢{, there are two types of substitutions in- 
volving f,; which offer a chance of extending H;: (f,e,).... and (f,¢,).<... 
The first, f,e,:a@,f,...., 18s already in H;, and the second, 


is the substitution s, already discussed. 
We return to D,,, and assume that s, does not join sets of D.,. Then 


S3 = 4, 4,° b, b, d, d, €,€,° tides 
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There exists a substitution s, which connects the above letters with new letters, 
and since we have discussed the case where s, connects sets of such a group 
as }S,, S,} and is not commutative with all its substitutions, we have uniquely 


and similarly, 
Now there exists a substitution s, that connects two sets of H, and has no cycle 


of new letters: 


uniquely, and so on, 
The transitive group H,, is imprimitive of degree 36 and order (6!)”. It is 
36, 12 


contained in one and only one primitive group G3"\;. 


TuRIN, ITaty, February, 1911. 


The Cartesian Oval and the Elliptic Functions p and o. 


By Cruara Latimer Bacon. 


The object of this paper is to show that the leading properties of the Car- 
tesian oval, as developed in such texts as Williamson’s “ Differential Calculus,” 
Salmon’s “Higher Plane Curves” or Loria’s “Spezielle Algebraische und 
Transcendente Ebene Kurven,” may be readily deduced from the Weierstrass 
elliptic functions p and o, and that they give a geometric interpretation to the 
standard formule of these functions. 

Greenhill has used these functions in connection with the Cartesian oval 
(Proc. London Math. Soc., t. XVII, 1886, and also his treatise on “ Elliptic 
Functions,” Arts. 236, 248 and 249) and has deduced the relations between the 
focal radii, though we have given a more symmetric form to these relations by 
the introduction of the triple focus. 

Professor Frank Morley published a note on the subject some years ago in 
the Haverford Studies. (See also Harkness and Morley, “Treatise on the 
Theory of Functions,” p. 336.) 

When the w-plane is mapped on the z-plane by means of the equation 


where Q is a quartic in 2, to lines in the u-plane parallel to the real or imag- 
inary axis, correspond in the 2-plane bicircular quartics whose real foci are the 
zeros of Q, provided these zeros are concylic or anticyclic. (Greenhill, Camb. 
Phil. Proc., t. IV; Franklin, American JournaL or Matuematics, Vol. XI, 3 
and Vol. XII, 4.) 

The problem of reducing this form to the Weierstrass form which we use, 
where one focus is at infinity, is analogous to the reduction of the bicircular 
quartic to the Cartesian. (Salmon, “ Higher Plane Curves,” Art. 280.) 


1. Preliminary Examples in Mapping. 


We let x=pu. Then 

(Harkness and Morley, “Introduction to Analytic Functions,” p. 259, (16).) 


33 


dx 
du= VQ’ 


262 Bacon: The Cartesian Oval and the Elliptic Functions p and o. 


Hence 


We may suppose g, and g, to be real and 


A=g3—2g?>0. 
Then e,, e, and e, are real. 


Let e,>e,>e,. Since, when r<e,, is imaginary and, when z>e,, 


is real, we have a real period 2, and a purely imaginary period 2a,. Hence 
the parallelogram of periods is a rectangle. We write for symmetry 
@, 
Let uw describe some path in the uw-plane and trace the corresponding path 
of x in the a-plane. 

For example, let wu move from 0 to o, along the real axis. Then pu or & is 
real and decreases from infinity to e,. If wu bends to the left to avoid the crit- 
ical point w, in a quarter circle about it, x turns to the left and describes a 
semicircle about e,, as the isogonality breaks down at this point and the angle 
which u makes about @, is one-half that which x makes about e,. And so, as u 
describes the perimeter of the parallelogram 0, w,,—,, @,, 2 traverses the real 
axis from plus infinity to minus infinity. (Burkhardt, “Functionen Theorie,” 
Vol. II, $ 86, IX.) | 

As u goes from 0 to 20,, passing to the left in a semicircle about ,, x 
moves from plus infinity to e,, then in a circle to the left about e, and back to 
plus infinity. 

Any point within the parallelogram 0, @,, —@,, @, is mapped into a point 
on the negative half otf the xz-plane. The map of the whole period parallelo- 
eram doubly covers the 2-plane, since pu is an elliptic function of the second 


order. 


2. The Map of a Vertical Line and the Equation of the Curve. 


ae 


Suppose u to describe a line parallel to the axis of imaginaries and ata 
distance a from it. Let 


u=a+is 
and 

i=a—ip. 
Then the equation of the line is 

u+u=2a, 


u and @ being conjugate and «a real. 


dx 
(1) 
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Since 
6 


1 

pu= 

(Tannery and Molk, “Théorie des Fonctions Elliptiques,” IX, 3) and g, and 
gz are real by hypothesis, 


and 


x=p(at+iB)=pu 
(2) 
(a—iB) = pu 
are conjugate complex numbers. (Burkhardt, Vol. Il, § 85; Vol. I,§ 71.) To 
find the curve in x which corresponds to the vertical through a traced by u, 
eliminate 8 between equations (1) and (2) by means of an addition theorem 
which gives the relation between p(u+v), pu and pv. 
To obtain this theorem we have 
p?u=4p*u—g,pu— 9s. 

Consider 

p'u—cpu—c’, 
where c and c’ are constants. It is an elliptic function with the same periods 
as pu. It has an infinity of the third order at u=0. Therefore it has three 
zeros u, v and w, such that 

utv+w=0. 
For each of these points 


(cpu+c’)?= 


or 
4p?u—c’p*u— (2cc’+g9,) pu— 93) =0. 

Then 

S,=pu+pv+pw= 

S,=pu pv+ pu pu pw= — (2cc’+ 9,), 

Ss=pu pv pw= 

Therefore 


from which we get an addition theorem: 


(s, + : =8, (45,—g;). 
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In this theorem substitute 


u=at+ip, 


v=a—iB, 


whence 


w——2a. 


For the sake of brevity, write A for p2a or p(—2a). Then 


S,=a2+2+A, 
S,= 
Therefore 


The coefficient of 2? is 
Speaking projectively, this gives the tangents at the circular point J or J and 
the equation is that of a bicircular quartic, with cusps at J and J; that is, a 
Cartesian oval. 
The cusp tangents at J and J, 


x—A=0 


and 
z—A=—0, 
meet at the triple focus A corresponding to the point w= 2a. 
To obtain the single foci, we have the two equations: 
x-discriminant =—0, 


and 


x-disecriminant —0. 


Rearranging the equation of the curve according to the powers of 2, we have: 


1 


Therefore the z-discriminant is 
* (44?—g,A —9gs) =0. 
Hence the single foci are e,, e, and és. 
The curve depends on the single constant p2a or A. It will therefore 
include the representation of four lines in the rectangle; namely, those which 


*Ifa=}o,, and so p2a or A causes the first factor of this equation to vanish, the Cartesian oval 


becomes a circle counted twice (see p. 266) and the foci accordingly are arbitrary. 
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meet the real axis at the four points a, o,—a, a,+a, 20,—a. If wis any one 
of these points, p2u= p2a. 


%- plane 
U- plane 
t 
t \ 


Let Since p(a+v) =p(20,—[a+v])=p(20,—a—v), the outer 
oval corresponds to the first and fourth lines, the p-function moving in clock- 
wise direction from the real axis as v moves up from a and in anti-clockwise 
direction as it moves up from 2@,—«a. 

Similarly the inner oval, taken twice in opposite directions, corresponds to 
the second and third lines. 

In the same way, to lines parallel to the real axis correspond Cartesian 
ovals with the same foci, as may be seen by interchanging a and v in this 
discussion. 

Since at every point w=(a+v) in the w-plane there is a line parallel to 
the axis of reals and one parallel to the axis of imaginaries, so through every 
point in the v-plane pass two orthogonal] Cartesian ovals corresponding to 
these two lines. 

3. The Inversion of the Curve into Itself. 
Among the formule for the p-function is 
(p[u+o,]—e,) (pu—e,) 
(Harkness and Morley, “Introduction to Analytic Functions,” p. 261, (20).) 
Therefore, if by quasi-inversion we mean ordinary inversion followed by re- 
flection in the real axis, a+v-+, is the quasi-inverse of a+v, and the inverse 
of a—v since the curve is symmetric with respect to the real axis. Hence the 
curve is its own inverse with respect to a circle with center e, and radius 
Ve,—e, Ve,—e, (a circle with radius real). 


pa 
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As a approaches is the two verticals through a and o,—a approach 


a the two ovals coincide and each is the 


coincidence. Therefore, if a= 9 


above-mentioned circle. 
An algebraic proof of this statement may be added. Substituting in 
equation (3), p. 264, 


and therefore 


and remembering that 


and 


we get 


or 


(x—e,) (~—e,) (€,—e,) (€;—é,) =0, 


which is a circle with center e, and radius Ve,—e, - Ve;—e,- 


Likewise 

[p(u+o,) —e,] [pu—e,] = (€,—e2) 
or, more generally, 

[p(w+a, )—e,] [pu—e,] = (e,—e,) (€,—€,), 
where 

A, #, v=1, 2, 3. 

Therefore the curve has three inversions into itself, one about each focus 
as center. (But the circle with e, as center is nullipartite, since its radius, 
Ve,—e, * Ve,—e,» 18 imaginary.) 


These three circles are orthogonal, since 
(€,—é,) (¢,—e,) + (€.—e,) (€,—e,) = (€,—e,)*. 

But the bicircular quartic in general inverts into itself from any one of its 
four foci, and the four circles of inversion are all orthogonal. The fourth 
focus of the Cartesian oval is at infinity and the real axis is the circle of infi- 
nite radius orthogonal to the other three circles of inversion. Hence inversion 
with respect to the fourth focus amounts to reflexion in the real axis. (S. Roberts, 
Proc. London Math. Soc., t. ITI, p. 108.) 

At first thought, it might appear possible to obtain any number of points 
on the curve from a given point by means of repeated quasi-inversions. But 
in fact we get a set of only four points. For, if 


2a=0, 
p2a=e,, 
1 
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[p(w+a,) —e,] [pu—e,] = (€,—e,) (€,—@,) 
and 


[p(u+o,) —e,] [pu—e,] = (e-—e,) (€.—eé,) 
and 


[p(u+a,) —e,] [pu—e,] = (e,—e,) (€.—e,); 
we get, by eliminating pu from the second and third equations, 
[p(u+o,)—é,] [p(u+o,) —e,] = (€,—@a)- 
Hence, if we say that pu and p(w+a,) are quasi-inverse as to e,, then p(u+a,) 
and p(u+o,) are also quasi-inverse as to e,. 


If we call inversion as to e, J, (A=1, 2,3) and reflexion in the real axis /, 

and let 

, 

, 

, 
where A, B and C are evidently the three quasi-inversions, then 1, A, B, 
C=AB form a “four group,” 

l= P= (AB). 

(Klein, “ Ikosaeder,” pp. 5, 13; Cayley, ‘“‘ Mathematical] Papers,” Vol. LI, p. 125.) 


uA 


U 
If we reflect these four points in the real axis, we get four other points, 
which, together with these, are the eight points of intersection of this curve 
with the confocal orthogonal Cartesian oval which passes through the point 
a+v; that is, the curve which is the map of the line in the u-plane through 
a+v parallel to the real axis. (For convenience we denote a point on the 
curve by its parameter.) 
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4, Focal Radit. 


If p, and p, are the focal radii of the curve, kp,+p,—constant is a well- 
known property of the curve, which may be derived in the following manner. 
A focal vector of any point on the curve is 


r=p(a+v)—e,, 
and of the conjugate point is 
r=p(a—v)—e,. 


Then the focal radius is 


Vrr= Vp(a+v) Vp —e,. 
But 


(Harkness and Morley, “Treatise on the Theory of Functions,” p. 307.) 
Hence 


Therefore p, is an elliptic function with the same periods 20,, 2a, and 2a, of 


the second order, with infinities at +a and residues + a* Likewise 


__ 6,(a+V):6,(a—v) 
(atv)-6(a—v) 


is an elliptic function with infinities at +a and residues + — - Let the dis- 


ah 


tance to the triple focus p2a from a single focus e, be a,. Therefore 
p2a—e,=A,, 
Vp2a—e,= Va, = 
Hence the residues of p, at +a are + V4,, of p, at +a are =V4,. Now if two 
homoperiodie elliptic functions, f,w and f,u, of the second order have the same 
infinitudes, c and c’, but different residues, 7, and r,, at an infinity c, then 


= constant. 

fou 
(Harkness and Morley, “Introduction to Analytic Functions,” p. 259, IT.) 
Therefore 


| —VA, 
po —VA, 
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that is, there is a linear relation between the focal radii. We proceed to find k. 


k= V2, Vp (a0) Va, Vp(a+0) 6, 


Or expanding, 


k =V4,Vp2a—e,+ p’2a(v—a).... 
— VA, V p2a—e, + p’2a(v—a) 
141 (v—a)+P(v—a).... | 

(a—v)L 
4} (v—a) +P(v—a).... |. 
(a—v)L 


Therefore as v apprvaches a 


p’2a 


or since 
Hence 
VA, VAs VAs (A,—Az) ’ 
or, more generally, 
VA, Pu— VA, VA, 
Two of three such equations give 
VA, As — AAs = VAs VA 
(Compare with Greenhill’s result, “Elliptic Functions,” Arts, 248 and 249.) 
From these equations, too, we obtain Panton’s form (Math. Quest. 2622, Ed. 
Times, t. XI, p. 56). 
VA, (As—Ag) pi + VAg(As—A1) pot VA3(A1—Aez) pg=0. 
The bifocal equation of the Cartesian oval, as ordinarily given, is 
lp, + mp,=n 
(Williamson, “ Differential Calculus,” p. 375), in which the upper sign belongs 
to the equation of the inner oval and the lower to that of the outer oval. 
Since for the outer oval, which maps a+v, v varying from 0 to 2a,, each 
of the quantities p,, p2.,VA, and VA, is positive, our form 
VAs Pi— VA, P2= Vg (A2—A,) 
is consistent with that given above. That it holds also for the inner oval may 
be explained in either of two ways: 
34 


270 Bacon: The Cartesian Oval and the Elliptic Functions p and o. 


(a) We may consider the inner oval as the map of a’+¥v, where a’=a+.,. 


0,20 
— remain positive, but Va, = 59 
2a 20 


Oz 


has passed a 


In that case p,, p, and Va, = 


zero (@,) of o,2a and is therefore negative, Hence the equation agrees in sign 


with the one usually given. 
(b) We may consider a as fixed and take as equations of the inner oval 


L=p(at+oa,+v) 


and 


p (a—a,—v), 


in which case V4, and V4, are unchanged and must be taken positively. To 


study the signs of p, and p,, let us look at the limiting case when v approaches 


zero. Then 


d,(a+@,) 6, (a—a,) 
G(ata,)- \ 


is positive, since o,(a+,) is negative, o,(a—o,) positive, o(a+w,) positive and 
o(a—o,) negative. (Tannery and Molk, “Théorie des Fonctions Elliptiques,” 
t.1, p. 201.) But 


(a+@,) 6, (a—a, ) 
a 


is negative, as o,(a+,) and o,(a—®o,) are both positive. Therefore our form 
of the equation holds equally well for the inner oval. 
Similarly it may be shown that each of the expressions 


Pv —A,A, 5 — + I, 


where p is the distance of any point on the curve from the triple focus. For 
[p(a+v)—p2a] [p(a—v) —p2a], 

which is an elliptic function of the second order with infinities at +a and resi- 

dues +p’2a. Hence 


smile, 
p p’2a 
or 
or 


k=p'2aVp(a+v)—e, Vp(a—v) —e, + VA, [p(a+v) —p2a- p(a—v) —p2a]. 


Taking, as before, the limiting value as v approaches a, we find 


_ Wa, , 2e 
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But since p”2a—4 (p2a—e,) (p2a—e,) (p2a—es), 
2p’2a p”2a=4p’2a[ (p2a—e,) (p2a—e,) + (p2a—e,) (p2a—es) 
+ (p2a—es) (p2a—e,) }. 


Therefore 
2a =2 + ) 
and 
—2VG, + VA, + Agha 
Hence 


—— 1 


Similarly we may obtain a relation between the distances of any point on 
the curve from the double tangent and from a single focus. The equation of 
the double tangent is 

cte+A=—0, 
as may be seen from equation (3), p. 264 (where d=p2a=—p(—2a)). If we 
denote by 7 the distance to 4 point of the curve from the double tangent, then 


2T=p(a+v)+p(a—v) +A. 
But if u+-v+w=—0, 


_1sp'u—p’vs? ‘ 
put p+ pw= = 


(Harkness and Morley, “Treatise on the Theory of Functions,” pp. 300, 304). 
Therefore 
_»)—%9qg 1] (atv) (a—v) 
which is an elliptic function of the second order with infinities at +a and resi- 
dues at +1. Hence 
V2T 1 


pi VA, 


or 
(atv) +f (a—v) —Vp(a+v) —e, Vp(a—v) —e, =k. 


Taking, again, the limit as v approaches a, we find 


2 VA, VA, 
Hence 
VA, VIT =i — 
or 


VA, V2T V2,A,« 
From these we could have obtained the formule derived previously on p. 269,. 


=k, 
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5. Another Definition of the Curve. 
The equation of the tangent to the curve at any point p(a+v) is 
x x 1 
p(atv) p(a—v) 
p'(a+v) —p'(a—v) 0 


Hence the equation of the normal at the same point is 
x x 1 

p(atv) p(a—v) 1|=0. 
p'(atv) p’(a—v) 0 


To find the point N where the normal cuts the real axis, let 


Hence 


But, since 
1 p(at+v)  p’(a+v) 
1 p(a—v) p’(a—v) | =0 
1 p2a —p'2a 
(Burkhardt, “ Functionen Theorie,” II, p. 62), or 


p(a+v)—p(a—v) | 
p'(a+v)—p'(a—v) 


N=p?2 "9 [ Bete) |. 
pea +P (a-+0)—p’ (a—v) 
But from p. 271, 


p(a-+v) =p2a+ | 


9 


p(a+v)—p(a—v) 
Hence 


19 
N=p2a— 
2V9T 


V2T 


Therefore 


(see p. 271) and 


or 
a= 
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Therefore 


If we draw from p2a a line perpendicular to the tangent at 2, and there- 
fore parallel to the normal, cutting p, at 7,, then 


N—p2a VAeAs 


Pi 


Therefore 

Similarly 

and 


Hence we deduce the theorem: 

The perpendicular from the triple focus on the tangent at a point x of a 
Cartesian oval meets a focal radius p, at a point z, such that | x--7, | =a 
constant. 

Conversely, if a line, revolving about a fixed point p2a, cut off on two 
other straight lines, revolving about two points e, and e, collinear with p2a, 
constant distances xr, and xt,, then x lies on a Cartesian oval. For by the 
theorem of Menelaus 

or, if we take the constants xt, and ar, to be VA,a, and VA,2,, respectively, 
Hence we have 
VAs Pi— VA, (Ae—A,)- 
Therefore x lies on the Cartesian oval. Therefore we may define a Cartesian 
oval as the locus of the vertex of a triangle with two of its sides of fixed 
lengths, and passing always through two fixed points, while the base revolves 
about a fixed point collinear with the other two. 

If we had measured the constant distances from e, and e, along the focal 
radii, instead of from the point 2, we should have had Newton’s definition of 
the curve; namely, the locus of a point whose distances from the circumfer- 
ences of two circles (with centers at e, and e,) are in a constant ratio. 


6. Intersections of Circles with the Curve. 
If 
a=p(a+v) 
and 
2=p(a—v) 


are the parametric equations of the Cartesian oval, and the equation of any 


_ 
N—p2a 
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other curve is 
R(a,x) =0, 


the intersections of the two curves are given by the zeros v, of 
f(v)=R[p(a+v), p(a—v)], 


whose infinities are +a. Hence 
=0, (1) 


a 


from Abel’s theorem for integrals of the first kind. (Picard, t. II, p. 396.) 
Let z=a+v. Then 
o(2—z,) 


—k=R[pe, p(2a—2) ] 


where z, is a zero of @(2) —k and ¢, is an infinity, or pole, of p(z)—k. Accord- 


ingly 
D log R= (e—z,) (z—«,). 
But 


Hence, when z=0, 


which is a. form of Abel’s theorem for elliptic integrals of the second class 
(Harkness and Morley, “Treatise on the Theory of Functions,” p. 458) since 


d(pu) 
$ fp V4 — J2pu— 


Let the curve be a circle with center c. Its equation is 
and its intersections with our curve are given by the zeros of 
p(a+v)p(a—v) —ep(a+v) —cp(a—v) +a=0, 


an elliptic function of the fourth order with double infinities at +a. There- 
fore 
or the circle meets the curve in four points, the sum of whose parameters is 
zero. 
We proceed to apply equation (2) to find a second relation, 


—k=pz p(2a—z2) —epz—cp (2a—z) +a 


D log 
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Therefore 


p(e—2a) = p2a—zp’2a+ 
1 
(p2a—c) + 2Za+P,(z).... 
o(2)—k~ 1 


= (p2a—e) — 2a—cp2ata—k.... 


2 ‘2 
p2a—e 2a—e 
Therefore 
(z—2,) — (e—2a) =— = — 


whence, if z=0, 


or, substituting for z its value a+v, 


‘2a 


+ 
(atv) =22a4+ 
pza—c 
Similarly 
4 


p2a—c’ 
These equations give the center of the circle. If ¢ is at infinity, the circle is a 
line and we have, for the intersections of the line with a Cartesian oval, 
(atv) 
and 
4 
(a—v) = 
E[L(a+v) +f(a—v) —f2a] =0. 
But from p. 271 we have 
G(a+v)+f(a—v) —2a=V27, 


where 7’ is the distance from any point of the curve to the double tangent. 


Therefore 


4 
p2a—e 
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Therefore, if a straight line be drawn, cutting a Cartesian oval in four points, 
the sum of the square roots of twice the distances of these points from the 


double tangent is zero. 
But we found on p. 271 that 


1— Var 


1 


voT —? 


whence, if we denote the distance of any of the points a+v, from the focus e, 
by pi,, we have 
VA, 
=4VAsAg- 


Therefore the sum of the distances of the points in which a straight line cuts 
a Cartesian oval from any focus is constant, a well-known property. 

It follows as a corollary to this that the points of contact of the double 
tangent lie on a circle with center e, and VA,/,. 


7. Bitangent Circles. 


In the case of bitangent circles the equation 


reduces to 
2v,+2v,=0. 


Four cases are to be distinguished, when v,=—v,, and when v,=—v,+, and 
the coincident point v,=—v—a, (A=1,2,3). Hence there are four systems of 


bitangent circles. 
In the first case, 


p2a—e 


becomes 


Slate) +5(a—v) 


p2a—e’ 
and its conjugate 


(a—v) +f (a+v) —G2a= 


Therefore c=c, or the center lies on the real axis, as is evident geometrically 


from the symmetry of the curve. 


| 
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* Among the circles of this system are the bitangent line, two circles with 
fourfold contact with the inner oval, one at a+, and one at a+o,, and two 
with the outer oval, one at a and the other at a+o,, and three point circles 
with imaginary contact, the three single foci. The fourth point circle is at 


infinity. 
In the other case we have 
p2a—e 
or 
26 (a+v) +¢(a—v+a,) (a—v+a,—2a, ) —2¢ 2a = 
or 
+0(a—v+0,) = 2P 
p2u—e 
Likewise 
( v $p’2a 


The following formula is one given by Professor Morley (Proc. London 
Math. Soc., Ser. 2, Vol. IV, p. 390) : 


+¢(b) +f(c) —Z(at+b+c) = a(b+c)a(a+c)o(a+b) 


To prove it, suppose a to be variable. Then 


(a) +¢(b) +6 (¢) 


*The relation of these bitangent circles is well brought out in a study of sphero-conics. 

Suppose a sphere to be intersected by a quadric cone with the vertex at the center. Through this 
intersection pass a pencil of quadrics, among which are four degenerate quadrics or cones, three besides 
the cone already mentioned. These three cones have their vertices at infinity, or are cylinders whose 
axes are mutually perpendicular. From one of the foci of the sphero-conies project the figure on the 
plane of the great circle of which that focus is the pole. 

The two ovals of the sphero-conic project into the two ovals of the Cartesian; the great circle, on 
which the four foci lie, into the real axis with the three foci lying on it and the fourth at infinity. 
Through each element of the four cones passes a tangent plane which intersects the sphere in a circle 
bitangent to one of the sphero-conics (or both) with real or imaginary contacts. These project into 
bitangent circles of the Cartesian and we get the four systems corresponding to the four cones. The 
sphere and each of the other quadrics have four common tangent planes (imaginary in every case but one), 
and since these planes cut out the point circles on the sphere, they touch it at the four real foci of the 
two sphero-conics which we have already said project into the four foci of the Cartesian oval (one being 
at infinity). The circle cut out by the other tangent plane through the focus, from which we are making 
the projection, to the quadric which has real common tangent planes with the sphere, projects into a 
straight line, namely, the bitangent line. 

The tangent planes of the cone with vertex at the center, and also of the cylinder whose elements 
are parallel to the axis of this cone, determine circles whose projections touch different branches of the 
Cartesian oval. In the former case, the circles enclose the inner oval; in the latter, they lie between the 
two ovals. (See Darboux, “Sur une Classe Remarquable de Courbes et de Surfaces.’’) 


30 
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is an elliptic function with two infinities, a=0 and a=—b—c, and two zeros, 
a=—b anda=—c. Therefore it is equal to 


oa-a(a+b+c)- 


Multiplying both sides of the equation by a, and taking the limit when a=0, 


we get 
2(b+e) 
ob-oc 
Therefore 


Hence 
l(a+v) +f(a—v+a,) (@,) 
6(2a+a)o(a+v—a)o(a—v) _ $p’2a 


p2a—e’ 


and in the same way 


(a—v) +0 (a+v—a,) +fa,—G2a 
_ _ $p’2a 
02a p2a—c’ 


Multiplying the two equations, we get 


__ 6(2a+a,)o(2a—a,) _ 


But the left-hand member of this equation is equal to p2a—e,=A,. (Harkness 
and Morley, “ Introduction to Analytic Functions,” p. 104.) Therefore 
tp”2a _ 


A, == = = : 
p2a—c: p2a—c p2a—c: p2a—c 


hence 
(c—p2a) (c—p2a) =4A,A,. 
Therefore the locus of the center of each of these three systems of bitangent 
circles is a circle whose center is p2a, the triple focus, and whose radius is 
V4,4,. For example, the locus of the center of the bitangent circle touching 
the curve at a+v and a—v-+a, is a circle with a triple focus as center and 
a8 radius. 
That this set of circles is orthogonal to a circle, with radius equal to 


Ve,—e1* Ve,—e, 


and center e,, follows from the fact developed on p. 265, that p(a+v) and 
p(a—v-+a,) are inverse points as to this circle, and the theorem of elementary 


Bacon: The Cartesian Oval and the Elliptic Functions pando. 279 


geometry, that the product of a secant to a circle from a point without and 
its external segment is equal to the square of the tangent from the same point. 

Hence we get the theorem of Casey in the 7'ransactions of the Royal 
Irish Academy, 1669 (Williamson, “Differential Calculus,” p. 383) : “If a circle 
eut a given circle orthogonally, while its center moves along another given 
circle, its envelope is a Cartesian oval.” 

Among the circles of this bitangent system, orthogonal to the circle with 
e, as center, are the circle touching the oval at a and a+a, and the one touch- 


ing it ata+o, anda+a;. The center of the first circle is} (a+a-+o,) and of 
the second is : (a+a,+a+a;). Therefore the center of the circle of centers is 
1 
4 (a+a+o,+a+a,+a+as). 


But we have just proved that this point is the triple focus. Hence the triple 
focus is the centroid of the four points in which the real axis cuts the Carte- 
sian oval, which gives a simple method for the construction of the triple focus. 

As a check for this statement, we proved that, if a straight line cuts the 
curve in points whose parameters are v,, 


(a+v,) =202a. 
If the line is the real axis we have 
(a+a,) +o = 22a. 
Hence, by differentiation, 
pa+ p(a+o,) + p(a+a.) +p(a+o;) =4p2a, 


or p2a is the centroid of these four points. 

Among the circles of the system, with centers on the circle with radius 
Va,4, orthogonal to the circle with center e, and radius Ve,—e, + Ve,—e,, is 
the circle touching the curve at a and a+o, and one touching at a+o, and 


a+w,, also two with fourfold contact to the outer oval at the points a+ i and 
two to the inner oval at a+o,+ ia These are the points of contact of the 


tangents from e; to the curve; for since p(a—v-+a,) is the inverse of p(u+v) 


as to the circle with center e,, mentioned above, if v= 5 a; we have 


bo) 
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the inverse of p( a+ yon) that is, the inverse of itself. Hence the points of 


contact of the bitangent circle come together where the orthogonal circle with 
center e, cuts the curve, and the focal vector e, is tangent at this point. A simi- 


lar proof holds for the points a+o,+ Di The circle with e, as center cuts 


both ovals orthogonally. It, counted twice, is the Cartesian oval corresponding 


toa= 5 @, In our system. Hence it cuts every oval of the system orthogonally. 


The last system of bitangent circles is the one with centers on the circle 
with center p2a and radius V1,4,. Here we have one circle touching the outer 
oval at a and the inner at a+o,, and another touching the outer at a+, and 


the inner at a+w,. 


8. Relation of Tangents to Bitangent Circles. 


If xx—cx—cz+A4=0 is the equation of a circle, and x, and 2, are the 
coordinates of a point, and the tangents are drawn from the point to the circle, 
the square of the distance from the point to the circle measured along the tan- 
gent is “,2,—cx,—cz,+4. Hence, if L be the distance from a point on the 


curve to a circle, 


L=Vp(a+v)+ p(a—v) —ep(a+v)—ep(a—v) +4 


If the circle is a bitangent circle, 
o(a+v)ao(a—v) 
Similarly, if L’ is the distance from the same point to a second bitangent circle 
of the same system, 


o(a+v)a(a—v) 
Therefore LZ and L’ are elliptic functions of the second order and the same 
poles, and if r, is the residue of L at v=a and r; is the residue of L’ at the 


same pole, then 


riL—r,L' =k. 


Therefore, between tangents to any two bitangent circles of the same sys- 
tem of a Cartesian oval there is a linear relation, 


r'L—r,L'—k=0. 


F'ebruary, 1911. 
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Introduction. 


This paper arises out of the postscript to the “ Memoir on the Theory of 
the Partitions of Numbers,” Part V. Phil. Trans. R. S., Vol. CCXI, A473, 
January, 1911. In that paper I derived algebraic functions of a single vari- 
able from certain permutations of any assemblage of objects. The permuta- 
tions were restricted to be such as fulfilled certain conditions, and by reason of 
their intimate association with lattices or gratings of nodes complete or in- 
complete they were termed lattice-permutations. The discovery of the functions 
led to the solution of the problem of two-demensional partition at the points of 
a Ferrers-Sylvester graph such as is figured below, 


where we have a system of nodes constituting the graph of a partition of a 
number. In two-dimensional partition we have a certain generalization of 
ordinary or one-dimensional] partition. In the latter the partition is consti- 
tuted by numbers placed at the nodes of a single row in descending order of 
magnitude, the sum of the numbers being equal to the number which is par- 
titioned. In the former numbers are placed at the nodes of the two-dimen- 
sional system in such wise that the numbers are in descending order of 
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magnitude alike in each row and in each column of the system. The system of 
nodes is supposed to be given, and when the sum of the numbers placed at the 
nodes is equal to the partitioned number, the system of numbers in two dimen- 
sions is a two-dimensional] partition of the given number qud the given system 
of nodes, It will be observed that the system of nodes is itself defined by a one- 
dimensional] partition of some number and the enumerative problem that was 
solved may be stated as the determination of the number of partitions of any 
number quad a system of nodes defined by any one-dimensional partition of 
any number. The generalization that was made was brought to a conclusion 
in a subsequent paper, “ Memoir on the Theory of the Partitions of Numbers,” 
Part VI. Phil. Trans. R. S., Vol. CCXI, A479. It depends upon the relative 
position of the parts and may be made to depend upon linear Diophantine anal- 
ysis. The problem is certainly very simply stated in Diophantine terms, but 
the actual solution reached was obtained from generating functions derived 
from permutations in association with the given system of nodes. The permu- 
tations were made to lead to algebraic functions through the agency of numbers 
derived from the permutations. In the postscript alluded to there was an 
adumbration of a similar theory connected with the entire set of permutations 
of any assemblage of objects. The present paper opens the discussion of this 
question and formally introduces various kinds of indices of permutations. So 
much of the matter that the postscript discussed as involved a limit to the 
magnitude of the parts is not broached here except in one place in an inciden- 
tal manner. The theory of the greater and lesser indices is complete. That of 
the equal index is incomplete so far as the algebraic functions are concerned, 
but the theory of the average values is complete in this case also. As regards 
the theory of the major and minor indices, the discussion is complete when the 
assemblage only contains three kinds of objects and the crude form of generat- 
ing function has been obtained for the most general assemblage. The theory 
of average values is complete in this case also. I hope, if permitted, to con- 
tinue the discussion on a future occasion. 

A communication on the subject-matter of this paper was made to the 
Mathematical Subsection of Section A of the British Association for the Ad- 
vancement of Science at the Dundee meeting, September, 1912. P. A.M. 


§1. Indices of the First Genus. 
1. The assemblage of objects I take to be 
a‘Biy*.... or ajayay.... 


indifferently. 


a 
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A contact in a permutation of these letters, which is (say) a,a,, is called a 
major contact, an equal contact or a minor contact, according as s>, =, or <t. 
The first definitions have reference to the major contacts of a permutation. 
2. The Greater Index of a Permutation. Of a‘6?y* let any permutation 
be (say) 
BaaayyBay. 
Whenever a letter is the left-hand member of a major contact, I write under it 
a number which shows how many places it is from the left of the permutation. 
Thus if the s-th letter stands before a letter prior to it in alphabetical (or 
numerical) order, I place under it the number s._ In this way we obtain 
BaaayyBay. 
1 67 
We add up the numbers so placed and obtain 1+6+7=14, a number which 
I call the “ greater index” of the permutation. Similarly, if, in any permuta- 
tion of any assemblage of letters or of ordered objects, the p,-th, p,-th, p;-th, .... 
letters are the left-hand members of major contacts, we have the definition 


Greater index = 


If, in so forming the number p, we have to add m numbers or, in other words, 


if the permutation possesses m major contacts, I speak of the permutation as 
being of “Class m” quad major contacts. 

3. The Equal Index of a Permutation. If, in any permutation, the q,-th, 
do-th, q;-th, .... letters immediately precede letters identical with themselves, 
so that such letters are the left-hand members of equal contacts, I make the 


definition 


Equal index = 
Thus from 
BaaayyBay 
23 5 
we obtain the equal index 2+3+5=10. 

If, in so forming the number q, we have to add m numbers, or if, in other 
words, the permutation possesses m equal contacts, I speak of the permutation 
as being of “Class m” qud equal contacts. 

4, The Lesser Index of a Permutation. If, in any permutation, the 
r,-th, rp-th, r;-th, .... letters immediately precede letters which are later in 
alphabetical order, so that such letters are the left-hand members of minor 
contacts, I make the definition 


Lesser index = 
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If in so forming the number r we have to add m numbers, or, in other words, 
if the permutation possesses m minor contacts, I speak of the permutation as 
being of “Class m” qud minor contacts. 


5. The Greater and Equal Index. This refers to letters which immedi- 
ately precede letters which are not later in alphabetical order and is equal to 
the sum of the greater and equal indices, or to p+q. 

In the same manner we may have to consider other combinations of the 
indices p, q, 

6. Evaluation of Sa? for Permutations of Any Given Assemblage. In the 
case of the assemblage a‘B4y*.... I wish to give a formal proof of the result 

(1—2) ) 
of which an indication only was given in the postscript to the paper, to which 
reference has been made in the preamble above. 


In Cayley’s notation I write 


1—v'=(s), 
so that the result to be established is written 
= (1) (2)....(i+j+k+....) 
Consider a system of rows of nodes, containing i, j, k, .... nodes respectively 


and at these nodes numbers to be placed in such wise that there is a descending 
order of magnitude in each row. The number zero is not excluded from being 
placed at a node and there is no condition whatever in regard to the numbers 
which appear in the columns of nodes. If it be asked,—In how many ways can 
numbers be so placed that their sum is w?—it is readily seen that the answer 
is supplied by the coefficient of xv” in the ascending expansion of the algebraic 


fraction 
1 
(1 ®....@)-M@.... 
because if w;, w;, wW,, -..- be any numbers such that w;+w,+w,+....=w, 
the members w,, w;, w,, .... can be partitioned in the Ist, 2d, 3d,.... rows in 
numbers of ways indicated by the generating functions 
1 1 1 
(1) (8)....@)’ @)..--@’ 
respectively. 


The present proof consists in showing that the same generating function 
36 


‘ 
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can be exhibited as the quotient of =2?, p being the greater index of a permu- 
tation of a‘@’y*...., by the function 


(1) (2)....(i+j+k+....). 
Consider a simple particular case, i=3, 7=2, to which belongs the system 
of nodes 


and suppose numbers to be placed at the nodes, viz., 


A, 

b, b, 
in such wise that a,>a,>a,, b,>b,. Place also the quantities a, 8 of the 
assemblage a’ 3? at the nodes in the manner 


ara 


BB 


We are about to enquire into the number of ways of placing the numbers at 
the nodes by arranging them in all possible descending orders, and then enu- 
merating each order separately. We must determine the lines of route through 
the system of nodes which may give a descending order of magnitude of the 
numbers 4,, 4, a3, 0,, b, collectively. These numbers may be in any permu- 
tation so long as the two orders 4a,, @,, a,; b,, b, are in evidence. Thus through 
the system of nodes we may have the lines of route 


xz VY ZY 


YY TV Ld 


aBaBa BaaBa BaBaa BBaaa 
Beneath each line of route is placed the corresponding permutation of a*?. 
There is obviously one line of route for each permutation. 

If we take any one of these lines of route, we may lay out five numbers in 
descending order of magnitude along it. In the general case each line of route 
is i+j7+k+.... nodes long, and we may lay out 1+7+4+.... numbers in 
descending order along the one selected. The number of ways in which this 
can be done is given by the coefficient of x” in 


VA 
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and if we so proceeded, in the case of each permutation of a‘@’y*...., we 
would obtain this coefficient multiplied by the number of permutations of 
i it We would not, however, thus obtain the required generating 
function, because, in general, many systems of numbers may be laid out along 
more than one line of route. For example, the arrangement 

422 

32 


occurs along each of the lines of route 
For the enumeration before us we must arrange that each line of route is 


utilized without overlapping. This is accomplished by imposing certain con- 
ditions upon the successions of numbers which appertain to the various lines 


of route. 
Observe the subjoined scheme of descending orders for the particular case 


under examination: 


1. aaa BZ, @,24,24a,26,25,, 
2. a, 2 a,2b,>a;2b,, 
3. aBaa, a,2b,>a,>a;,>b,, 
4. Baaa8, b, >a,2a,>a;,>b,, 
5. aaBbBa, 6, >a, 2b, 2>b,> a5, 
6. aBbaBa, a,>b,>a,>b,> 4s, 
7. BaaBa, 6, >a, 
8. aBbPaa, a, 2 b,2b,>4,2 az, 
9. BaBaa, b, >a, 20, >a, 
10. BBaaa, b, >b,>a,>4,> as, 


where the descending order on the right appertains to the permutation on the 
left and therefore to the line of route which the permutation denotes. Wher- 
ever in the permutation there is either an equal contact or a minor contact, the 
symbol > is placed in the corresponding place in the descending order; but 
wherever there is a major contact, the symbol employed is >. The successions 
of numbers thus defined are all distinct. We obtain ten sets of numbers in 
descending order without overlapping. It will be noticed that the symbol > 
invariably occurs in correspondence with one of the numbers which, when 
added together, become the greater index of the permutation. We have now 
to form the ten generating functions which enumerate the ten sets of numbers. 
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To enumerate set No. 6, put 
b,=a,+A+1, 
ad, = @,+A+B+1, 
=a;+A+B+C+1+41, 
a, 
where A, B, C, D are arbitrary positive (including zero) integers; then 


where the two numbers 2, 4, which present themselves in the exponent of x, are 
necessarily the two numbers which are added together to form the greater index 
of the associated permutation aBaBa. This generating function is therefore 
(1) (2) (8) (4) (5) ’ 
and it is readily seen that the sum of the ten generating functions must be 
(1) (2) (8) (4) (5) ’ 


the sum being in respect of the greater indices of the ten permutations. Hence 


1 
(1) (2) (8) (4) (5) (1) (2) (8) (1) (2)’ 
or 
sv — (2) (2) (8) (4) (5) 


(1) (2) (8) (1) (2) 

The above reasoning is of general application. When the system of nodes 
has rows containing i, 7, k, .... nodes and we consider the number of ways of 
placing numbers in descending orders in each row so that the sum of all the 
numbers may be w, we have to consider 

(itjtk+....)! 

conditioned descending orders corresponding to the permutations of a'B’y*... . ; 
whenever the contact is major we employ the symbol >, and > in other cases, 
as conditions of the descending order, and we find in each case that x is the 
numerator of the generating function, where p is the greater index of the per- 
mutation. The reader will note that when the p,-th interval between the letters 
Gey Ag, ++ O15 Og, Cry Cay Cg, Appropriate order, is occu- 
pied by the symbol >, one outstanding number, in the exponent of x which 
first arises, is p,; and that the whole outstanding number must be p. 


Hence in general 
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(1) 
(1) (4) .... 4) - @@)....G)- 

7. When 2 is put equal to unity the generating function naturally reduces 
to the number which enumerates the permutations of the assemblage. 

8. Important Property of >x?. From the symmetry of the expression just 
obtained we gather the information that the expression of >? is unaltered by 
any substitution impressed upon the numbers 1, j, k, ..... 

Ex. gr., =x is the same for a8? as for a6. 

9. Proof that Sx" =Sa?. The last remark enables us to establish that in 
general Xv” = Sx. Consider a permutation of any assemblage, viz. 


PaaayyBay, 


and transfrom it by the substitution 
yBa 
(equivalent to changing the assemblage a‘6’y* into a°6’y'). The permutation 
becomes 


>a? 


ByyyaaBya, 
and its lesser index is necessarily equal to the greater index of the original 
permutation. Hence >a’ for the transformed is equal to Sv for the original 
assemblage; and since, as we have seen above, 2x? remains unchanged by the 
transformation, it follows at once that for every assemblage 
for we have merely to make the substitution 
and employ the same reasoning. 
10. The Expression of Sx?t’. Of course p, q are the greater and equal 
indices of the same permutation. We have 


p,q,r referring to the same permutation, and ) denoting 527(2i—1). Hence 


(1) (2).... (1) (2).... (i) 


| 
ptqtr=1+4+2+.... 
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and thence, on reduction, | | 
Sorting 2) + 


a noteworthy result, the truth of which can also be seen a priori. 

We have merely to recur to the method by which the expression of =x? was 
investigated. In the descending orders of numbers associated with the per- 
mutations we must clearly have the symbol > both when there are major and 
when there are equal contacts. This will happen if we impress a condition 
upon the numbers in each row. The condition is that in any row of numbers, 
placed at the nodes of a row of nodes, there must be no two numbers equal. 
This is secured by adding to every row of numbers 


A, eee a; 


the numbers i—1, i—2, i—3, ...., 1,0 respectively to each number in succession 
from left to right, so that the row becomes 


a,t+i—1, a,+i—2, a,+i—3, ...., 
(3) 


The result of this is to multiply Sa by v!t?+-:+*! or by a in respect of 


each row. Thence at once 
11. Difference Equation for =x’. Taking the assemblage to be aja}... .a' 
write 
| 


and if 2? is restricted to those permutations which terminate with a letter a,,, 


write 
so that 

Obviously 

The function wu (i,7,....%,) refers to permutations that may end with a,a,_.,. 

s—1 

These give rise to the function 2*~'w(i,, ...., %4,_,—1, i,). The remaining 


permutations yield the function 


s—l 


Hence 


s—l 


,—1, ,—1). 


of a Single Variable Associated with any Assemblage of Objects. 291 


Similarly it will be found that 


—(1— u(i,, le, eee ey 1,-9—1, i,—1) 


+ (1—aS—!) u(t,, 2, i,_,—1, i,—1), 

and so forth. Thence 

— (S—1)u(%,, %, ...., t,—1) } 

— (S—1)u(i,, ...-, i,-2—1, t,_;—1, 

— (S—1)u(t,, %, +5 4,—1) 

and we obtain without difficulty the general equation of differences 


l,m 
l,m,n 


This relation will be of service in the sequel. 
12. The Particular Case of the Assemblage a‘@’. Merely considering the 
main result for the permutations of a‘9!, viz. 
(1) 
(1) (2).... (i) (1) (2)... . 
we notice that =x? is equal to the generating function which enumerates the 
partitions of all numbers into parts limited in magnitude by 7 and in number 
by j. This indicates that the number of permutations of a‘@’ which have p for 
greater index is equal to the number of partitions of p, the parts being re- 
stricted as above stated by the numbers 2, 7. 
If the permutation is of class m (see Art. 2) the greater index is obtained 
as the sum of m numbers. If we restrict ourselves to such permutations, I 
showed, in the postscript of the paper above referred to, that 


m+1)(i—m+2)....(i) (j—m+1) (j—m+8).... (i) 


m 
>a? gm 


(1) (2)... . (m) (1) (2)... . (m) 
a result which yields the well-known expansion 


(1) (2).... (i): (1) (2)... (1) (1) (1) (2) (1) (2) 
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This fact is referred to here in order that I may make the observation that the 
expansion is identical with that which Sylvester obtained from Durfee’s dissec- 
tion of the graph of a partition into a square of nodes with lateral and sub- 
jacent appendages. (Compare Collected Mathematical Papers, Vol. IV, pp. 1 
et seq.). 

13. For the assemblage a‘@’ we can find the equal index function >2%. It 
has first to be shown that the number p—,r is equal to —i or +7 according as 
the permutation terminates with @ or a. 

Assume the law to obtain for a‘@’ and denote by (a‘@’),, (a‘@’), any per- 
mutations terminating with a, @ respectively. 

Then for (a‘@’),a, p—r=4+); 
for p—r=+j—(i+j)=—i; 
for (a‘B’),a, 
for (a'B’),8B, p—r=+); 
for 9—r=+j—(i+j+1) =—i—1; 
for p—r=+j—(i+j) + =+54+1; 
for (a'8/),08, p—r=—it+ (i+j)—(i+j+1) =—i-1; 
for 

These results establish the theorem. 
Hence, for the permutations ending with £, 


and, for those ending with a, 


J 


Since, for all permutations, 


4 


it follows that 


a J 


Writing Xx, for the whole of the permutation, equal to F’, ,(@), we see that, for 


those ending with £, a, 
and wF,_, (x) 


respectively. (Compare Art. 11.) Hence 


43) 1 its) + 5-93 
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easily reducing to the formula 


j—i+l 


er") 2 2 

It will be noted that the index q is always even when i—j=0 mod 4 and always 
uneven when i—7/=2 mod 4. 

14. We may obtain the expression of >x?t’; for this is 

and, since =a’ is a'F,,_,(~) or F (x) according as the permutation ends 
with @ or a, 


The reader will have no difficulty in obtaining the expression of Sa4?+#7+° for 
this assemblage. 

15. Resuming the consideration of the assemblage a‘B/y*...., it is to be 
remarked that p—r has no longer any simple relation to the permutations 
when the number of Greek letters exceeds 2. It is not possible to obtain ex- 
pressions for =x! and Sa?*t’ in the foregoing manner. Similar theorems, how- 
ever, will be reached when major and minor indices come under discussion Jater 
in the paper. Before proceeding to those matters I give some interesting 
properties of the indices that have been already under discussion. 

16. The Parity of the Greater Index, The permutations of a‘B’y*.... 
are such that the number with an even index is equal to the number with an 
uneven index whenever more than one of the numbers 7, 7, k, .... are uneven. 
For consider the function 


if we put therein x=—1 and the function happens to vanish it must be because 


the permutations with even index are equal in number to those with uneven 
index. The factor (m) becomes 2 for x=—1 whenever m is uneven. Elimi- 
nating these factors we are left with a function which may be an indeterminate 
form and may be evaluated when x=—1. This happens when numerator and 
denominator contain the same number of factors. If this be not the case, the nu- 
merator must contain more factors than the denominator and the function must 
therefore vanish for s=—1. The numerator cannot contain less factors than 
the denominator, for in that case the function would become infinite for s=—1 
and this result, from the nature of the function, is absurd. We have then to find 
out the circumstances under which the numerator has more factors than the 
37 


294 MacManon: Indices of Permutations and Deriwation of Functions 


denominator after the elimination of factors referred to above. -If Ea denotes 
the greatest integer in o, the difference in number between the numerator and 


and denominator factors is 


Ex (itjtk+....)-E5 


and this is greater than zero whenever more than one of the numbers 2, j, k, . 
are uneven. This establishes the theorem. 

17. There is an analogous result in the case of every prime modulus u. 
For, putting x equal to wx, where w is an imaginary u-th root of unity, we set 
apart all factors which involve w', where ¢ is not equal tou or =0 modu. We 
are left with a number of factors free from a, and the function involving them 


is seen to vanish when v=o, whenever 
This happens if i=?’ mod pu, j=)’ mod uw, k=k’ mod uy, ete., whenever 
+h’ +....>u—1. 

Under these circumstances the number of permutations, which have in- 
dices = o mod uw, does not vary by variation of o. 

Ex. gr., take the assemblage a?@y: 


p= p= 

aaBy 0 Baay 1 
aayB 3 yaas 1 
2 Baya 4 
ayaBb 2 yaBa 4 
aBya 3 Byaa 2 
ayBa 5 yBaa 3 


The reader will verify that the even and uneven indices are equal in number; 
also, since 2,1, 1 are = 2, 1,1 mod 3 respectively and 2+1+1>3, that the 
indices = 0, 1, 2 mod 3 are equal in number. 

18. Average Values of the Indices. The expression obtained for >? en- 
ables us to find the average values of the different indices of a permutation. 

Write =v’ = >C,x’, so that C, permutations have the greater index equal 
to p. The average value of p is the quotient of =C,p by 

(itgtk+....) 
.... 


To find SC,p we may differentiate {v7 with regard to x and then put x 


| 
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equal to unity. This is not the only, or the most obvious, way of finding =C,p, 
but it is the best way for present purposes, as will appear later. To evaluate 


{ (1) (2)... . i+) } 
(8)... @)@-.-- DJ sar 


we require the value of 
{a (i+o) 


This is readily found to be 


i(it+o) 
so that 
i(ito) 


establishing that the average value of the greater (or lesser) index of the per- 
mutation of a‘! is 

ii. 
Thence 


"(1) (2)... i) (1) (2)... (1) (2)... 
=| fa. (1) (2)... +k) } 
(1) (2)... (i) (1) (2)... (GAR) J (2)... (9) (1) (2)... (ke) J 


(1) (2)... } -(i+j+k) } 


1 


establishing that the average value of the greater (or lesser) index of the per- 
mutations of a‘B’y" is 
| 
Jk). 
From the above it is quite clear that, for the permutations of a‘@’y*...., 
the average value of the greater (or lesser) index is 


. (sum of the products two and two together of the numbers 2, j, k, ....). 
5) 


19. Average Value of the Equal Index, From the general formula 


+ (3) + (3) 


j 
’ 
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it is seen that the average value of the equal index is 


a kn , 
(5)+(3)+(s)+ 
or from the circumstance that the average value of p+r is 
ytik+jk+...., 
and that the sum p+q-++¥,r is invariably 
the average value of q is 


20. Average Value of the Square of the Greater Index. The value in 
question is derived from the average value of p(p—1), which is clearly the 
quotient of 


which is 


(a (1) 
*(1)(2).... (1)(@)...-G)- -(K) Sens 


(i+j+kt....)! 


bv 


when A>. This I find to be 
1A 
—(A—p) (2A—u—3). 
(2A—u—3) 
There is theoretically no difficulty in determining the average value of any given 


positive integral power of the greater index. It depends upon finding the 
value of 


when A>u. 
The simplest cases, corresponding to s=1 and s=2, may be written 


| 
To evaluate this we require the value of . 
1—2* 
{ 
f 3: 
l 1—z" | 
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and the general result, at which I have arrived, may be stated in the following 
manner: Let 


je(u—1) (u—2).... (u—s+1) yo 1+ 
and 
174+-2’4+ 
then 


I do not ees i the present investigation by giving a proof of this elegant 
theorem. I write at length the two cases which follow those given above. 


These formule may be often simplified. Thus I find that 
1A 
08. (A—u—2) (A—2). 
The result depends upon the sums of the powers of the natural numbers and 
therefore ultimately upon the numbers of Bernouilli. I notice that 


a useful relation. Writing 


— 
we have 
K,=uS;, uS\=K,, 
K,= ’ wS,=K,+K,, 
+ 2usS; ’ wS3=K, +3K,+K;,, 


wtS,=K,+7K,+6K,+K,, 


where the coefficients in the expression of K, are derived from the product 
a(x—1)....(a—s--1), and those in the expression of ‘u*S, from the expression 
of x* as a linear function of x, x(~w—1), x(a—1) (w—2),..... 

To apply these results I write | 


(X—i) (X—j) (X—k).... Xe 


4 
; 
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I find that the average value of p(p—1) is 

= (3 +1841111{ + 321! J, 
where, in the notation of symmetric functions, }22} denotes = 7?7?, ete. Since 
we have established that the average value of p is bey, we see that the 
average value of p? is 


(3 + 18)1111 + +2411) + $114] 


which may be written 


1 1 
wherein it will be noticed that the first term is the square of the average value 


of p. 
As a verification observe that, for the permutations of aBy9d, 


Sav? =1432+52?+ 62? 
so that the sum of the squares of the indices is 
3-1?+5 -2?+6-3?+5- -5?+1 - 6? = 268, 


5) 
and the average value of the square = = =. 


The formula gives =: = 


For the case a‘! the average value of the square of p is 
jo 


21. Average Value of the Cube of the Greater Index. Similarly the 
reader will find with little difficulty that the average value of p(p—1) (p—2) 
for the assemblage a‘P! is 


; 
and, since p> = p+3p(p—1)+p(p—1) (p—2), we find the average value of 


by adding to the above 
Ut ZU ; 


thence the average value of p® is found to be 


(t+1) (7+1). 
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22. For the assemblage a‘@’y* if we write 


(2) 
(1) (2).... (i) - (1) @)....() (1) (k) 


(1) (2)... i +j+k) (1) (2).... (j+k) 
(1) (2).... (i) (1) (2)... G+k) (1) (2)... (1) (2)... 
= Fy 


since 


the average value of p(p—1) (p—2) is seen to be 

+ i(j+k) +i jk 

+E +k) —21—2 (7 +k) 

which is . 
+6577}. 
Recalling that, for the same assemblage, 
Average value of p is tsi I; 
and of p(p—1) is +625?) 17), 

we find that the average value of p* is 


23. With small labor I find that for the general assemblage the average 
value of p* is 


+15$2211!} + $33} +3)3821! 
+ +4)221/ + 

24. Average Values from Another Standpoint. For the assemblage 
ataz....a let us inquire into the effect which the particular major contact 
2,4, (4 >A) has upon the sum of the greater indices =p. When the contact 
has o letters to the left of it, it adds o+1 to the index of the permutation. 
This happens in the case of . 


£ 
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(S—2)! 


1,1, permutations, where S = >i, 


so that, altogether, the effect of the contact a,a, is to add to Zp the number 


nt 


or 
S! 1 


Hence the contact a,a,, on the average, adds the number : 1,1, to the index of 


a permutation, and thence we find that the average value of p is 
9 

verifying the conclusion of Art. 18. 

25. The number p is obtained as the sum of m numbers p,, p,, ...-, Dms* 
where m is the class of the permutation gud the greater index. If we had 
under consideration the sum 

we might inquire into the effect which the particular contact a,a, has upon 


such sum. The answer to this question is that the effect is to add to the sum 
the number 


e=8-2 (§—2)! .. 
which is 
S! 


Hence the contact a,a,, on the average, adds to the sum 
Dit Pot 
with regard to a permutation, the number 


S(S—1) 


From this result it follows that the average value of pi+p}+....+p%, is 


26. The average value of pi+p3+....+p?, is therefore 


me 


(23-1) 


* These numbers it is convenient to term the “components” of the index p. 
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and of 
and so forth. 


To verify these results, take the assemblage a?@y: 


aaBy 0 0 0 0 Baay 1 0 1 1 
aayB 3 0 9 27 yaaB 1 0 1 1 
aBay 2 0 4 8 Baya 1 3 10 28 
ayaB 2 0 4 8 yaBa 1 3 10 28 
aBya 3 0 9 27 Byaa 2 0 4 8 
ayBa 2 3 138 35 yBaan 1 2 5 9 

39 105 31 79 


giving the average of pi+ p3 and p?+ p3 equal to = and 15 respectively. 


The formule give, since i,=2, 7,=1, 4,=1, 


Average of pi+p; = (2-4—1)-5= 
Average of 4-3-5=15, 


a verification. 
27. Average Value of the Class of a Permutation qua the Greater Index. 
If in the foregoing results we put »=0, then 
Pit pet =m, 
the class of the permutation. Hence the average value of the class is 


S—1 * 
or 
In the above example 
_ 5 
xt, 4’ 


and we observe that one permutation is of class 0, seven of class 1 and four 
of class 2, so that the average class is 


* Another corollary, paying attention to Art. 25, is that the average value of p¥(p,=-0) is 


38 


4? 
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a verification. In other words we may say that the average number of major 
contacts possessed by a permutation is 
Yi, 
>t, 
28. An easy corollary is that a permutation possesses on the average 
25 
a, 


contacts which are either major or minor. 


Since, moreover, the whole number of contacts is }1,—1, it follows that, 
on the average, a permutation possesses a number of equal contacts equal to 


21,—1 or 2 


an elegant result. 

This last result may be obtained independently. 

29. Average Values Connected with the Equal Index. The particular con- 
tact a,a, has an effect upon the sum of the equal indices S}g=q,+q,+..--+4m 
where m is the class of the permutation qud equal contacts. When such a 
contact has o letters to the left of it, it adds o+1 to the equal index of the 
permutation. This happens in the case of 


(S—2)1 


2 


permutations; so that, altogether, the contact adds to }q the number 


— (S—2) 9 (3) (o+1), 


S! 


Hence the contact a,a,, on the average, adds the number 
() 
to the equal index of a permutation. Thence it appears that the average value 
of the equal index is 
=(3) 
(see Art. 19). 
Moreover, the contact a,a,, on the average, adds to the sum 
+m 


or 
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(where q=q,t+q.+...-+4,) the number 
S(S—1) 


and thence the average value of gi+q3+....+4%, is 


The average values of q?+43+....+q;, and g+q+....+q%, respectively are 
1 
3 (23%,—1) =(3) 


and 


Moreover, putting »=0, we find for the average class, gud the equal index, 


agreeing with the result of Art. 28. 
An easy corollary is that the average value of q) (q,#0) is 
In fact qj and p’, have the same average values in respect of those permutations 
for which they exist as positive non-zero numbers. 


§2. The Indices of the Second Genus. 


30. When we come to consider the permutations of a‘@’y", we find that the 
value of p—r does not follow any simple law, and moreover the only linear 
function of p, g and r that does so is the sum p+q-+r. I now import a new 
idea into the subject by defining the major and minor indices of a permutation. 

The Major Index of a Permutation. Consider two adjacent letters a,a, 
(u>A) of a permutation of the assemblage 


i 


If a,a, be the g-th major contact of the permutation, counting from the 
beginning, and a, be the p,-th letter of the-permutation, put 
(u—A)p, = P,. 


Then "S (u—Aa) p, or =P, is the major index of the permutation and m is the 
g=1 g=1 


class of the permutation gud the major index. We put the major index equal 
to P, so that 


P,+P,+....+P,=P. 
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31. The Minor Index of a Permutation. Consider two adjacent letters 
a,a, (u>A) of a permutation. 

If a,a, be the g-th minor contact of the permutation, counting from the 
beginning, and a, be the r,-th letter of the permutation, put 


(u—A)r,=R,. 


g=m g=m 

Then > (u—A)r, or 2 R, is the minor index of the permutation and m is the 
g=1 g=1 

class of the permutation qud the minor index. We put the minor index equal 


to R, so that 
In this system of indices the equal index is zero since (u—”) vanishes for A=u. 

Ex. gr., for the permutation a,a,a,a,0, 

Major index=3-1+2-3=9, 

Minor index=2 -2+4-4=20. 
It will be at once noticed that for the particular assemblage a‘B’ the major and 
minor indices are the same as the greater and lesser indices respectively. 

32. Theorem in regard to P—R. We have now the important circumstance 
that, for the most general assemblage, the number P—R has only s values corre- 
sponding to the s different letters that may terminate the permutations. 

This will now be established. To bring something definite under the 
reader’s eye I give the major and minor indices of the permutations of a6yd. 


P R P—R P R P—R 
aByS 0 6 —6 aBdy 3 5 —2 
ayBd 2 8 —6 adBy 4 6 —2 
1 7 —6 Baby 4 6 —2 
Byad 410 —6 Boay 6 8 —2 
yabd 2 8 —6 daBy 3 5 —2 
yBad 3 9 —6 dBay 4 6 —2 

P R P—R P R P—R 
ayoB 6 4 2 Byda 9 3 6 
adyB 5 3 2 Boya 8 2 6 
8 6 2 10 4 6 
6 4 2 7 1 6 
dayB 6 4 2 dBya 8 2 6 
bo8 5 3 2 byBa 6 0 6 


The symmetry of these numbers is striking. It gives a notion of the theorems 
to be established. Let 
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(ataz... 
denote any permutation of the assemblage afai?....ai, and let 


denote any permutation of the same assemblage which terminates with a,. 
Assume that, for every permutation 
(ajay... 
P—R has the value —/3i+7,+ 27,+3i,+....-+si,. Now consider the value of 
P—R when a, is placed as terminal letter to the above permutation. We have 
three cases to consider. 
(i) Ifk<l, P for (apaz....a%), a, becomes P+ (l—k)Si and R remains 
unaltered, so that P—R becomes 
—k(Si+1) 41) +....48%,, 
and, since 3i+1 and i,+1 are the new values of Si and i,, we 
see that the value of P—R is independent of / and thus obeys 
the law assumed. 
(ii) If k=l, P and R are both unaltered and we may write the value of 
P—R 
—1(S1+1) 
which is in accord with the assumed law. 
(iii) Ifk>l, P is unchanged but R is increased by (k—/) i, so that P—R 
is diminished by (kK—/) i and thus becomes 
and again the assumed law is verified. 
Therefore by induction from simple cases the general law that for the 
permutations of (ataz....ai*), we have 
is established. 
33. The law is, however, more extensive than this, for, instead of having 
letters a,, a), ...., a, with subscripts forming the series of natural numbers, 
the subscripts may be any numbers whatever. Thus, take the assemblage to be 


im, 4m im, 
am, 
where m,, m2, ...., m, are any integers, of which one is/. Assume the law 


l 


306 MacManon: Indices of Permutations and Derivation of Functions 


Now adding a, to the permutation as before we get for the new value of P—R 
—k(21+1) + +...- 
whether k be >, = or < J.and whether k is one of the numbers m,, m., ...., 


m,or not. This is independent of / and obeys the assumed law, so that the 
general law is established by induction. Setting forth the values of P—R# for 


the assemblages aia’, ajavai, .... we obtain the schemes 
Ao —1, As —21,—1, —31,—2i,—1, 
+%2, A, +1, as —24,—t +4, ete 


the letters a denoting the terminal letters of the permutations. 

The values for the terminal letters a,,, a,_,,, are symmetrically related. 
Each line of a scheme is derived from the preceding line by adding 31. 

34. General Relation between =a” and Sa". It is not true in general 
that Sa’ = S2", although this equality happens to obtain for the particular case 
of the assemblage aja%a}, as will be seen presently. The above investigation 
shows that if =v” refers to the permutations which terminate with a,, 


l 
l 


l 
This appears to be the most general relation obtainable, but, if the assemblage 


be unaltered by the substitution 
As eee 
it is clear that the P and R of any permutation are the same as the R and P 
respectively of the permutation obtained by impressing the substitution. Thus 
in this case 
and SP 
35. Difference Equation for Sa’. Let 


It is clear that v(t,, ...., 4,) =U(t, te, +3 %-1,%—1). The function 
v (i,, 2, ....,%,) refers to permutations that may end with a,a,_,; these give 
s—1 


rise to the function 


a a 
2 
3) di, 
1 i 
+ +3 
s 
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the remaining permutations give rise to the function 
Hence 


v (tifa. .4,) =v(i, 1,)—(2i—1) v(4,, te, t,—1), 
where (Si—1) means 1—a**—', 


By similar reasoning we obtain 
oe .1,) =v(4,, | 1,-9—1, 1,) 


— (221—2) v te, 4,—1) 

— (Si—1) ...., t,_,—1, 4,) 

+ (Si—1) (Si—2) v (4, 4,-.—-1, 4,.,—1, i,—1), 
and the general formula is easy to obtain, but we do not need it at present. 
An application will be made at once to a particular case. 

36. The Assemblage a'B'y*. Since v (i,j,k) =v (i,j,k) +0(4, 9,4), 
we find 
=v (1, j, k) 7, K—1) + v(t, j—1, k) +0 (i—1, J, k) 
— (Si—1)v(i, j—1, k—1,) — (Si—1) v (i—1, 
— (23i—2) v(i—1, j, kK—1) + (Si—1) (2i—2) v(t—1, 7—-1, k—1). 
Also interchanging 7 and k, 
v(k, t) =v(k, i—l,) +v(k, 1) +v(k—1, 
— (Si—1)v(k, 7—1, i—1) — (Si—1) v(A—1, j—1, 1) 
— (23i—2) v(k—1, 7, i—1) + (Si—1) (Si—2) v(k—1, j—1, 1—1). 
These results enable us to establish that 
k) =v (k, 4; 2) 
for if this law obtains in ail cases when the sum of the three numbers 1, 7, k is 
less than w, it is seen that the right-hand sides of the expressions obtained for 
v(i, j,k) and v(k, 7,7) are identical. If then we can show that the law obtains 
when i+j+k is equal to any number w in all cases, the law must be universal. 
We may note in the first place that 


v (1, j, ) =F, ,(2), v (14, 0, k) =F, 
and that for these forms the law obtains. It follows that the law obtains when 
w=2, for then the forms are 


v(2,0,0), 2,0), v(0,0,2), v(1,1,0), v(1,0,1), (0,1, 1). 


& 
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Hence universally ; 
v(1, J, k) =v(k, J, 2). 


The function is therefore symmetrical in i and k. 

37. Proof that for the Assemblage a‘Biy*, 3x? = 3a". Since the value of 
P for any permutation of the assemblage is equal to the value of R for the per- 
mutation obtained from the former by the substitution (ay), it follows that =x? 
for the assemblage a‘B/y* is equal to Sx” for the assemblage (a*B%y‘). Since, 
moreover, the substitution has been shown above not to alter the expression 
it follows that universally dz". 

38. The Algebraic Expression of 3x” for the Assemblage a'Biy*. Since it 
has been shown that the functions ~(0,7,k), u(i,0,k), w(i,7,0) are equal to 
F,,,(x), F;,,(%*), F;,;(@) respectively, we are led to consider the function 

(1) (2)....(i+j+k) (2) (4).... (2i+2k) 
(1) (2)....(j)- (1) (2).... GG +k) (2) (4)... . (2i) (2) (4)... . (2k)’ 
which possesses these properties and also becomes equal to the number of per- 
mutations of a‘6’y* when x=1. It is, moreover, symmetrical in i and k, and 


(3) (4) 


is obviously correct in simple particular cases. Ex. gr., it is (1) (2) when 


In fact, it will be shown subsequently that 

and it has been verified that this expression satisfies the difference equation 
for v(t,7,k) obtained above. 

Another verification of our results is obtained by showing algebraically 
that has the same expression as 

39. Derivation of from =x”. Since Sa? for 
all sets of permutations for which R—P has a constant value, we must have 


= atti y (1, k) (4, k) +g (2, k) 


and this will be found to be equal to the product of 
(1) (2)....(i+j+k—1) 


and 


(2k) +2'~* (j) (2i+2k) —a'~*(j) (i +k) (2k) 
(21) (j) (i+k) (i+k) (2i) (2k). 


The expression last written is found to be 


(i+j+k) (2i+2k), 


(1) (2)....(j)- (1) (2).... G@+k) (2) (4).... - (2) (4).... 2K) 
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establishing that 


(1) (2)... (i+j+k) (2) 
(1) (2).... (2).... G@+K) (2) (4)... (2i) - (2) (4)... . (2K)? 


the expression already found for >”. 


40. Evaluation of >x?t+*. We could also find the expression of Sa*?+#®, 
where A, u are arbitrary positive or negative integers. To find =x?+* we consider 

in three fragments and if }2°=G, , ,(%), we find 
~P+R _ mp2 2 —j—2k 2 


where u (i,j,k) is written G, , , (2). 


I thence find 


SyPtk — (2) (4).... (2i+2j+2k—2) (+i+j+k) 
(2) (4)... (23): (2) (4)... (21+ 2k—2) 


(4) (8)... . (4i+4k—4) 


Ex. gr., for i= 2, =1, k =1, I thus find 
= + Bab + 399+ 


which the reader can readily verify from the permutations of a?@y. 

41. Average Values of the Major and Minor Indices. Following the 
method of Art. 18, we have only to differentiate the major or minor index 
function of the assemblage a‘@’y*", viz. 

F; (%) F;,, (2), 
with regard to x, and then to put x=1, to obtain the value of 3P or >R, and 
thence the mean value of P or R. 
The mean value is in fact 
10, F;, 44 (2) F;, 
j i 
which, making use of results obtained above, is found to be 
1 


bol 


j(i+k) 


or 


(ij 


. 
39 


310 MacManon: Indices of Permutations and Derivation of Functions 


42. The mean value of P(P—1) or R(R—1) is similarly found to be 


J a a 
and, making use of previous results, this is found to be 


|, 


symmetrical in i,k, as should be the case. 
Adding to the above the mean value of P, viz. 5 (i+ 2ik+ jk), we find 


for the mean value of P? the expression 

There is of course no theoretical difficulty in obtaining the mean values of 
higher powers of P. 

43. Mean Values Discussed in the Second Manner. Following the pro- 
cedure taken with regard to the greater, equal and lesser indices, we can obtain 
some results which appertain to the major and minor indices of the general 
assemblage 

I suppose that P is formed by addition in the manner 

P=P,+P,+....+P,; 
where m is the class of the permutation gud the major index. 

We inquire into the effect which the particular major contact a,,,a, has 
upon the sum of the indices >P. When the contact has o letters to its left 
and Si—o—2 letters to its right, it adds r(o+1) to the index of the permu- 
tation. This happens in the case of 


permutations; so that, altogether, the contact adds to =P the number 


yi—2) 14 a 


which is 


Hence, on the average, it adds the number 


to the major index of a permutation. 


| 
1 Gai... 
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Also the contacts add, on the average, 


the number - 


Pid (t, +4,_,4,) 


to the index. 
Now making vy vary from 1 to s—1, we find that the average value of the 
major index is 


where «>A, a result which clearly embraces and generalizes that already found 
for the assemblage a‘ 8/y* from other principles. 

44. The result is essentially the average value of P,+P,+....+P,. 
To find the average value of Pi+Pj+....+P,, we have merely to note that, 
under circumstances such as the foregoing, the contact a,,,a, adds the number 


e=3i—2 (Sji—2) i 


to the sum >P{. Hence we readily find that 


1 
Average value of >P?= (2>i—1) (u—A)*i,1,, where u>a; 
A= 


1 
=sA=u—1 


Average value of (32) (Si—1) (u—A)*i,1,, where 


There is no difficulty in continuing the series, which ultimately, of course, 
involve the numbers of Bernouilli. 
It will be noted that the above results enable us to find the average value of 


Applied to the assemblage a‘6’y*, we find 


Average value of SP? (21-42) +2k—1) (4ik + jk), 


Average value of (i+ j+k—1) (8ik-+ij-+jk), 
45. The same course of reasoning applies to the minor index 
and we thus find that, for the most general assemblage, 
= SP; 
and that the average values of >R{ and =P{ are identical. This is somewhat 
remarkable, because the minor index function =z” is not equal in general to the 
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major index function =x”; nor is there in general any one-to-one equality 
between the values of R and the values of P for the same assemblage. The 
reader may test this statement by looking into the indices of the assemblage 
when i1,=1,=%1,=1 and 1,=0. However, there is a one-to-one 
equality between the numbers P, and the numbers R, for the whole of the 
permutations of the assemblage. Indeed, if this were not the case, we could 
not have 
SP, = 

the summation being for all the permutations, and our results absolutely 
necessitate this. 


46. General Connection between Sx? and Partitions. With the object of 
investigating the functions }x”, Sv”, I next place them in general connection 
with the theory of partitions. Consider any permutation 

Bayyay Bay 
of any assemblage a®@?y‘. Associate with it three rows of numbers 


Ay 

b, b, 

Cy Cg Cy 
the numbers in each row being in descending order of magnitude from left to 
right. I suppose the permutation to correspond to a descending order of 
magnitude, subject to conditions, of these nine numbers. I regard the permu- 
tation as yielding the Diophantine relations 


Biayy a ay B 

b, >a,2¢,2¢,>a,+1; 
where it will be noted that in correspondence with the letters a, @,y, we have 
the letters a, the letters b and the letters c, each in the given descending order. 
The contacts Ba, yB are associated with the symbol >; the contact ya also 
with the symbol > ; but the letter a, corresponding to a, in this case is increased 
by unity. So, in general, when the contact is a,,,a,, » being >0, the symbol 
is >, but the letter corresponding to a, is increased by y—1. When the con- 
tact is a,@,4,, Where vy is zero or positive, the symbol is >, and the letter 
corresponding to a, ,, is not increased or diminished. 

Under these circumstances the enumerating generating function of the 
numbers a, b, c, which satisfy the conditions, is 


(1) (2)... . (9)’ 
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where the number which is the exponent of x in the numerator is necessarily 
the major index of the permutation (compare Art.6). If we go through a like 
process for every permutation of the given assemblage and add the generating 


functions, we find 
za? 


x? being the major index function of the given assemblage a* 8? y*. 


47. The question now arises: What have we enumerated by this generat- 
ing function? We clearly have not counted the number of ways of arranging 
the numbers a, b, c in the three rows so that there may be descending order in 
each row and also a sum equal to a given number w, for that is what we suc- 
ceeded in doing by means of the greater index function =a”. We have in fact 
eliminated certain arrangements from those under enumeration. It is easy to 
see that with reference to the contacts ay, ya, the former gives 


Hither a, or a, or a, > either ¢,, C,, C,, OF C,, 


while the latter gives 
Wither c, or c, or c, or ¢, > either a,+1 or a,+1 or a,+1, 


so that in no circumstances can any number in the third row be one greater 
than any number in the first row. There is no other condition, so that we have 
enumerated all of the arrangements that were connected with the greater index 
function except those which involve any third row number greater by one than 
any first row number. Having obtained the precise condition of partition cor- 
responding to the major index function of the assemblage a‘B’y", we are now 
in a position to investigate the major index function. Before doing this it is 
convenient to establish the like conditions that are associated with the major 
index function of the general assemblage aja?....a‘. 

48. In correspondence with the contact a,a,,,, we have as a condition of 
summation 

Some u-th row number = some (u+v)-th row number, 


and for the contact a,4,a, 
Some (u+v)-th row number > some u-th row number + »—1; 
hence under no circumstances can a (u+v)-th row number be greater than a 
u-th row number by any of the numbers 
In regard to the rows under examination, there are thus (v—1)1,1, ,, conditions. 
Between adjacent rows there are no conditions. Altogether there are 


i 
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conditions, the summation extending to every pair of the numbers 7,, 7,, ...., 4, 
whose subscripts differ, at least, by the number 2. 

If we now find the function which enumerates the ways in which numbers, 
of given sum, can be arranged in s rows (containing respectively 7,,7,, ...., 4 
numbers, zero being permissible as a number) in descending order in each row 
so that the above-mentioned >(v—1)1,1,,, conditions are satisfied, we shall 
evidently obtain an expression equivalent to 

za? 
(1) (2).... (3i)’ 
and thus we can arrive at the form of the major index function >a’. 

The minor index function >a” presents no further difficulty, since it was 
shown in Art. 34 that Sa” for the assemblage ajai?....a‘* is identical with 
for the assemblage .a®. 

49. Determination of Xa? for the Assemblage a‘B’y*. The associated 
problem in partitions is merely concerned with the first and third rows of 
the three rows of numbers. We have thus two rows 

Mes 
and we have to find Savtet-;tatatet----+e subject to the conditions 
with the added set of conditions that no c is to be one greater than any a. Let 
this function be @, (a2). Then we shall have 
>a" Pin (L) 
(1) (2).... ~ (1) (2)... 
We will first determine 9, (7). We have to find Sate subject to the single 
condition that c is not to be equal to a+1. This is very simple, because we 
have merely to exclude the terms for which c=a+1 from the complete function 
1 


(1) 


1 1 1 (4) 
It is, however, more advantageous to proceed by the method that is of general 
application. For this purpose I construct the function 


‘ (1—22)(1—2) 


i 

i 

i 
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where the symbol y denotes that the function is to be expanded in ascending 
powers of the variable; that, from such expansion, all terms are to be rejected 
which do not involve either a positive or a negative power of 4; and that then 
A is to be put equal to unity. Ez. gr., the general term is 


on 


so that the symbol yx rejects terms for which c=a-+1, and thus the final function 
is 2*t’, the sum being for all positive integers a, c except those for which 
c=a+l1. This is the required condition, so that 


=X A 
(1—a2) (1-5) 


Observe that the v function is necessarily unaltered when we write ; for A, 


although its form is changed. We have the identity 


a a 
(1—a2)(1—5) (2) (1—Aa) (2) (1-5) (2) 
so that 
1 x (4) 


X + = 
O@ 


leading of course to the result that, for the assemblage a@’y, =x” has the ex- 
pression 


(1) +2) (4) 
(1) (2)...-(j) (1) (2)? 


50. To determine ¢, ,(2) I form a function 
A 


The general term in the expansion of the function is 


(j+1) 
(1) (2) - (2) 


or 


If, therefore, in the expansion, the exponent of A is zero or positive, the condi- 
tion a, >a, is satisfied. If also the exponents of 4 and uw are neither of them 
zero, the conditions a,+14c,, a,+1c, are satisfied. The symbol Q is associ- 
ated with the auxiliary coefficient A in such wise that its effect upon the ex- 


4 
’ 
= 
; 
i 
i 
| 
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panded function is to abolish all terms which involve A to a negative power. 
The symbol x is associated with the auxiliaries 4 and u in such wise that it abol- 
ishes from the expansion all terms which do not involve 4 and uw (each of them) 
positively or negatively. Hence, from our oo 


The effect of Q can be seen with little trouble, so that we may write 


= 


The reader will have little difficulty in proving that, if o be any auxiliary or 
combination of auxiliaries, 


1 
x a\  (8-+t) (1—oz") 
(1—o2*)(1—* ) (s+t)(1—*) 
: 1 
o ox 
+ o=1 
(s+t)(1—*) 
Applying the first of these results we can eliminate the auxiliary u. We have 
1 


1 a A 
1—Az | (8) (1 Aa?) (3) 


1 


1 ax a 


and, since in the x function we can write : for A and ¢$, 5>= ayy we find 


(2) = 3) Po, 9(X) + 


a suggestive formula of reduction. 
51. Ina precisely similar manner we find 
Auv 


(1—4,ae) (1— au) | 


$3,1(%) =X 
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where Q abolishes the terms which involve negative powers of A, and A,, and y 
acts in the usual manner on the auxiliaries A, u, 1. 


We find at once 


$s,1(2) =z 


(1—Aw) (1—Aua?) (1—Aura’) (1-5) 


and now, eliminating 7, we find 

1 Au 


1 
4 
Now 
1 
Au 


(120) (12428) (1-2) 


is not of the same form as the expression for @, ,(x) ; but it is equivalent to it, 
because, from the fact that 9, ,(”) =9,,;(%), established above, if we proceed 
to form .(”) we find 

Au 


and herein we may substitute for and for u. 


Hence 
3,1 (4) (4) 2,1 
52. Examination of the ii shows that 
and assuming that 


_ (2s) 
= 


we find 
40 
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x? (1—a**) (28-+2) 


verifying the assumption. 


Hence for the assemblage a‘@%y is 


(1) (2)....(i+j+1) (2) (4)... 
(1) (2)....(j) (1) (2)....(i4+1) (2) (4)... . (2i) (2) 
53. We now examine the series $, (2), $3,.(%), ..... It will be agreed 
that 


where Q has reference to A and B, and vy to the auxiliaries 4,,, Ais, Aoi, Avg 
We immediately eliminate A and B and find 


Ay 


Eliminating we find 


=X 


1 4 
Ay 
1—A,,A,.%)( 1— 4 1412401 


$,,,(”) is now the sum of two x functions; in the first of these we may put 
A,.=1, since A,, occurs to a positive power in every term of the expansion, and 
similarly we may put A,,=1 in the second function, for it occurs to a negative 
power in every term of the expansion. Hence 


AA 


1 


and from previous results we may write 


at 
Po, 2(X) (4) + (4) 


| 


of a Single Variable Associated with any Assemblage of Objects. 


54. Similarly we find 
and in general 


We know the value of ¢,,.(x), and assuming that 


we find 
(2i+2) (2i+4) 
(4) (4)2(5)... (#2)? 
1 (8) (4)... (2144) 


(1) (2)....(i +2) (2) (4).... (i) (2) (4) 
establishing the assumed law. 


Hence 2” for the assemblage a‘@’y* is 


(1) (2)... . G+j+2) ,__ (2) (4)... . (21+4) 
(1) (2)... (j) (1) (2)... (2) (4)... (Bi) (2) (4) 


55. On precisely the same reasoning we find 


(L) = (2) + 1,4 5 
and assuming that 
1 (2) (4)....(2i+2k—2) 


1 (2) (4). (21+2k—2) 
i-1,k (1) (2)....(i+k—1) (2) (4).. (2i—2) (2) (4)... .(2k)’ 


we find 


1 (2) (4)....(2i+2k—2) 
= @) 4)... Bi) 4)... 
+2" (1—2") 


}1—a?* 


or 
1 (2) (4)... . (2i+2k) 
(1) (@)-..- GFK) (2) (2) BR)’ 


the final result. 
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Hence for the assemblage a‘@’y* is 


(1) (2)....(it+j+k) (2) (4)... . (2i+2k) 
(1) (2)....(j) (1) (2).... (2)(4).... (21): (2) (4)... 


or 
as previously conjectured. 

56. The Expression of Sa” for the Assemblage a‘ Biy*d. The actual 
determination of this expression is reserved for a future occasion, but a few 
remarks upon the problem will not be out of place. For the assemblage a‘@iy" 
the second row of numbers was not involved in the partition question, so that 
we had only two rows to deal with. In the present instance we have all four 
rows essentially involved in the partition question. We may write 

(1) (2).... (i+j+K+1) 
and the question in partition is the determination of ¢, , ,,(~) by considering 
the four rows of numbers 


= (*), 


Q, a;, 
b, b, b, b;, 
Cy Cg Cry 
«thy 
We have to find Sx **+72+2¢+24¢ from the conditions 
.... 24, 


with the added conditions: 


(i) No c is to be one greater than any a. 
(ii) Nod is to be one greater than any b. 
(iii) No d is to be one greater or two greater than any a. 


There is no difficulty in writing down the crude generating function involving 
the symbols y and Q and the associated auxiliary coefficients. There is, how- 
ever, considerable difficulty in handling the function in question so as to eliminate 
all the auxiliaries and arrive at the desired formula. 


The function Sz" or (1) (2)....(i+j+K+1) >, has the following 
properties: 
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(i) For x=1 it must reduce to the number which enumerates the permu- 
tation of the assemblage a‘ Bi y* 


(ii) If x be put equal to unity after differentiation with regard to x, we 
must obtain the value of =P that has been set forth in Art. 43. 


(iii) For 7=k=0 it must reduce to 
| F, , (2). 
(iv) For /=0 and i=0 it must reduce to 
respectively. 


If we put k=0 we must get the expression of =a” for the assemblage 
a‘ 3'd'; if we put 7=0 we must get the expression of =x” for the assemblage 
a'y* $'; and it would seem to be imperative to investigate these expressions in 
the first instance. In fact, when we come to the general assemblage a®ai.. .a*, 
we may put any s—3 of the repetitional exponents equal to zero, and we would 
thus realize the expression of >xz” for the assemblage 


ts, is, is 
As As,” 


where S,, S,, S, are any three different numbers in ascending order of magni- 
tude. It would thus appear to be imperative ultimately to investigate this 
case also. 


It is of course obvious that =x” for the assemblage g* a! is 
Fi,,, ( 


and we thus obtain three indications to help us in the investigation of the 
assemblage 

as as. 
To these we may add the known results of putting «=1 before and after 
differentiation. 


57. Crude Expression for Sa” for the Assemblage aByd. The actual 
expression of >a? can be obtained from the permutation set forth in Art. 32. 
It is 

295+ 
Its unsymmetrical character will be noted. It shows that we can not expect 
the expression of 2” for the assemblage a‘@/y* 6d! to be in the form of a single 
algebraic fraction involving factors all of the form (s). 
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For the assemblage a@y6 I construct the function 
Aig Arg Avg Mie 


and note that the general term in the expansion is 


or 


The operation of y excludes zero powers of each of the four auxiliaries, so that 
the required conditions are satisfied, and the constructed function is therefore 
the crude expression of $,,,,(%). Then 
Za? = (1) (2) (3) (4) 
I have actually verified that 
— (1) (2) (3) (4) 

but as I have not yet succeeded in carrying out the reduction in a satisfactory 
manner, so as to show how the general case should be handled, I withhold 
the algebra. 


LonDoNn, ENGLAND, October 21, 1912. 
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Conjugate Line Congruences of the Third Order 
Defined by a Family of Quadrics. 


By Heiten Brewster Owens. 


INTRODUCTION. 


The first systematic study of algebraic congruences was made by Kummer, 
who derived most of the forms of those of order 2. His work is both syn- 
thetic and analytic, and is a model of elegance and directness. All of these 
congruences can be arranged on a system of quadric surfaces in such a way 
that only one system of generators comes in. 

No other congruences have been studied from this point of view; the 
present paper aims to do for congruences of order 3 what Kummer did for 
those of order 2.* 

I wish to express my appreciation and thanks to Professor Virgil Snyder 
for advice and assistance in the preparation of this paper. 

1. The totality of all lines of space satisfying two conditions is called a 
congruence. The order of a congruence is the number of lines of the con- 
gruence which pass through any point of space. The class of a congruence 
is the number of lines of the congruence which lie in any plane in space. 
A singular point is a point through which pass an infinite number of lines of 
the congruence. A singular plane is a plane in which lie an infinite number 
of lines of the congruence. A basis point of a system of quadrics is a point 
common to every quadric of the system. 

2. Congruences of certain types may be arranged on a system of quadric 
surfaces. Such a congruence arises if the two conditions which determine it 
are of the form: 


where d,, @,, b;, 6, are functions of a parameter 4, and the summation sign 


* Since this paper was written, R. Baldus, in an Erlangen dissertation, 1910, entitled “Ueber 
Strahlensysteme, welche unendlich viele Regelfliichen zweiten Grades enthalten,” has contributed some 
interesting information which supplements certain parts of this paper. 
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indicates that the a,, @,, b,, 6, are to be taken with the homogeneous point 
coordinates x, y, 2,w. Solving each equation for co: 


(1) 
| 
In this form it is evident that the lines for all values of o define the generators 
of one system of the family of quadrics: 


H (A) = (a,x) (2,2) — (24,x) (b,x) =0. (2) 

If Sa,2 and 3b,” be interchanged in the equations, there results a new con- 

the lines of which define the generators of the second system in the same family 

of quadrics: H(a) =0. (2) 


Two such congruences will be referred to as the o and r congruences respect- 
ively, and will be called conjugate congruences. The envelop of the system of 
quadrics H(A) is the focal surface of the conjugate congruences o and Tt. 

3. In this paper will be discussed the congruences defined by the equations 


f a+bater _ (4) 
(1) atyzA 

atbatea? (5) 

x+ya+er? _ (7) 


in which a, b, c, d, a’, b’, c’ are linear functions of the variables x, y, 2, w; and. 
4a,o and are variable parameters. The congruences will be discussed both 
in case the linear functions are general and in case they satisfy certain given 
conditions. It is to be observed that both parameters, A,o (7), enter rationally 
and one of them, o (7), linearly in the equation. The conjugate congruences 
(4) and (5) can be arranged on the family of quadrics: 


H(a)=(a+ba+ ca?) (x+ ya) =0. (8) 
Each congruence is composed of the generators of one system on the family 


of quadrics. Similarly, the conjugate congruences (6) and (7) are composed 
of the two sets of generators of the family: 


H’ (A) =w(a+ba-+ca?+ da*) — (a’+b'A) (a+ ya+2a7) =0. (9) 
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The two systems of generators of each family of quadrics are rationally 
separable. 

4. If the coordinates of a fixed point be substituted in equation (8) 
[or (9)], it is evident that there exist three values of 4 satisfying the equa- 
tion; i. e., through every point of space pass three quadrics of the family. 

Through every point of space pass three lines of the o and ¢ congruences, 
respectively; hence the congruence (o or t) is of order 3. 

5. To determine the class of a congruence, impose the condition that an 
arbitrary plane, 

A,t+A,y+A,2+A,w=0, 

shall be tangent to a quadric of H(2)=0. This will give an equation in A 
satisfied by nine values: 


#H oH , 
Ox? dxdy dxdw 
CH CH A 
Oxdy dy? dydze dydw 
CH ?H CH A\= = 0. (10) 
Oxdz Oydz dzdw 
dydw dzdw dw? * 
A, hy: hh . 


In any plane of space lie three lines of the o and ¢ congruences respect- 
ively; hence the congruence (o or ¢) is of class 9. 

6. Corresponding to those values of 4 for which the discriminant of the 
quadric H vanishes, the quadric becomes a cone. This discriminant is of 
order 12 in A, D,, (A). 

The necessary and sufficient condition* that the systems of generators 
depending rationally on a parameter 4 shall be separable into two conjugate 
congruences is that the discriminant shall be a perfect square in 2. Hence 
we have 

thus the discriminant possesses six double roots and there exists in H a cone 
for each such root. 

The general congruences o and ¢ are arranged on a family of quadrics 
which includes six quadric cones. The lines of the cones belong to both the 
o and congruences. 


*Snyder: “Conjugate Line Congruences Contained in a Bundle of Quadric Surfaces,” Transactions 
Amer. Math. Soc., Vol. XI (1910), pp. 371-387. 


41 


326 Owens: Conjugate Line Congruences of the Third Order 


7. <A singular plane may arise either from a basis plane or from the 
breaking into planes of one of the cones included in H, while a singular point 
may arise from a basis point or the vertex of a cone in H. 

Imposing the condition that one of the cones of the system shall degenerate 
to a pair of planes, 7. e., making the minors of the Hessian of H(A) =0 vanish 
for one value 4, of A, the f,(A)=0 which determines the class of the con- 
gruence will have that value 4, as a factor, and the remaining function will 
be of order 8, F(A) =0. This shows that the class of the congruence is lowered 
by one unit by the presence of a degenerate cone in the system. The argument 
may be repeated for each additional cone. 

The class of the congruence o (¢) is diminished by unity by the degeneracy 
of each of the six quadric cones into a pair of planes. 

8. Suppose in equation (1) that Sa~=(A—A,)>A,x, but that no other > 
contains (A—A,) as a factor. Then, for A=A,, the equation becomes: 

(12) 


where A,;=a, for A=A,, etc. Since ¢ is a parameter, taking all values, it 
follows that ([A,z)r=0 - >A,” requires that ©A,~=0 contain a line of the 
~ congruence for every value of ¢. Hence >A,a= 0 is a singular plane. 
Further, any line of the ¢ congruence in this plane passes through the point 
>B,a=0, SA,x=0. This point will be called the vertex” in the 
plane [A,z=0. The plane SA,x=0 is likewise a singular plane for the o con- 
gruence, all lines of which in the plane pass through the point >A,2=0, 
~A,x=0, This is the “o vertex” in the plane Similarly, 
for 2=4,, =B,x,=0 is a singular plane with ¢ vertex at >A,x=0, =B,x=0, 
and the o vertex at the point >B,a=0, >B,x=0. Since 
A, is any root of all the first minors of the Hessian, the above argument holds 
for any cone included in H which breaks into two planes. Hence the following 
theorem holds: 
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When a quadric of H(A) breaks up into a pair of planes, the lines of each 
system of generators become pencils of lines, one pencil in each plane at each 
of two vertices, which are in general distinct, lying on the line of intersection 
of the planes. Theo vertex in one is the ¢ vertex in the other, and vice versa. 

9. For any basis point P, of a cubic congruence all the lines are given 
by the equations 

A 


and the tangent plane 


1 

The @ eliminant is therefore of degree 9; 7. e., the lines of both o and ¢ 
congruences form a cone of order 9. If the o lines and ¢ lines form distinct 
cones, the sum of the orders of such cones is 9. Further, if the class of the 
congruence be decreased by unity by the breaking up of a cone into a pair of 
planes, there will appear a factor common to the two equations, so that the 
degree of the eliminant is decreased by one. 

The sum of the orders of the singular cones of all o and ¢ lines through 
a basis point is always equal to the class of each congruence. 

All of the above statements hold for either the conjugate congruences (4) 
and (5) or the conjugate congruences (6) and (7). Hereafter the congruence 
determined from (4) and (5) by imposing various conditions will be referred 
to as Type I; those determined from (6) and (7) as Type II. In general 
the o congruence will be discussed, since the properties of the conjugate t are 
immediately deducible from those of the co. When there is danger of ambiguity, 
both congruences are taken into consideration. The notation I(3,k)%' stands 
for a congruence of Type I, order 3, class k, with a basis points, with b basis 
planes, with c singular points which are vertices of cones or pencils in degen- 
erate cones, with d singular planes arising from a cone breaking into pairs 
of planes. 

10. Since the focal surface of a congruence has been defined as the envelop 
of the family of quadrics H(4) =0, the focal surface of the rational congruence 
(3,9) is of order 8, The vertices of the six cones of the family will be double 
points on it, since they result from the double roots of the discriminant of 
H(a)=0. Each quadric of the family H will intersect the focal surface in a 
curve C, and the curve of contact C,, defined by the equations 


Since there exists a parameter 4 in these equations, the focal surface contains 


| 
H(a) =0, 9 
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o 1 twisted quartics of the first kind. The six cones of the family H will each 
touch the focal surface in a quartic curve, having a double point at the vertex 
of the cone. Further, the equation for 
A (a) =H 

will have a triple root if 

H,_H, _ H, 

H, #H, 4H; 
Hence the focal surface has the intersection of these two quartic surfaces as 
a cuspidal edge. This cuspidal edge is of order 12, since the intersection of 
H,=0, H,=0 does not lie on H,H,;,=H,H,. 

Hence, the focal surface of the general o (v7) congruence contains 0 ' twisted 
quartics of the first kind, and six quartic curves with one double point each. 
The double points of these six curves are the only double points on the surface. 
The surface contains in addition to these curves a cuspidal edge of order 12. 


11. Every line of the congruence will cut in two points the quartic curve 
of contact of its corresponding quadric and the focal surface F,. Hence, every 
line of the congruence is a bitangent of the focal surface. The transformation 
S, defined by interchanging the two points of contact of ao line (bitangent) of 
the focal surface, is an involutoric, non-linear, birational transformation under 
which the focal surface F, is invariant. Under this transformation, a point 
has its image always on the C, of contact which passes through this point. 
Similarly, the same surface F, is the focal surface of the conjugate con- 
gruence t. The operation T of interchanging the points of contact of a ¢ line 
is also of order 2. The group generated by S and 7’ is generally of infinite 
order. In all the congruences discussed in this paper, the order of the focal 
surface is the same as in the case of the general congruence, 2. é., it is of order 8. 


Type I. 
12. The general congruence 
a+batenr _ (4) 


has no basis planes and no basis points. Hence it has no singular planes and 
only six singular points, namely, the vertices of the quadric cones in H. 
The symbol for the conjugate congruences (4) and (5) is 1(3, 9),. 
13. If the condition a=0 be imposed on (4) and (5), there result: 
_ a’ _ bA+cr? yA (13) 
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For the value A=0, the quadric of H is a’x=0, 1.e., a pair of planes a’=0, 
x=0. From Arts. 4, 7, 8 results: The congruence (13) has the singular 
planes a’=0, x=0, seven singular points, the vertices of five cones, and the o 
vertices in the singular planes: 

The symbol for this congruence is 1(3, 8), 4. 

14. Ina manner similar to the above, if on (13) be imposed the addi- 
tional condition c’=0, a second cone breaks into plane pencils. The table for 
these planes and points includes those of Art. 13 and in addition: 


w=0, 
The equations for the congruence are 
The symbol for the congruence (14) is 1(3, 7), 4. 


15. Assuming* that A=1 is to be a third value for which a cone degen- 
erates, the necessary and sufficient condition to be imposed in addition to the 


(14) 


preceding is: 
b+c—k(a’+b’) =p[(a+y)—k(z+w)]. 
Then 
+b’) =e. 
Substituting for c its value c and factoring: 
(1--A) [bDA—pa(1+A)—pyat kpe(1+aA) + 
ya—k(z+wa) 


_ 
(36) 


Applying Arts. 1, 7, 8, the complete statement of planes and vertices includes 
the planes and points of Art. 14 and in addition: 
x+y—k(z+w) =0, 
a’+b’—p(z+w)=0, x+y—k(e+w) =a'+b’—p(ze+w) 
=b—p(2%+y—kz) —ka’=0. 
The congruence (15) has the symbol I(3, 6), .. 
16. In order that a fourth cone for A=A, shall break into planes, the 


necessary and sufficient condition to be imposed on (15) is: 
ba, +caj—l(a’ +0'2,) 


*It is no restriction to impose these three values of 4 for the parameters of three composite cones. 
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r[a+ya,—l(2+wa,) alk 


A, 
Substituting, subtracting s from each member and factoring: 
(A—A,) a’+b’a—r(z+wa) (16) 
Afatya—l(e+wa)] 


From Arts. 7, 8, the complete statement of planes and points includes those of 
Art. 15, and in addition: 
ya,)—l(2e+wa,) =0, a’ 
(a’+b’A,) —r(e+wa,)=0, ya,—l(e+wad,) =a’ 
=r(x—Ilz) +caj+la’=0. 
The symbol for the congruence (16) is I(3, 5)... 


17. That the fifth cone degenerate, the necessary and sufficient condition 
on (16) is: 


ba, (a’ +b'A,) ], 


whence 


—s[x+ya,—m(z+wa,) 
m 


Substituting, subtracting s from each member and factoring: 
(A—A_) —sy—smw—b'm] _ a’+b'A—s (17) 


The complete statement of planes and points includes those of Art. 16 and in 
addition: 
=0, a’ +b'A,=2+ ya,=2+wa,=0; 


=a’ +b’A,—s (2+ wa.) 


The symbol for the congruence (17) is I(3, 4) 110. 


18. In order that all six of the quadric cones of H may be composed of 
pairs of planes, the following six conditions must be simultaneously imposed 
on H(A) =0. 


a=0, c'=0, 
b+c—k(a'+b’) =p[a#+y—k(z+w)], 
ba, + =s[a+yaA,—m (2+ ], 
bAs+cag—n(a’ +b’As) =t yaAs—n (2+ was) ]. 
Imposing these conditions on H(2)=0 gives 


whence 
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1 1 k k wty—k(e+w)] 
A Ai lA, r[x+ya,—l (z+ wa,) ] 
As m Ma, |=0. (18) 
As n NAz t[v+ya,—n(z+was) ] 

2+wrzA Ale+wa) w+yA Al(x+yA) 0 


Reducing this determinant, we have: 


OK 

a A(a—a) lA, ] 

m ma, ] 

As(As—A) nm na, | 


1 1 plety—k(e+w)] 
A, Ay 

Az AZ m(A—A) ] 
A; AZ n(A,—A) ] 


= =¢ 


e+wa 


S 


e+wa 


This equation is in the exact form of the general equation for congruences of 
Type I. By reference to the conditions imposed and Art. 8 it is possible to 
write out the complete table of singular planes and points for the six values 
of A: 0, 0,1,4,, 4,43. This table is as follows. The notation (1, a) indi- 
cates the first singular plane for value A=a. (6,1, a) indicates the o vertex 
in the plane (1, a). 

1 k p(y—wk) 
a ora, (y—wl) 
az ma, SA.(y—wm) 


(1,0)=0=2; (0,1,0):2=2= 


Let A, B, C, D indicate the 1,....,4 terms of the last column of the determinant 
in (19). 

11 k A 1 k k A 

A, Ia, B at & 
(2,0)= A, ma C =0; (¢, 2,0,): (1,0) = (2, 0)= 22 m ma, C =0. 

az A; na; D az n na, D 


(1, 0 )=w=0; (6,1, 0):(1, 0) =(2, ©)=y=0. 


— 
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1kkA isk 
a a4 1 B 
(2, 0 )= A, m ma, C Az Az m C 
A; n naz D As as D 


(1,1)=r+y—k(e+w)=0; (6,1,1):(1,1)=(1, 2) =2+w=0. 
i i 0 A 
A, ai l(a,—l1) B 
(2, A, az m(a—1) C 


(o, 2,1,):(1,1)=(1, 2) = 


1—A A=1 
(1, (6,1, a) ya, (1, Ar) =0. 

k A 
(2,24) = 0 B 
A. AZ m(A—A,) C 
Az AZ N(Az—A,) D 


(0, 2, (14 An) = (2, 2,) = 


A—A, 
(1, A.) (6,1, A.) : e+ YyA,=2+ WA,= (2, A.) =0. 
k A 


1(a,—A.) B 
9 
(2, = A, 0 C 


A; n (As—Az) D 


2, Ae) (1, Ag) = (2, Ae) = S—mT—s[a+ya.—m(2+wa,) 


=A, 
(1, A3) (6,1, As) : (2, =0. 
1 1 k A 
A, B 
— 
(2, = A, AZ m(A—As;) -C 
A3 Az 0 D 


(0, 25 Aa) + (1, Ag) = (2, = 

The symbol for the congruence (18) as 1(3, 3) 12,12. 
19. In the above work care has been taken that no basis point, line, or 
plane should be allowed to enter. By imposing conditions on the eight ar- 
bitrary constants k, 1, m, n, p, 7, s, t it is possible to introduce one, two, three 


n(As—1) 
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or four basis points, thereby obtaining the four pairs of congruences: 
1(3, 3) 1(8, 3) 1(3, 1(3, The introduction of a basis 
point in a (3,3) simultaneously brings in a basis plane through the basis point. 

The case of three basis points was obtained synthetically by Roccella* and 
is also mentioned by Snyder.t The case of four basis points and four basis 
planes is mentioned by Fanot and Montesano.§ It is a particular case of 
Roccella’s configuration and also of that of Hirst.||_ C. Corronaf] seems to have 
been familiar with it, but the configuration of points and planes is not discussed. 

The four basis points and the necessary and sufficient conditions for each 
are as follows, O; being the basis point; A, B,C, D as in Art. 18; and I, II, 
III, IV the following determinants: 


1kkaA a 
a, 1 la, B Ait, B 
i= A, mma, C|? 22 m ma, Cl? 
Az n na, D n na; D 
A 
a,a2 1 B 12,22 la, B 
A, AZ m = A, AR ma, CI’ 
aA, aA n D Az Az nA, D 


O,: 
O, : x=l=y—k(ze+w) =0. 
O; : w=IV=2+y—hke=0. 
O, : c=I=ya,—l (z+ wa,) =0. 
If A,, B;, C;, D; mdicate that the conditions of O; are imposed, the con- 
ditions for O, are: 


Ag m ma, | AZ m O az m ma, 0 

Az n na, D, A, as n OD, Az n na, D, 


*Roccella: “Sugli enti geometrici dello spazio di rette,” Piazza Armerina (1882). 

+ Snyder: “Surfaces Invariant under Infinite Discontinuous Birational Groups Defined by Line 
Congruences,” AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXII (1910), pp. 177-185. 

t{ Fano: “Sopra aleune particolari congruenze di rette del 3° ordine,” Atti di Torino, Vol. XXXVI 
(1900-1901), pp. 222-236. 

§ Montesano: “Su di un complesso di rette di terzo grado,” Mem. di Bologno, Ser. 5, Vol. III 
(1893), pp. 549-577. 

|| Hirst: “On Cremonian Congruences,” Proceedings of the London Mathematical Society, Vol. XIV 
(1883), pp. 259-301. 

{Corrona: “Sopra un complesso di rette di quarto grado,” Rend. di Palermo, Vol. XVI (1902), 
pp. 359-375. 
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The conditions for O, are: 


iiss 1k k O 11490 
x l B, l lA, B, Ai az lA, 

a; D, A; n na; D, A3 AZ nA; D, 


The conditions for O, are: 

1k k A, 11k 4A, & 
lA, 0 a,a7 1 0 la, 0 
y|A2m MA, Cy} | Ag ma, C, 


A; n nA; Az 43 n Ds A; n nA; D, 
The conditions for O, are: 
jar la, 0 Ar A, 0 
A, Ag n D, As nm na, D, Az, Az na, D, 


Through O, pass planes (1, = (1, 0 ) =(1, A.) = (2, 2,) = (2, 0) = (2, 1) =0. 

Through O,: (1, a.) = (1, 1) = (1, 0) = (2, a,) = (2, ag) = (2, ) =0. 

Through O,: (1, )=(1, 1)=(1, @, 9) = (2, 4,) = (2, 2.) <0. 

Through Q,: (1, 0) = (1, a,) = (1, a3) = (2, «© ) = (2, 1) = (2, a,) =0. 
With the four basis points are associated four basis planes indicated by 

Il,, where O, lies in 2, 3,4. Theo vertices lie by sixes in the planes 

as follows: 
In I], lie (6, 2,4,)5 (6,1, (0, 2,1)5 (6,1, 45) 5 (0, 2,0); (6,1, ). 
In I, lie (6,1, A.) (6, 2, As) 3 (G, 1,1) 5 (6,2, 0); (6, 1,0); (6, 2,4,). 
In II, lie 2,45); (6, 1,1); (6, 2,0); (6,1, 0); (6,1, 4,)5 2, a2). 
In II, lie (6, 2,22); (6,1, 4,) 3 (6,1, 43) 5 (6, 2,1); (6,1, 0); (6,2,0). 
Each basis plane contains six vertices of pencils and one basis point. P 

Dually, each basis point lies in six planes of pencils and in one basis plane. 

Each vertex of a pencil lies in two basis planes, and in two planes of pencils. 

Dually, each plane of pencils contains two basis points and two vertices of 


pencils. 

20. This configuration of sixteen points and sixteen planes contains four 
basis points O;; four basis planes II,;; twelve vertices of pencils P,,, Q;,; twelve 
planes of pencils Where i=1,....,4, K=1,....,4, but 
In II, lie O; and six points P,,, Q,,; Tl, and II, meet in /,, which contains 
Quy TEKFIFL; O,, O,, determine o,, and O;, O,, Q;, determine 7,,; 
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o,, and t,, form a pair of singular planes which compose a quadric cone of the 
system H. 

21. From Art. 9 it is evident that the sum of the orders of cones of all 
o and ¢ lines through the basis points is three. It is easily seen that the o lines 
form a plane pencil in each basis plane with vertex at the basis point. Hence 
the ¢ lines through the same point must form a quadric cone. Dual statements 
hold for the basis planes. 

The o lines form a pencil in each basis plane and through each basis point. 
The ¢ lines envelop a conic in each basis plane and define a quadric cone 
through each basis point. 

22. If an attempt is made to arrange the basis points in the I (3,3)%;°,, 
(Rocella’s congruence) in a symmetrical manner, the planes of pencils arrange 
themselves in two distinct sets, six in each. Of the first set, each contains one 
and only one basis point, while of the second set each contains two basis points. 
To arrange them in this way requires an extra condition, leaving a fourth basis 
point impossible, unless six planes pass through a point, which will be shown 
later to be the case of eight basis points. Theo lines in the basis planes form 
pencils through the basis points. The ¢ lines envelop a conic in each basis 
plane and form a quadric cone through each basis point. The basis points for 
this case, together with the necessary and sufficient conditions, are: 

O,: w=0, IV=0, «+ y2,—mz=0. (Same as before for O,.) 
O,: x=0, I=0, y—k(z+w)=0. (Same as before for O,.) 
O;: I=0, v+ya,—n(e+wa;) =0. 
1 &k A, 11kA, Lit & 
1A5m ma, 0 A, m O A, AZ ma, 0 
n naz 0 Az Az n O A; A; na, O 


The focal surface* of the various forms of the Roccella congruences is 
self-dual. 


Type IT, 
23. The general congruence 


_a+yaten? _ (7) 
a’ +b’2 w 


* Cayley: “On a Sibi Reciprocal Surfaces,” Berlin Monatsberichte (1878), pp. 309-313; Coll. Papers, 
Vol. X, pp. 252-255. Kummer: “Ueber diejenigen Fliichen....,” Berlin Monatsberichte (1878), pp. 25-37. 
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has a basis point, a’ =b’=w=0, and the basis plane w=0. To determine the 
o configuration at this point, substitute the coordinates of the point in the 
equation (6); then 

F(a)’ 

where the a, etc., indicate constant values when a’=b’=w=0. Substituting 
this value for o in (6), the equations for all o lines through the point are: 


Eliminating 4, the resulting equation is of degree 8. Similar work for ¢ gives 
a plane pencil, which was to be expected, since the class of the congruence is 9. 


The o lines of the congruence (6) through a’=b'=w=0 form a cone of 
order 8, while the t lines of (7) through the same point form a plane pencil 
in the plane w=0. 


Since w=0 is a basis plane, containing a line of each quadric of the 
family H, it contains the vertices of the six quadric cones in the family H. 
The configuration of o lines in w=0 is evident from equations (6). For 
w=0,o0=o ; hence x+ya+2a*7=0, and the o lines in the plane w=0 envelop 
the conic x+ya+za?=0. The orders of the o and ¢ configurations in the 
basis plane w=0 are unchanged by the conditions imposed later. 

The symbol for congruences (6), (7) is II(3,9)%3. 

25. If, ina manner similar to the work for Type I, conditions are imposed 
upon the equations (6) and (7) so that the cones degenerate one by one, the 
class of the congruence also is depressed and the order of the o cone with 
vertex a’=b’=w=0 decreases by unity for each new condition. 

In equations (6) let a=0; then 


_ 
wo 


(20) 


As before for A=0, the quadric cone is composed of the planes x=0, a’=0. 
The o vertices are: 

(1',0)=2=0, (0,1',0): c=w=a'=0; 

(2’,0)=a=0, (o,2’,0): c=b=a’=0. 
The congruence has the basis plane w=0, the basis point a’ =b’=w=0 and no 
additional basis points or basis planes. 


The symbol for the congruence (20) is II(3,8)73. 


4 


| 
| 


Defined by a Family of Quadrics. 


26. Impose on (20) the new condition d=0. The new congruence, 
_ a’ _ 
w 
has two cones, for A=0, A=o, which are composed of planes. The table of 
planes and vertices includes those of Art. 22 and 


6, (21) 


)=2=0, (6,1’,0): 2=b’=w=0; 
(2’, 0 )=b=0, (0,2’,0): 2=b’=c=0. 
There are no new additional basis planes or basis points. 
The symbol for the congruence (21) is I1(3,7)¥}. 
27. In order that three cones may be composed of planes, impose the 
condition that A—1 may be a factor;* 1. e., 


(22) 
_ 
Ww : 
whence 
(1—A) [ky +ke(1+A)—ca] _ a’'+b'2—kw _ (23) 


Then the pencils and planes are those of Art. 21 and the new ones: 
(1’,1)=a+y+2=0, (6,1',1) 
(2’,1)=a+b—kw=0, (o6,2’,1) +ce=0. 

The symbol for this congruence is 11(3,6)9¢. 
28. In order that a fourth cone may be composed of planes, for A=A,, 
the condition is 
(1—A,) [ky —ca,] =l(a’+b'2,—kw). 
Then the congruence 


a’+b’A—kw 


(24) 


has four cones composed of planes. The complete table of planes and vertices 
of pencils includes those of Art. 24 and the following: 
(6,1',2,) : 
(2’,A,) =a'+0'2,—kw=0, (0,2’,4,) +b'2,—kw 
= (1—A,) (1—A,)*(y +2) ka,— (av —kw) (1 
The symbol for this congruence is I1 (3,5) 


* The choice of 0,0,1 as three vertices of cones is no restriction on the congruence. 
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29. The condition to be imposed on (23) that a fifth cone may be com- 


posed of planes is: 
(Ay—A_) [(1—A,) (11)? (y +2) ka, — (a’—kw) (14+4,+4,)1] 
= ma,(1—A,) (a’ +b’A,-—kw) + (A,—Ay) Ay 


Imposing this condition gives the congruence 
(A,—A) [ (y-2) kA, — (a’—kw) 
A, (1—A,) (@+-yA+22*) 


(1+ +m 4, (1—A,) ] 


B(a+yA+z227) Dw 
The complete table of planes and vertices of pencils includes those of Art. 25 
and in addition: 
(1’',A,) (0,1’,A,) : e+ 
(2’,A,.) =a’+b'A,—kw=0, (6,2’,A,) : +b'A,—kw 
_ AD—mBC = 
A—A, 
The symbol for this congruence is I1(3,4) 
30. For the case in which all six cones are composed of pairs of planes, 
the six necessary and sufficient conditions to be simultaneously imposed are: 
a=0, d=0, b+e= k(x+y+2), 
ba, (a+ = s(a’+b'A,—lw), 
bAs+ CAg—n 25) = 
Imposing these conditions on equation (9), there results: 


1 1 0 0 k(a+y+2) 
s SA, l(a+ya,—sw) 

A, Ag t ta, m(x+ya,—tw) | = 0. 
p Dh, n(a-+ya,—pw) 

wr ware 0 


Reducing this determinant to the form of (6) gives: 
1—A 0 0 k(#+y+2) 


A(A-—A) ta, 
Ag(As—2) pa, 

@ 0 k(a+y+2) 


a, ai 8(a,—A) 
A, Ag t(A,—A) 
Ww 


or 
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S 


w 


Applying Art. 8, and denoting by A, B,C, D the elements of the last column 
of these determinants, the complete table of planes and vertices of pencils is: 


A, AS pa, D 
110A 100 4 
A, a4 sa, B a2 s sa, B 
A, A; pa, D a; p pa, D 
(1’',0 )=2=0; (0,1’,0): )=w=0. 
1104 10: 0:24 
A, Ais B A, s sa, B 
= Os 2’ & == (2 = == @, 
A, As p D as p pa, D 
(1’,1)=2+y+2=0; (6,1',1) (2’,1) =w=0. 


1 1 0 A 
A, AL s(A,—1) B 
A, t(A,—1) C 
Ag 43 p(As—1) D 


(2',1) 


11 0 A 
A, a3 0 B 
A, AZ C 
As 23 p(Aa,—A,) D 


(2’,a,) = 


(1’, A.) 


1 1 0 A 
A, AZ s(a,—A,) B 
A, 0 C 
Az As p(Az—A,) D 


(2’, A,) = 


(1’,A,) =2+ya,+ 


11 0 A 
A, a2 s(A,—A;) B 
A, AZ t(A,—A,) C 
a, 22 0 D 


(2',2,) = 


The symbol for this congruence is I1(3,3) i3)12. 


, S k 
=O; (7,3) =o. 


(o,1’,a,) : (1’,4,) = (2’,a,) =w=0. 


S—sT 
=05 (6,24) (1%) = (2,4) |. =0 


+ (1', 2) = (2", Ay) =w=0. 


=05 (6,2',%q) (1's) = (2429) = |. 


(6,1',a_) + (1,5) = (2',4,) =w=0. 


S—pT 
=0; (6, 2’, As) (1’, Ag) =.(2’,a;) = 
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31. As in the case of Type I, additional basis points and basis planes 
may be introduced and a configuration of o and ¢ lines similar to that of 
Type I exists. These basis points, together with the necessary and sufficient 
conditions for their existence, are: 

O,: (1’,0) = (1,1) = (2’, ) =0, 
O,: (1',0)=(1',2,) =(2',0) =0, 
O3: (1’, A.) (2’,0) (2"’, =0, 


1 
a 
A 
A 


Ai 
p as 

32. It is possible to introduce into any of the preceding congruences 
one, two, three, four, five or six basis points without reducing the family of 
quadrics to a net of quadries. 

Consider the family 


oo 
oo Bl 


H,=0, H,=0, H,=0 have eight points in common. By imposing the con- 
dition that H,=0 passes through this point, a basis point may be introduced 
into the family. This operation may be repeated for six distinct points, but if 
an attempt is made to introduce a seventh basis point, the eighth enters simul- 
taneously, since the eight points commom to the three quadrics are associated 


points on a quartic curve. 

33. It is to be noted that the points so chosen are not entirely arbitrary. 
If the points chosen are arbitrary points, it is not always possible to introduce 
the complete number. For example, in the cases of I(3, 3)i5*2, I1(3, 3)is‘2, 


For 
@ 0 0 0 
As pa, D’ p pa, D’ 

For O,: 
1 0 0 
SA, _ 0, 
aa 
As DP pag 

For O,: 

1 1 
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discussed in Arts. 22, 31, it is impossible to introduce even a fifth basis point 
without the entire eight. An interesting example of this is the case of the con- 
gruences (4) and (5) when the vertices of the tetrahedron of reference are 
chosen as basis points. If these are basis points, the equation (4) takes the 
form: 
x+ya 
(a32 + + (b32 + byw) A+ 2? 
z+wa 


where ete. 

Let any other point x,, y,, 2,, w, be supposed to be a basis point; then any 
point of v,y=y,%, 2,w=w,2 will also satisfy the identity. Hence no other point 
can be introduced as a basis point without introducing an entire line. The con- 
figuration of cones of o and 7 lines at the basis point is a K, of o lines* anda K, 
of ¢ lines at each of the four basis points as a vertex. If, however, care is 
taken in the choice of points, it is often possible to introduce several rational 
points as basis points. An example of this is the following special case of 

(4) 
atyrA 
when (0,0,0,1), (1,0,1,0), (1,1,1,1), (0,1,0,1), (1,0,0,0) are chosen as 
basis points. These five require the twelve conditions, which leave the con- 
gruence still (3,9): 


, 
+ ¢,—¢3 
= d,—a,— a, = b, —b, —b, = a, = =¢,=0. 
The resulting congruence is: 


a,7+a,y+a,2-+ A+ + C52) A? 


The configurations of lines at the basis points are as follows: at (0,0, 0,1) 
and (1,0,0,0), Kg, and Kj; at the remaining points, K{, Kj. 

For a set of six basis points (0,0,0,1), (1,0,1,0), (1,1,1,1), (0,1,0,1), 
(1,0,0,0), (0,1, 1,0), the following sixteen conditions are necessary and suffi- 
cient if imposed on equations (4) : 
a,=—a,, a,=b,+b,—a,+a,, b,=b,+b,+¢,+6,, 


* For definition of symbols, see Snyder: Transactions, loc. cit., p. 380. 
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The equations for the congruences are then: 
N = 


where 
+ (b,4+b,y+b,2)A+ (¢,0+ c,y + 22. 
D= (b,+b,—a,+4,) y+ (@,—-d,) 2+ (a,—b,—b,) w 
+ y+ (b,+b3)2— (¢,+¢,+b3) 
+[—(¢,+¢3) y+ A’. 
The configurations at all of the basis points are K{, K{, except at (0,0, 0,1) 
and (1,0,0,0), where they are Kg, K3. The introduction of any other basis 
point brings with it the eighth point, and the family of quadrics is contained 
in a net of quadrics through the basis points. 


Congruences on Nets of Quadrics. 


32. In order to determine the number of o lines which coincide with ¢ 
lines of the conjugate congruences 
a+ba+cnr? _, (4) 
at+bat+ca® _ 
1927 =T, (5) 
2e+wa 
assume that the o line for 4, coincides with the ¢ line for A,. Then 
; 


and 
] 
]. 
Each of these identities requires three independent conditions; 7.e., a total of 
six conditions on the six constants A,, A,, 6, T, k, l. 
Hence only a finite number of o lines can coincide with ¢ lines in the general 
(3, 9) congruences without basis points. 


33. Consider the family of quadrics: 
H(A) 


Let the powers of A be considered as separate parameters, f4,, My, Ms, M,. If 
these be considered as point coordinates in space, there is, corresponding to the 
family of quadrics, a twisted cubic. Taking the discriminant of this cubic, 
there results a quartic surface which intersects the cubic in twelve points. 


5 
| 
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From former considerations (Art. 6), these points must occur in coincident 
pairs ; hence the surface and curve have six points of contact. If, then, it were 
possible for a A, to exist such that all o lines for that value were equal, respec- 
tively, to all ¢ lines for another value 4,, i.e., for a quadric surface of o lines 
to coincide with a quadric surface of ¢ lines, or two quadrics of H to be co- 
incident, the corresponding cubic must have a double point. This can happen 
only if the cubic degenerates. 

Hence there are no surfaces of o lines which coincide with surfaces of 
t lines, excepting the six quadric cones of the system when the quadrics Q, can 
not be expressed as linear functions of three of them. 

34. If the quadrics Q, of the family 


H(A) 
can be expressed linearly in terms of three of them, the family must have eight 
basis points at the eight points of intersection of Q,=0, Q,=0, Q,=0. 
The tamily of quadrics | 
_ a+batcH _ a’+b'a+c'H 
contains no basis point or basis plane unless restrictions are made on the con- 
stants. If this family be rewritten 
H (2) (cw—ce'y) +42 (cz +bw—b'y—c'x) 
+A (aw+be—a’y—b'x) + (az—a’x) =0, 
and the powers of A be considered as parameters u;,i=1, ....,4, the relations 
which are equivalent to a linear relation among the fundamental quadrics of 
the family are: 


u, (cw—c'y) (bw+ce—b’y—c’x) (aw + bze—a’y—b’x) + (az—a’x) =0. 
The necessary and sufficient condition for this identity is the consistency of the 
following ten equations: 


[4,43 + 
Mod, + usb, 
(@3—4,) + (b,—b3) (C,—c3) =9, 


° 
i 
4 
>] 
4 
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For this the necessary and sufficient condition is: 

a, 0 a, 0 as (as—a,) A, a, 0 

1 a, (b,—b3) (b,—a3) (a,+9,) 
cy by (bite) (C2—bs) (b,—bi) (¢,+6,) 


The matrix is equal to zero if the following seven determinants are zero: 
, , , 
, 
a+b, p, 
, 
4 


the fourth column being replaced in turn by the seven columns of the matrix 
remaining after picking out the above three. 

Hence, by imposing seven independent conditions upon the constants of 
the congruences (4), (5), at 1s possible to introduce eight basis points simul- 
taneously. 


35. Suppose there exist two values of 4 (A,, a.) such that for these 
values the corresponding quadrics of H are identical. The condition for the 


possibility of this is the consistency of ten simultaneous equations in the four 
variables (A?—kA3), (Ai —kAz), (A,—ka,), (1—k). If these variables are called 
u;, these ten equations are identical with those of the preceding paragraph, 
the consistency of which is the necessary and sufficient condition for the intro- 
duction of a linear relation among the fundamental quadrics. 


Every rational pair of conjugate congruences which has its lines arranged 
on a net of quadrics contains all the lines of one quadric as double lines of the 
congruence, This quadric will be called the double quadric of the congruence. 


It will be shown later that in the congruence I(3,9)® every line of the 
double quadric is either twice ao line or twice a 7 line, 7.e., one system of 
generators is composed of double lines of the o congruence and the other system 
is composed of double lines of the t congruence 


36. The quadrics of the family 


a+ba+ca? 


w 


contain a basis point a’=b’=w=0, and a basis plane, w=0. Introducing 
seven additional basis points in this family introduces simultaneously a double 
quadric, since in each case the necessary and sufficient condition is: 


| 
| 
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a 00a, a aza—a, 0 a, As 
a, 0 b, bs b,—b, ay . 
0 base, a c, a+b3 c,—a; 
0 d, bs d, d,—b; 


The conditions for this are the vanishing of the seven determinants 


008 


the last column being replaced in turn by the seven columns of the matrix re- 
maining after picking out the above three. These seven conditions reduce to 
six independent ones, since the two determinants 
a,00 0 
bi a, ay 
0 by ay 
00b 
hence b,a,;=a,b;, since a,+b;0, and and 
a,00 a 
bi a, 0 
0b, ay 
00 O 
hence a,b,—a,b,;=0, since and are equivalent to the single 
condition a,b;—a,b;=—0. Hence this insures the vanishing of the determinant: 
a, 0 0 a, 
bi a, 0 
0 by a3 a; 
0 0 by bi 

Hence, for the congruences (6) and (7), six independent conditions are 
necessary and sufficient to introduce seven additional basis points and a double 
quadric. 

37. In the case of all congruences of Type II, the plane w=0 is always 
a basis plane, and therefore is tangent to each quadric of the family. It will 
contain one generator of each system on the double quadric. Through this 
point the two ¢ lines are w=a’+b’2,=0 and w=a'+b’2,=0. Hence, on the 
double quadric the basis plane contains a ¢ line as a generator of each system 
once. This is equivalent to saying that the ¢ lines of the quadric Q(4,) form 


= (a, + bs) bs) =0; 


= (a, ; 


= (a, d,—b3b3) (a; 
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one system, and the 7 lines of the quadric Q(A,) form the second system of 
generators of the double quadric. 

Each line of the double quadric for the conjugate congruences I1(3,9)*'! 
is once at line and once ac line. 

The only condition under which a congruence of Type II can contain a 
double quadric of the 20,27 type, is that one of the six quadric cones 
should be a double quadric. This can happen only if the congruence is of 
class less than 9, hence if the cone degenerates to a pair of planes. 


38. In any congruence it is possible to determine the relation between 
the class of the congruence and the order of the singular cone whose vertex 
is at a basis point. 

For any family of quadrics 

the tangent plane has the equation 

Vi Att VA" 2 +....=0, 
where Q, is of order 2, V,; is of order1. The A eliminant of these two equations 
is the equation of the singular cone at a basis point. In the general case this 
will be K,,; but if any cone of the family is composed of planes, there will 
appear a factor in the equation and the eliminant is K,,_;, where 7 is the 
number of cones of the family which are composed of planes. But the class 
of the congruence is 3n—1. 

The class of a congruence is equal to the order of the singular cone whose 
vertex is at a basis point; 1. e., 1s equal to the sum of the orders of the o and ¢ 
configurations at any basis point. 

39. Every line joining a pair of basis points is, in general, a triple line 
of the composite singular cone belonging to a pair of conjugate congruences. 
If these two points lie in a singular plane, the multiplicity of the line is de- 
creased by one. Hence, if three singular planes pass through a pair of basis 
points, the line joining them becomes a neutral line. In all the work that 
follows, the notation K,,(i;7,) will be used to indicate a cone of order n of 
o lines, vertex at basis point 7; having the line 77 as an r-fold line. The same 
notation with K’ indicates a cone of ¢ lines. 

40. If the coordinates of a basis point be substituted in the equations 
which define a congruence, these equations become indeterminate. This may 
happen in any one of three ways: (1) in one of the fractions both numerator 
and denominator may vanish simultaneously; (2) both numerators may vanish; 


| 
| 
| 
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or (3) both denominators may vanish. The third of these possibilities has 
been eliminated in congruences (4),....,(7) by the choice of coordinate axes. 

It is possible, from consideration of the equations and the method of pro- 
cedure due to Snyder,* to write in full the o and ¢ configurations at each basis 
point and to determine the congruences which may be written in the form of 
Type I or Type II. 

41. For the case of a (3,9) congruence there are four pairs of conjugate 
congruences distinguished by their configurations. The first of these is that 
determined by K,(1), a basis plane through one and only one basis point. 
When conditions for eight basis points are imposed on II(3,9)*', the point 
a’ =b’=w is still a basis point. Then the configuration of ¢ lines was shown 
in Art. 23 to be a pencil and the configuration of o lines a cone of order 8. No 
other basis point lies in the plane w=0. Hence all the other basis points 
must lie on the K,. Further, every line joining two basis points is a triple 
line on K,. The complete configuration for this congruence is: 


2,33 4593 65 7; 85) 1,3, 4,95, 6, 
K;(1) K5(25 3,4, 5,6, 7,85) 
Cones similar to those at (2) exist at points 3,....,8. The double quadric in 
this case is composed of lines each of which is once ao line and once a ¢ line. 
42, For the case of I(3,9)§ the basis points may be classified according 

as their coordinates satisfy 

(A) =0; 

(B) a’ atba+cr=0. 


If condition (A) is fulfilled, 
G+ _ 
where the dash over the letter indicates its particular value when the co- 
ordinates of the basis point have been substituted. The equations for all 
o lines through this point are: 
_-F,(A) 
f,(a)- 
For the configuration of all o lines, therefore, there exists a cone of order 6. 
For the ¢ lines the configuration is the eliminant of the equations 


— 6, 


* Snyder: T'ransactions, loc. cit. 
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This is a cubic cone, as was to be expected from the preceding work and 
Art. 38. This pair of cones fixes an entire configuration as soon as the lines 
of Kj are fixed.* The cubic cone must have six lines joining basis points, and 
it must not pass through all eight basis points, since these eight points lie on 
a quartic curve and the cubic cone defined by this quartic with vertex on the 
curve would define a (2,6) congruence. Hence there are left but two possi- 
bilities: either the cone has simple lines through six basis points or it has 
simple lines through four points and a double line through the fifth. 

The first case, in which the double quadric has each line either twice o or 
twice t, has the complete configuration: 


25 6, 7,83) 1,3, 4,5, 6, 7, 84) 
K3(1; 2,3, 4,5, 6, K;(2; 1,3, 4,5, 6,7, 8;) 
1, 2,4,95, 6,7, 8,) 1, 2,3, 9,6, 7, 82) 
K5(35 1, 2.45526, 7, 8;) K5(4; 1, 2.3, 5,6, 7,8,) 
1, 2,3,4,6, 7,8.) 1, 2,3, 4,5, 7,85) 
K5(5; 1, 2,3, 4,6, 7, 8,) K3(6; 1,2,3,4,5,7,8;) 
1, 2,3, 4,5, 6, 8,) (K,(8; 1, 2,3, 45 9, 6 7.) 
K;(7; 1, 2,3, 4, 9, 6, 8,) K;(8; 2,3, 4,9, 6, 7,) 


Since all the cones are rational, each of the cones has a double edge which 
is not an 7k line. This double line must lie on the double quadric. If the 
basis point is of the type (B), theo lines forma K,. The only possibilities 
for this are K,(1; 2,3,4,5,6,7,8,) or K,(1; 2,3,4,5,6,7,). The second of 
these requires a K, which can not occur, and the first gives the same con- 
figuration as K3(1; 2,3,4,5,6,7,). Hence the above configuration is the only 
possible one for the general congruence I(3,9)§. 

43. If, in the congruences (4) and (5), the denominators are taken as 
linear functions of the variables, the congruences become 


2 ’ We 3 


If the conditions for eight basis points be imposed on these equations, the 
possibilities for a configuration will include those of Art. 42 and, in addition 
to these, a K3(1; 3,4,5,). The complete configurations for these are: ° 


* Snyder: Transactions, loc. cit. 
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2,3, 4,563 7585) 1,3, 4,5, 6, 7,85) 
K3(1; 3,4,5,) Ky (25 38, 4,5, 6, 7, 
1, 2, 6,7, 8,) 1, 2,6, 7,8,) 
K6(3; 1, 2.435; 6, 7, 8.) K6(4; 1, 2,35; 6, 7, 8,) 
1, 2,6, 7,8;) 1, 2,3, 4,9; 7,85) 
1, 2,3, 436, 7, 8,) K4(6; 2,3, 4,5, 7, 8,) 
1, 2,3, 4, 9, 6, 8,) 1, 2,3, 4,9, 6,72) 
Ki (7; 2,3, 45,6, 8,) 2,3, 4,5, 6, 7,) 


The double quadric is a o, ¢ in this case. By imposing conditions on the basis 
points that they shall lie by fours in a pair of planes, etc., it is possible to 
obtain (3,9) congruences which have the basis points arranged by fours in 
one, two or three pairs of planes. It is impossible to have a (3,9) congruence 
with the basis points by fours in more than three pairs of planes. 


44. If a (3,8) congruence lies on a net of quadrics, it follows from the 
previous discussion that the net will include a pair of planes each of which 
contains a pencil of o lines and a pencil of ¢ lines. Hence the basis points 
will be arranged in two planes. Moreover, they lie four in each plane, since if 
five or more should lie in one plane, they must all lie on a conic which, being 
uniquely fixed, would be common to every quadric of the family, which is con- 
trary to our hypothesis. In the case of I(3,8), the basis point satisfies one of 
the following conditions: 

(A) 
(B) 
(C) 


The only distinction between (A) and (B) is that the o and ¢ configurations 
are interchanged throughout. This gives a configuration K,, K;. For the 
basis point (C) there exists a K,, K,. In the case of I1(3,8), the basis point 
satisfies 


, 


(A) a’=b’=w=0, giving the configuration K,, K;; 
(B) giving K,, Kj; 
(C) giving K,, Kj. 


The case of III(3,8) does not contribute anything different from the con- 
gruences already discussed. The only possible K, which gives a (3,8) con- 
gruence is K,(1; 2,5,8,). The double quadric in this case is of the o, t type: 
The complete configuration is: 

44 
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2, 3, 4, 5, 65 73 82) 1,6,7,) 
K,(1; 2,5, 8,) K6(2; 1,3, 4,5, 6, 7, 83) 
1,4,9, 6,7, 8,) 1,3, 4,6, 7,) 
K4(3; 2,4, 5,6, 7, 82) K5(5; 1, 2,3, 4,6, 7, 82) 
1, 2,3, 4,5, 7,8;,) 
K; (6; 2,3,4,5,8,) 
The cones at (4), (8) and (7) are similar respectively to the ones at (3), 
(5) and (6). 

There are two K, which give (3,8) congruences different from the above: 
K,(1; 2,3,5,6,7,8,) and K,(1; 2,5,6,7,8,). For the first of these the double 
quadric is of the 20, 27 type. The complete configuration is: 

2,3,5,6,7,8,) 1,3, 4, 5, 6, 7, 82) 
K5(1; 2,3, 4,5, 6, 7, 82) K3(2; 1,4,5,6,7,8,) 
1, 2,3, 4,6, 7, 8,) 
K4(5; 1, 2,3, 4,6, 7, 8;) 
The cones for (3) and (4) are similar to those for (2) and (1), respectively, 
while those for (6), (7) and (8) are similar to (5). The complete configuration 
for the third case, in which the double quadric is of the o, ¢ type, is the same 
as that determined by the K,. It is as follows: 
2,3, 4,6, 7,8,) 
K,(1; 2,3, 4,5, 6, 73 83) K,(9; 1; 2,3, 4,6, 7, 8,) 
25 4, 52 6. 7, 82) 
K,(3; 1,5,6,7,8,) 
The cones for (2) and (4) are similar to that at (3); those for (6), (7), (8) 
are similar to that at (5). 

By imposing conditions on the basis points it is possible to obtain a (3,8) 
congruence with the basis points arranged by fours on two, three, four or five 
pairs of planes. It is impossible to have a (3,8) congruence with the basis 
points arranged on six pairs of planes. 

45. In a net of quadrics containing six cones and one double quadric, 
it is possible that one of the cones may be the double quadric, in case the cone 
is composed of planes. In this case, there are included in the net only four 
cones, and one pair of planes each of which is counted twice. In general the 
o and ¢ vertices do not coincide. 
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If this occurs in the case just considered, it is possible to have a (3,7) 
congruence in which the basis points lie by fours in only one pair of planes; 
1, e., in the planes of pencils of lines belonging to the congruence. The com- 
plete configuration is as follows: 


9,6, 7;) 3, 4,5, 6, 7,8) 
K;(1; 2,3,4,5, 6, 7, 8) K,(2; 1,5, 6,7, 8,) 
1, 2,3, 4,6, 7,) 

K,(5; 1, 2,3,4,8,) 


The cones for (1) and (8) are similar to (1); those for (3) and (4) are 
similar to (2); and those for (6) and (7) are similar to (5). 

46. If a (3,7) congruence lies on a net of quadrics, it has been shown 
that the net must in general contain two pairs of planes. Hence the basis 
points lie by fours in these four planes. As in the preceding cases, the basis 
points in I(3,7) may be shown to give a K,, Kj; those in II(3,7) will give 
K,, K, and K,, K;. The II1I(3,7) will add nothing to these. KA; determines 
a single pair of congruences with a double quadric of the o,7 type. The 
configuration follows: 


213, 4,5, 6, 7, 82) 1,5,6,) 

(1) K;(2; 6, 7,84) 

1,5, 6,7, 8;) 1, 2,3, 4,6,7,8,) 
K,(3; 2,4, 9, 6, 7, 8) K;(5; 2,3, 4,7,8,) 


The cones for (4), (7) and (8) are similar to (3), and that for (6) is similar 
to (5). 

There are two distinct K, which give (3,7) congruences. The first of 
these, K,(1; 2,5,6,), is identical with the congruence determined by K;. For 
the second, K,(1; 3,5,7,), the congruence has the double quadric of the o, ¢ type, 


and the configuration is: 


3,9, 7,) 3,4, 9,6, 7,8,) 
K;(1; 2,3, 4,5, 6, 7, 85) K3(2; 1, 4,5, 6,8,) 
1, 2,4, 5,6, 7; 85) 2,3,9,7,8;) 
Ky(3; 1,6,8,) Ki (4; 1, 2, 5, 6, 7, 


2,3, 
K;(6; 1, 2,3, 4,9, 7,83) 


The cones at (5) and (7) are similar to (3), and (8) is similar to (6). 
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Of the K,, the only one which gives a new congruence is 
K,(1; 3,4,5,6,7,8,). 
The double quadric for this is of the 20,2¢ type. The configuration is: 
3,4, 5,6, 7, 8,) 
K,(1; 2,3, 4,5, 6,7, 8,) K,(2; 1,3, 4,5, 6,7, 8,) 
1, 2,5, 6, 7,8,) 1, 2,3, 4, 7,8,) 
K4(3; 1,2, 4,5, 6, 7, KY(5; 1, 2,3,4,6, 7, 8,) 
The cones at (4), (7), (8) are similar to that at (3), and that at (6) is similar 
to that at (5). 

By imposing conditions on the basis points, (3,7) congruences may be built 
having their basis points by fours in six, eight, ten or twelve planes. 

47, Just as in Art. 45 it was possible to obtain a (3,7) with the basis 
points in only one pair of planes, so, if one of the pairs of singular planes 
(1278), (3456) of Art. 46 is the double quadric of the net, the configuration 
K,(1; 3,5,6,) determines a (3,6) congruence, with the pair of planes as the 
double quadric and the basis points arranged by fours only in two pairs of 
planes. The configuration follows: 


3,9; 6,) 3, 4, 5, 6,7, 8) 
K4(1; 3, 4,5, 6,7, 8,) K; (2; 4,5, 6,) 
1, 2,5, 6, 7,8) 2,7,8,) 
1,7,8;) Ki(4; 1, 2,9, 6, 7,8) 
1, 2,3, 7,8,) 2, 3,4, 5, 6,) 
K;3(5; 1,2,4,7,8,) K3(7; 3, 4,5, 6, 8,) 


The cone at (6) is similar to that at (5), and that at (8) is similar to that 
at (7). 

48. In the case of three pairs of singular planes, i. e., the (3,6) con- 
gruences, there arise two distinct classes according as the three pairs of planes 
have general position or the planes pass by threes through a pair of lines. 
In either case, from II(3,6), there arise K,, K, and K,, K;. 1(3,6) adds 
nothing new to this, but III(3,6) gives a K,, K3. 

For cases of the first class, the double quadrics are all of the o,7¢ type. 
The complete configurations follow: 

(2; 3, 4,5, 6,72) 
K (1; 2,3,4, 53 6,7, 82) 1,5,8,) 
2,4, 6,8, 7.) 2,4, 7,) 
K,(3; 1,5,6,7,8;) K,(5; 1, 2,3, 4,6, 7, 8,) 
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The cone for (4) is similar to that at (2); those for (6), (7) and (8) are 
similar to that at (3). 
2,3; 1,3, 4,9, 6, 7.) 
K,(1; 3,4, 5,6, 7, 85) K,(2; 5,6,8,) 
1,2, 4,6, 7,) 4,6,7,) 
K3(3; 1,5, 6,7, 8,) K,(8; 1, 2,3, 4,9, 6,) 


The cones for (4), (5) and (6) are similar to that at (3); the cone for (7) 
is similar to that at (2). 
In the second class, there are three distinct congruences. For each of the 
first two, the double quadric is of the o,¢ type. The configurations are: 
K5(2; 3, 4,5, 6, 7, 82) 
(ea; 3, 4, 6, 7, 85) (ie. (2) 
2,9,6,7,8,) 
K, (3; 1,5, 6,7, 8,) 
The cones at (4), (5), (6), (7), (8) are similar to those at (3). 
3,4,5,) 34,5, 6,7, 8,) 
K,(1; 3,4, 5, 6, 7, 8,) K3(2; 6,7,8,) 
1, 2,5, 7, 8,) 2,7,8,) 
K;(3 ; 1,6,5,7,8,) 1, 2,3,4,7,8,) 
2,3, 4,5, 6,) 
K3(7; 1,2,3,4,6,) 
The cones at (4) and (5) are similar to (3), and (8) is similar to (7). 
Probably the most interesting of all is the (3,6) defined by K,, K; 
with a 20,27 double quadric. In this case the o lines and ¢ lines enter in 
perfect symmetry, and this is one of the two congruences of the list in which 
all the cones are identical in structure. The complete configuration is: 


3,4, 5; 6,7, 8;) 
K3(1; 34,5, 6, 7, 8;) 


and similar configurations for all the other vertices. It is to be noted that the 
basis point omitted in each cone is the one such that the line joining it to the 
vertex of the cone is a neutral line, 7. e., lies in three singular planes. By 
imposing conditions, it is possible to put the basis points on eight, ten or 
twelve planes. 
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49. In the second class of congruences discussed in Art. 48, it is im- 
possible that any pair of singular planes should be a double quadric, as that 
would make one line lie in four singular planes, which can not be true with 
congruences of order 3. In the first class, however, one of the pairs of planes 
(1467), (2358) may be the double quadric, in which case there arises a (3,5) 
congruence with the basis points by fours in each of six planes. These are 
the configurations: 

3,5; 8,) 1, 4, 6, 7, 8;) 
K3(1; 2,3,5,6,) K3(3; 1,6; 7;) 
The cones at (2), (5) and (6) are similar to (1), and (4), (7) and (8) are 
similar to (3). 

50. Proceeding as before, there arise from I(3,5) a K,, K3 and from 
II(3,5) an additional K,, K, which gives the same (3,5) congruence, with the 
basis points lying by fours in eight singular planes. It is impossible to have 
a 20,27 double quadric for a congruence of class lower than 6. The con- 


figurations for this case are: 


Ki (1) Ki (23 3,4, 5,6, 7,8;) 


1,5, 6, 7, 8,) 1,5,8,) 


K3(3; 2,6; 7;) K3(4; 2,9; 6; 7,8;) 


The cones at (5) and (8) are similar to (3), and (6) and (7) are similar 
to (4). The double quadric is of the o,¢ type. By imposing conditions on 
the basis points, (3,5) congruences may be determined which have their basis 
points arranged on ten or twelve planes. 

51. In case the planes (1467), (2358) form the double quadric of the 
net, K,(1; 3,5,8,) determines a (3,4) congruence with basis points arranged 
by fours on eight planes. The complete configuration for this congruence is: 

K,(1; 3,5; 8,) K,(2; 4,6, 7;) 

3,9, 8,) 4,6,7,) 

K,(3; 1,6, 7;) K,(4; 2,5;8,) 

1,6, 7;) 2,5; 8;) 
The cones at (5), (6), (7) and (8) are similar to that at (4). This is the 
second case in which the o and ¢ lines enter in perfect symmetry and in which 


all the cones are identical in structure. 
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52. There is but one type of (3,4) congruence, and this may be derived 
from either I(3,5) or II(3,5). These congruences have each a o,¢ double 
quadric, and the configurations are: 

3, 4,5, 6, 8,) 
K;(1) K3(2; 3, 4,5, 6,7.) 
1,6,8,) 
K; (3; 2,6,7,) 
The cone at (7) is similar to (2); (8) is similar to (1); and (4), (5) and (6) 
are similar to (3). 

By imposing the proper condition, a (3,4) congruence can be found which 
has its basis points arranged on twelve planes. 

53. By imposing the conditions for eight basis points, in the case of a 
(3,3) congruence, there appears one and only one congruence. This may be 
obtained from I(3,3), II(3,3) or III(3,3). It has eight basis planes and 
eight basis points in addition to the twelve singular points and the twelve 
singular planes. All the configurations of ¢ lines are plane pencils, and all 
the configurations of o lines are quadric cones. The typical form of singular 


cone is: 
3, oF 74) 


K;(1) 
It will be noticed that there is no possibility of obtaining a (3,3) with eight 
basis points on five pairs of planes. This is because the doubling of any one 
of the five pairs of planes would require at least one of the lines of the con- 
gruence to be a fourfold line, which is impossible without a basis line. 

54. As a summary of the preceding work, it is seen that a (3,9) con- 
gruence may have a double quadric of the 20,27 type or of the o,¢ type, and 
further may have its points arranged by fours on two, four or six planes. 

A (3,8) congruence may have a double quadric of the 20,27 type or the 
o,v type, and have its basis points on 7 pairs of planes, i=1,...., 4. 

A (3,7) congruence may have a double quadric of the 20,2¢ type or the 
o,v type, or may have a pair of planes for a double quadric. It may have its 
basis points on 7 pairs of planes, i=1,...., 5. 

A (8,6) congruence may have a double quadric of the 20,2¢ type or the 
o,v type, or may have a pair of planes for a double quadric. It may have its 
basis points arranged on 1 pairs of planes, i=2,...., 6. ji 
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A (3,5) congruence may have a o,v type of double quadric, or may have 
a pair of planes for double quadric. It may have its basis points arranged 
on 7 pairs of planes, 1=3,...., 6. 

A (3,4) congruence may have ao,z type of double quadric, or may have 
a pair of planes for double quadric. It may have its basis points arranged 
on 2 pairs of planes, 1=4,...., 6. 

A (8,3) congruence has a o,¢ type of double quadric and its basis points 
by fours in six pairs of planes. It contains eight basis planes also. 


N. Y., June, 1910. 
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On the Four-dimensional Angles of the Semiregular 
Polytopes of S,. 


By P. H. Scuovrte. 


§1. Introduction. 


This paper may be regarded as a continuation of a previous one published 
in this Journat (Vol. XXXI, p. 303); it is concerned with polytopes of S, 
characterized by the property of admitting one kind of vertex and one length 
of edge, which polytopes will be called “semiregular.” These polytopes, corre- 
sponding to the Archimedian semiregular polyhedra of ordinary space, have 
been deduced from the regular ones by very simple geometrical operations 
called “expansions” and “contractions” in a masterly memoir of Mr. A. Booue 
Storr;* they will be indicated here by the symbols introduced in that memoir. 

It follows immediately from the property of admitting one kind of vertex 
and one length of edge that the portion of four-dimensional space occupied by 
a semiregular polytope at any vertex is the same for all the vertices of that 
polytope, We wish to determine this angle in parts of 16 right angles or 
1440°; to that end we put on duty the space fillings or nets of semiregular 
polytopes. The nets derived from the regular cells C,, C,,, C,, have been 
tabulated in the memoir quoted, those derived from the simplex C, have been 
added by ourselves.t As there are no nets consisting of polytopes, derived 
from the cells Cho,, Coy, we discard the semiregular polytopes deduced from 
them. 

There is a remarkable difference between the nets derived from C,, C,,, 
C.,, on one hand, and those derived from C, on the other. With exception of 
the regular nets built up exclusively either of C, or of C,, or of C,,, any net of 
the first group admits, besides principal constituents derived from Cy, C\,, Co, 


* «Geometrical Deduction of Semiregular from Regular Polytopes and Space Fillings,” Verhande- 
lingen of Amsterdam, Vol. XI (1910), No. 1. 

¢ “Analytical Treatment of the Polytopes regularly Derived from the Regular Polytopes,” Section I: 
The Simplex, Verhandelingen of Amsterdam, Vol. XI (1911), No. 3. 

Sections II, III, IV (Measure Polytope, Cross Polytope, Half-measure Polytope) will be published 
this year. The last section (on Extra Polytopes) will appear later on. 
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either prisms or prismotopes* or both, whilst there is no simplex net ad- 
mitting either a prism or a prismotope. Now the four-dimensional angles of 
prism and prismotope are known; these angles will be tabulated — with indi- 
cation of the source from which they are taken — at the place where-we want 
them, 7. e., in § 4. 

Before entering on our task, we have still to remark that for our aim it is 
not sufficient to know the different kinds of constituents of any net, but that 
we must know also how many constituents of each kind concur in any vertex 
of the net. This multiplicity of each constituent, which is independent of the 
choice of the vertex, has been determined in another paper. t 


§2. The Simplex Group. 


The simplex group contains 15 polytopes, the simplex itself included; 
they are represented in the following table by their expansion symbol, the co- 
ordinates of their vertices and their characteristic numbers of vertices, edges, 
faces, limiting polyhedra. Instead of C, = five-cell, we use henceforth the 
more appropriate symbol S(5) = simplex with five vertices. 


S(5)| (10000)]( 5, 10, 10, 5) 

e « (21000)]( 20, 40, 30, 10) 

(21100)]( 30, 90, 80, 20) 

‘eg “ 1*(21110)]( 20, 60, 70, 30) 

e,e, “ | (32100)]( 60, 120, 80, 20) 

(32110)]( 60, 150, 120, 30) 

ee, * (32210)]( 60, 150, 120, 30) |= —e,e,S(5) 
€,€e, “ |*(43210)] (120, 240, 150, 30) 

ce, (11000)]( 10, 30, 30, 10) 

ce, “ (11100)]( 10, 30, 30, 10)|=—ce,8(5) 

ce, “ (11110)]( 5, 10, 10, 
ce,e, “ |*(22100)]( 30, 60, 40, 10)] 
cae, (22110)]( 30, 90, 80, 20) |= —e,S(5) 
(22210)|( 20, 40, 30, 10)| = —e, 
Ce, (33210)]( 60, 120, 80, 20) |= —e,e,8(5) 


Here (32100) means that we get the coordinates of the 60 vertices of the 
polytope e,e,S(5) with respect to a regular five-cell by assigning to 7,, x, 2, 
x,, x; the numerical values 3, 2,1,0,0 taken successively in all the possible 


* See the definition of the prismotope (m; n), § 4, and compare, for prismotopes in general: “The 
Characteristic Numbers of the Prismotope,” Proceedings of Amsterdam, Vol. XIV (1911), p. 424. 
+ “On Reciprocal Nets,” Nieww Archief voor Wiskunde, Vol. X (1913), p. 273. 
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orders of succession, whilst the remark e,e,S(5) = — e,e,S(5) indicates that 
e,e,5(5) and e,e,8(5) are congruent but of opposite orientation. Finally, 
the asterisk before the coordinate symbol of a polytope expresses the fact that 
the latter is central symmetric. 

It follows from this table that we have to determine nine four-dimensional 
angles. But in the first paper on four-dimensional angles* we found for the 
16 


four-dimensional angle A of S(5) itself the value — ; 


73° 31’ 21", 4. ¢, Came = a is the angle between the spaces of any two limiting 


+46, where ¢ = 


tetrahedra of the simplex. So the number of unknown angles is reduced to 
eight. On the other hand, there are only seven simplex nets; so, even if the 
relations deduced from these nets are mutually independent — which suppo- 
sition will prove to be too optimistic — we want one relation more. We start 
by indicating a way leading to such a relation. 

By means of a regular truncation of S(5) at the vertices so as to take 
away a third part of each edge on either side, we get the polytope e, S(5). 
So we get the solid angle round an edge of the original S(5) by addition of 
the four-dimensional angles of the e,S(5) and that of the smaller S(5) taken 
away by truncation, i. e., by the generally known rule of the spherical excess +t 
we find 4, + A =2 (3e—2), if A, stands for the four-dimensional angle of 


e,S(5). So we find 4, = — +26. 


The seven simplex nets are characterized in the following table by the 
constituents concurring in any vertex: 


I 10S8(5), 20ce,S(5) 

II 2S8(5), 8e,S(5), 6ce,e,S(5) 
Ill 2ce,S(5), 6e,S(5), 2 (5) 
IV 2e,S8(5), 6e,e,S(5), e, (5) 

Vv 2e,8(5), 3€,e,5(5), 2ce,e,8(5) 
VI 2¢e,e,8(5), 2¢,e,e,8(5), 2e,e,8(5) 
VIL | 5e,e,e,8(5) 


So, if the four-dimensional angles of e,e,..S(5) and ce,e,..S(5) are indi- 

eated by A,,.. and A;,.. respectively, we find the equations | 

104+204,=2A +8A, +64,,=2A;, +6A, +24, =24,+64,,+ A, 
= 2A, +3 + 2 = 2 Age + 2 + 2 = 5 = 16. 


* Henceforth this study will be quoted as “F. P.” 
+ This angle 3e—2 occurs already in the small table of “F. P.” in the row of C,; it is the angle 
B= 46° 34’ 3”. 
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These relations allow us to complete the two results already obtained by 


16 , _ 24 


but the four equations 


+ 2A, = 16, 


with the remaining four unknown angles A,, A;, A,,, 4,;, prove to admit one 
degree of dependence. So we still want another relation from a new source. 


§ 3. The Simplex Group Continued. A New Equation. 


We try to determine one of the four unknown angles figuring in the 
equations (1) by itself, and fix our choice on A,,, as this angle is formed by 
four edges, whilst five edges concur in the vertex of 4,, and even six in the 
vertices of A, and Ag. 

If the point 3,2,1,0,0 is chosen as vertex O of angle 4,,, the four ad- 
jacent points are 

P=2,3,1,0,0, Q=3,1,2,0,0, R,=3,2,0,1,0, R,=3,2,0,0,1. 
So we have to determine the six plane angles POQ, POR;, QOR,, R,OR, 
by means of the mutual distances of the points O, P,Q, R;. We find 

OP=O0Q=OR,=R,R,=V2, PQ=QR,=V6, PR,=2; 
and therefore 
POR,=90°, =’. 

We have represented the angle O(PQR,R,) = on the spherical space 
(Fig. 1) with O as center, and introduce in this diagram three more points: 

In the first place, the point Q’ diametrically opposite to Q, giving rise to 
the formation of the new angle O (PQ’R,R,) = y, forming with O (PQ R, R,) 
the solid angle on the edge QQ’ of the tangents in Q’ to the ares Q’P, Q’R,, 
Q’ R,. 

In the second place, the point P’ diametrically opposite to P, and in the 
third place the point Q” bisecting the are Q’ P’, giving rise to the formation of 
two new angles, 7. e., 0 (Q’ Q” R, R,) = A, as all the six plane angles are 60°, and 


— 6 = 16, | 

8 

——+42+64A, + A, =16, 

fe +24, +4A, = 16, 


of the Semiregular Polytopes of S,. 361 


O(Q" P’R,R,)=y. So 2y+A represents* the solid angle on the edge P P’ 
of the tangents in P to the ares PQ’, PR,, PR,. 
So we find 
=2sph.exc.Q’ (PR,R,), 2y+A=2sph.exe.P (Q’R,R,), 
and therefore 


x=} +2 sph.exe.Q’ (PR, R,) —sph.exe. P (Q’ R, R,). (2) 


Calculation of sph. exc.Q’ (P R,R,). The corresponding spherical triangle 
admits as sides one angle of an equilateral triangle with sides of 60°, and two 
angles equal to the vertex angle of an isosceles triangle with sides 60°, 60°, 90° ; 


1 
so we get for these sides once and twice — he, 6, 2—4d, 


where 6 = 70° 31’ 44” is the angle between any two faces of a tetrahedron. 


Fia. 1. 


From the sides 6, 2— 4, 2—6 we have to deduce the angles. Here we find 


1 1. 
once cos~! rm and twice cos~! Gr bey & 2—e, 2—e, where ¢= 75° 31’ 21” 


is the angle introduced in $2. So the spherical excess of Q’(PR,R,) is 2—e. 

Calculation of sph. exc. P (Q’R,R,). For the sides we find one angle of 
60° (from triangle PR,R,, where PR, and PR, are right) and two angles 
equal to the base angle of the isosceles triangle with sides 60°, 60°, 90°; so 


the sides are once 60° and twice cos" 5 V3. 


* We owe the ingenious determination of the angle y to Dr. W. A. WytnHorr, of Amsterdam, whose 
dissertation “De Biquaternion als Bewerking in de Ruimte van vier Afmetingen” (The Biquaternion as 
Operation in Four-dimensional Space), Amsterdam, 1898, forms an excellent introduction to ‘the 
geometry of S,. 


b0" bc b0° 
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Passing from the sides to the angles, we get once the angle e and twice 


9 
cos~! : V6= cos 1 — So, if we represent —3 by 9, the spherical 


excess of P(Q’R,R,) is e-+@—2. Ascos(e+@—180°) = (2 
we use the result cost (2+5V3). 


Calculation of x. By introducing the value —; + 2¢ of 14 and those of 


the spherical excesses, (2) passes into 
12 
— — cos! (5 


which leads to the following evaluation: 


1 
2+5V3 =10,6602540, log 75 (2+5 V3) =9,9485863, 


2 (2+5V3) = 0,8883545, cos” "19 (2 +5 V3) = 27° 19’ 58”. 


, 


9 
We denote the latter angle by e’. Then = 


So we find by means of the equations (1) 


5215, 


by introducing A, = = —e, 


These results are tabulated at the end of this paper. 


§4. Angles of Four-dimensional Prisms and Prismotopes. 


We find in the measure-polytope nets, prisms on C, O, CO, RCO, tC, tO, 
tCO and prismotopes (4; 4), (4; 8), (8; 8); in the nets derived from the cell 
C.,, prisms on 7, C, O, CO, RCO, tT, tC, tO, tC O and prismotopes (3; 3), 
(3; 6), (6;6). As the four-dimensional angle of any of these prisms ex- 
pressed in right angles is equal to the solid angle of the base of the prism 
expressed in right angles, these angles can be taken from A. ANDREINI’s tables.* 
As the prismotope (m; 7) is generated by placing two regular polygons p,, 
and p, in such a way in two planes perfectly normal to each other that the 
point common to these planes is a common vertex of the polygons, and moving 


* «Sulle reti di poliedri regolari e semiregolari e sulle correspondenti reti correlative” (On the Nets 
of Regular and Semiregular Polyhedra and on the Corresponding Reciprocal Nets), Memorie della Societa 
italiana delle scienze (detta dei XL), 3d series, Vol. XIV (1905), p. 75. 
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one of them so as to bring that vertex of it successively into coincidence with 
any point in the interior of the other, the four-dimensional angle of that 
prismotope expressed in right angles is the product of the plane angles of 
p, and p, expressed in right angles. So we find, if P, stands for “prism on 7” 
and AP, and A (m; ) for the four-dimensional angles of P, and (m; n), 
whilst 6 = 70° 31’ 44” is the angle introduced in § 3: 


= 28|APio =1+8]A4 (4; 4) =1 
APo= 1 A Propo = 3 — A =2 A (4; 8) (3; 6) = 
4—48/APy =2—3|A Poo =? A (8;8) =2|4 (6; 6) = © 


$5. The Measure-Polytope Group. 


The 15 polytopes of this group, the measure polytope C, itself included, 
are represented in the following table by their expansion symbol, the coordi- 
nates of their vertices and their characteristic numbers;* moreover, a fourth 
column gives the interpretation of these polytopes as derived from the cross 
polytope C’,. 


C,) [211 1) ( 16, 32, 24, 8) C ey Org 
e 1] ( 64, 128, 88, 24) 
( 96, 288, 248, 56) | “ 
e, “| [1111] ( 64, 192, 208, 80) e, 
(192, 384, 248, 56) | ce,e,e, “ 
(192, 480, 368, 80) 
e,e, “| 1] (192, 480, 368, 80) * 
[8 2'1'1] (384, 768, 464, 80) | e,e,e, “ 
ce, “| [111 0] V2] ( 32, 96, 88, 24) ce, 
ce,“| [110 0] V2] ( 24, 96, 96, 24) ce, “ =, 
ce,“| [1000] V2] ( 8, 24, 82, 16) Cv 
ce,e, “| [2 210] V2] ( 96, 192, 120, 24) ce,e, * 
ce,e, “| [2 11 0] V2] ( 96, 288, 240, 48) e, “ 
ce,e, “| [210 0] V2 | ( 48, 120, 96, 24) e, * 
“| [3 2 10] V2 | (192, 384, 240, 48) 


Here [2210] V2 means that we obtain the coordinates of the 96 vertices 
of ce,e,C, with respect to a system of rectangular axes by assigning to 
2, the numerical values 2 V2, 2V2, V2, 0 taken successively in 


* Compare for these data and for the measure-polytope nets: “Analytical Treatment,” etc., Section II. 
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all the possible orders of succession with all the possible combinations of the 
positive and negative sign; moreover, 1’, 2’, 3’ stand for short for 1+ V2, 
1:4-3 V2. 

As the four-dimensional angles of C,, C,,, C,, are known (see the table 
in “F’, P.”), we have still to determine 12 angles. To that end we have at our 
disposal the following sixteen nets, characterized by the constituents concurring 
in any vertex: 


€,C,| 3 Pic (4; 8) 
14,0, = C,, 
2Preo} (43 4) 
26,0, Fa ce,C, 
€, | 2 Prc (4; 8) 
2¢,6C, | ...+ (2 
6,04, 2 (8; 8) eet, 
(4;4) | 2 ce,e,C, 
2¢¢,¢,C, 
*XVI (4:;4)] .... 
Here the asterisk before the wees number indicates that the net is symmetric. 
Now, if we represent the angles of e,e,..C, and ce,¢,..C, by B,,.. and Bi, 
respectively, and indicate the sum of the angles of the constituents concurring 
in a vertex by an S with the rank of the net as subscript, we ao 


S,=8B, +B; +i 428 


= 2 By, + Br + 5 


Sy, = 2 Big + Bios + 


29 
4 


= 26, Si, = 2 Bigs + 


—2B, +B, + 34+66 8B, +28; 


By, +Baty— Si5= 4 Bis +2 


+ Bis + 3+ 26 Sig = 4 Biss +1 


| 
B, +B, +> +36 
S,=4B, + By + —- 
S, 
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So we find, as we have already B, = 2, Bz = 5? from S,= 16: 
23 19 
(Sy )--- By — 
(S,)...B, —38 (cither S, or Sy)...Biy 
(cither 8, or S,)...B,= 5 +26 
6c , 1] ‘ 66 , 15 


and the now remaining four equations 
4+ B+ | 

1 
But 8=16, | 


2 Bos + Bie + 4) = 16, 
4B’, + 16 


(3) 


with the four unknown angles B,,, B),, B,;, Bj;, prove to admit one degree of 
dependence. So here also we want another relation from a new source. 

By means of a regular truncation of C,, at the vertices, so as to take away 
a third part of each edge on either side, we get the polytope e,C,,. As the 
four-dimensional angle taken away by truncation at any vertex of this e,C,, 
is evidently half that angle of C,,, we get the solid angle round an edge of C,, 
by addition of the four-dimensional angle of e,C,, and half that angle of C,,. 


Now the latter angle (see “F’. P.” in the table, the angle 8 of C,,) is = ; as 
, 1 , 8 , 7 
e,C\, = ce,e,C,, we find therefore B,, + > Bs = hey 3° Then the 
equations (3) give B,, = 7a 19° 


These results are tabulated at the end of this paper, both ways (for C, 
and 


§6. The Group of the Cell C,,. 


The 15 polytopes of this group, the cell C,, itself included, are represented 
in the following table by their expansion symbol and their characteristic number ; 
here we omit the coordinates of their vertices, as some of these polytopes 


46 
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require two or even three coordinate symbols,* but a third column gives their 
interpretation as derived either from C, or from C,, or in a different way 


from C,,. 


Ce, 

ee, 
C3 


CE, 


576, 


96, 96, 
384, 240, 
864, 720, 
576, 672, 

1152, 720, 
1440, 1104, 
1440, 1104, 
2304, 1392, 
988, 240, 
288, 240, 

96, 96, 
576, 336, 
864, 720, 
384, 240, 

1152, 720, 


It follows from this table that 
viz., those of e,C,,, €3;Cy,, Coy; 


24) 
48) 
144) 
240) 
144) 
240) 
240) 
240) 
48) 
48) 
24) 
48) 
144) 
48) 
144) 


= €€, Cy = Og 


Y 
= €,6,C,, 


= 
= Ce, Cy 


— C 4 


= 
= ¢C,, 
= Ca, 


we have still to determine six angles only, 
will be denoted by C,, C3, Cy, Cig, Cig, Cig. Now we have at our disposal 
29 semiregular nets each of which has for constituents, besides prism and 


prismotope, one measure-polytope form and one form derived from cell C,,, 


1. €., never more than one unknown angle. So we can abridge the work by 


mentioning only those six nets which contain the angles enumerated above. 


They are, once more with the constituents concurring in any vertex: 


V 
VI 


ce,C, 
ce,C, 
e,C, 
e, Cs 
2¢,C; 


So we find the six equations 


2P, 
4 Po |4 (38; 3) 
P, 3¢,¢,C,, 
Po | 2 (3; 6) 
(6;3) 2¢,¢,¢,C,, 


* These symbols will be discussed in “Analytical Treatment, etc.,” Section V. However, they figure 
already in Table VII, belonging to Section III. 


Cy|( 24, 
e, |( 192, 
e, | ( 288, 
e, |( 144, 
et, “ SiG, 
| ( 576, 
6,¢,¢, * 1 (1152, 
ve, 
“1( 24, 
( 288, 
“1( 288, 
I 
II 
IV 
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11 
3C, =16— 6 — 2(—2+35), 
16 
9 2 
2C, =16— 2 —16( 1— lama 
23 
3C;,. 16 — (—2 +3 
L 
16 
=16—(5 +25)— 4( 1— 
29 8 
sc, =ic— 
J 
giving 
17 157 73 
9 + 86, +4 18° 
§ 7. Results. 
The results are put on record in the following table: 
C; Cs C16 
16 ° ” € one 9 
l]—-=s +4e 14° 5’ 4”) 1 90 3 120 2 
2 
—4 79 2 42 172 30’ 210 
e| +2e—2e"] 168 22 46 | 425/141 3 27" | 315 
4 6e' 149 54 24 290 54 49 200 54’ 49” 
12 29 15 193 
— 40 2 1 44 337 30 
12 P 19 157 
€, + 243 19 58 61351 58 16 367 30 
12 49 19__ 157 
+ ¢|243 19 58 367 30 6|351 58 16 
16 35 35 385 
= 288 393 45 393 45 
64 57 18 | 11 165 2 180 = 
6 Z 
col 64 57 18 | 180 165 
2 5 a 
16 
ce|— +4 5 120 90 2 
17 17 one 73 
Ce, Cs de 129 54 36 255 255 
+2e—2e'| 168 22 46 | 315 3+24/141 3 27 | 10 
“ 
4 Ld 9 7 ¢ 23 "9 15 
— = +2¢ 79 42 3 210 12 172 30 4 
2 15 29 193 
188 40 2 | 337 30 $1287 144] 
6 = 70° 31’ 43”,624; e= 75° 31’ 20",951; oe = 27° 19’ 58”, 037. 
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56 33” 


13 49 


58 16 


1 44 


1 44 


15 


56 33 


30 


58 16 
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These results are entirely in accordance with the laws of reciprocity,* of 
C; with itself, of C, and C,, with each other, of C,, with itself. 


GRONINGEN, January 12, 1913. 


* Compare “Reciprocity in Connection with Semiregular Polytopes and Nets,” Proceedings of 
Amsterdam, Vol. XIII (1910), p. 384. 

A8 C4. and Cy are polarly related, the offspring of the one is equal to that of the other; so the 
law of reciprocity will require the equality of the angles of ¢, Cy. and ce, es Ceo, ete. 

It may be useful to remember that the Mathematical Society of Amsterdam had proposed the 
following prize question: 

“To determine the four-dimensional angles of the semiregular polytopes of space S, by a direct 
method, and to deduce from it all the possible space fillings by polytopes with one kind of vertex and one 
length of edge.” 

This question has been withdrawn, as all the nets are found. Nevertheless it still remains a desid- 
eratum: to determine directly the angles of the polytopes belonging to Cy. and Cy. 


A Generalization of Volterra’s Derivative of a Function 
of a Curve.* 


By CuHarues ALBERT FIscHEr. 


Volterrat has defined the derivative of a function of a curve at a point. 
He denotes the coordinates of the moving point which generates the curve 
by (a, @(x)), and the function and its derivative at the point x=? by the 
expressions 

|, 

respectively, and has proved the theorem that if the derivative is continuous 
and approached uniformly, then the first variation of the function is expressed 
by the equation 


dy|[p(x)]| = [p(ax), t] |Sp(t)dt. 


He does not mention the order of approach to the derivative, but in the state- 
ment of his theorem he has assumed the derivative to be unique when the 
approach is of order zero.{ In most of the applications it is necessary to 
assume an approach of higher order if the derivative is to be determined 
uniquely. Bliss, in an unpublished paper, has proved the same theorem in a 
slightly different form, introducing the idea of the order of approach to the 
derivative. He expresses the equations of the eurve in parametric form, using 
the length of are as the parameter, and assuming the variations to be orthogonal. 

In the present paper we assume a set of m differential equations given, 
of the form 

where the functions g,, 9,,..--, 9m Satisfy certain continuity conditions, and 
discuss the Volterra derivative of a function of the curve 


C: y=y(z) 


relative to the set of curves along which the functions 2,(x), 2,(”),...., 2m(%), 


* Read before the American Mathematical Society, February 22, 1913. 
+ Volterra: Atti della R. Academia dei Lincei, Ser. 4, Rendiconti III,, p. 97. 
{ For the definition of the order of approach see § 3. 
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determined by the differential equations above, have given values at the end- 
points x= v7, and v= @,. 

In $1 two existence theorems are proved. The first has to do with the 
continuity of the solution of a set of ordinary differential equations, and the 
second is a modification of the existence theorem for implicit functions. In 
§2 we define the set of curves to be considered and prove the existence of 
eurves of the set having the properties required in the definition of the Volterra 
derivative. This section also contains a short discussion of the analogy between 
the theory developed in this paper and some simple theorems in the theory of 
functions of a finite number of variables. In $3 will be found the definition 
of the Volterra derivative of a curve at a point, relative to the set of curves 
defined in § 2, and a proof of the theorem due to Volterra which has already 
been mentioned. The statement and proof of the theorem have necessarily been 
modified because of the special class of curves considered, but the theorem sub- 
stantially as stated by Volterra falls out as a special case. The theorem as 
proved in §3 will be called the generalized Volterra theorem. This section 
also contains the theorem that if the Volterra derivative of a function of a 
curve is continuous and approached uniformly with any finite order, then it 
must vanish identically along a curve which minimizes the value of the function 
considered. The last section deals with the application of the theory already 
developed to the Lagrange problem of the calculus of variations. 


§1. Aurilhary Theorems. 
We shall frequently consider systems of differential equations of the form 

where w(x) represents a set of arbitrary functions which are always less in 
numerical value than a constant 6. The well-known existence theorem for the 
solution of a set of ordinary differential equations implies that if we assume 
a continuity of a high enough order for the functions g, and w there is a unique 
solution 2,(2,@), 2(%,@),...., 2,(%,@) with a unique set of initial values and 
with continuity of any required order. It will also be necessary to know that 
the functions 2;(%,@) approach the functions 2;(z,0) uniformly as o (x) 
approaches zero with 6. This will be established by means of the following 


theorem. 
Suppose there is given a set of differential equations of the form 


45060) (1) 
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containing the arbitrary functions y,,7,,....,7, of t, and which for ,=0 


have a solution 
Y; = (¢=1,2,....,m; t,StSi,). (2) 


The functions , are supposed to be continuous and to have continuous first 
derivatives with respect to the variables y in a neighborhood R of the points 
(¢,z(t),0) defined by the solutions (2). Let the absolute values of the func- 
tions 7 be restricted so as to satisfy the inequalities 


|n,(t)| Sd (p=1,2,...., 7; StSt). (3) 


Tueorem I. For every «>0 there is ad>0 such that whenever the 
functions y satisfy the inequalities (3), the solutions y;(t) of equations (1) 
which have the initial values 


yi(t,) = x; (t,) (¢=1,2,...., 
are well defined over the entire interval t,<t<t, and satisfy the inequalities 
ly(t) —a,(t) | Se (¢= 1, 2, ....) StS 4). 


Let M/m be the largest of the maxima of the absolute values of the first 
partial derivatives of the functions y,...., with respect to the vari- 
ables y in the region R, and choose 4,p so that the region of points (t, y, 7) 
defined by the inequalities 


lies entirely within R. The constant 6 can furthermore be so restricted that 


the inequalities 


a(t) 37) Sp (4, St 
are satisfied. 
Define the functions y{ (¢), ...., yf? .... by the equations 


y(t) =a,(t)  (i=1,2,....,m), 


Then, if the functions y(t) approach definite limiting functions y,(¢) as n 
becomes infinite, this set of functions (y,(t), y(t), ..--, Ym(t)) constitute a 
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solution of equations (1) having the required initial values.* It is evident 
that the equations 


t 
are satisfied. They imply the inequalities 
lyf? — | Sp (t—é,). 
Similarly, 
ty 
(ty y (ty y 
t 


Expanding the integrands by Taylor’s formula and remembering the definition 
of the constant M, we find the inequalities 


t 2 
1 Sf Mo(t—t,)dt =Mp 


By a simple mathematical induction it can be proved that 


— yr | ~M n! 


Hence the series 


are uniformly convergent and their limits y;(t) satisfy the inequalities 


If p is chosen so that the right member of the inequalities (4) is less than e, 
the conditions of Theorem I are satisfied. 
The existence theorem for implicit functions states that if there is given 
a solution 
of the algebraic equations 


where the functions ...., 9, satisfy suitable continuity conditions, 
then for every value of x sufficiently near to a there is a unique set of values 
for Y,5 Yo, -++++) Ym im the neighborhood of b,, b,,...., 6, which satisfy the 
equations. In the next section we shall have a similar situation, excepting that 
instead of a single variable x we shall have the infinity of variables represented 


* This is the set of approximation functions usually used in Picard’s method of approximation. 
See Bliss, Annals of Mathematics, Ser. 2, Vol. VI, p. 49. The proof that the functions defined by these 
sequences actually solve the differential equations, and the proof of the uniqueness of the solutions so 
determined, is the same as in the reference just given and is omitted here. 
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by a function 7(x) taken over the range x,<x<v,. The introduction of the 
infinity of independent variables necessitates changes in the hypothesis and in 
the proof of the theorem. The proof given below is similar to a recent proof 
of the existence theorem for implicit functions due to Bliss.* 

Consider a set of functions 


whose values are determined uniquely when the variables a,,a,,....,a 
and a curve 
H: n=n(&) 
in the xy-plane are given. The functions will be said to be continuous at the 
values (H;@,, a, ...., @,), provided that for every positive constant e a 
second positive constant d can be found such that 


\o,(H; a) —9,(H; a)| <e 


whenever 
in(x) —n(x)| <d, |a,—a,| <d (eS 
Let the values (H;a4,,a,,....,a,,) =(H,; 0,0,....,0), where H, is the curve 
n(x) =0, be a solution of the equations 
a) =0 | (5) 

and suppose that, with respect to the variables a, the functions 9,, 9, ...-, @n 
are continuous and have continuous first partial derivatives in a domain 


At the initial values (H,; 0) it will be supposed that these functions and their 
first partial derivatives are continuous with respect to all arguments in the 
sense described above, and furthermore that the functional determinant 


09, (Hy; 0) 0, (Hy; 0) 09, (Hy; 0) 

0a, Oa, Oa, 
>, ( H,; 0) >, (Hy; 0) 0) 

0a, da, Oa,, (7) 
09, (H,;9) 99, (Ho; 9) 9) 

da, Oa, 


is different from zero. Then the following theorem can be proved: 
TueorEM II. Jf (H,; 0,0,....,0) ts an iitial solution of the kind 
described above, then two positive constants ¢ and a can be determined such 


* Bulletin of the American Mathematical Society, Vol. XVIII, No. 4, p. 175. 
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that no two solutions of equations (5) in the domain (6) have the same argu- 
ment H. Furthermore, a positive constant 6<e can be taken so small that for 
every curve H satisfying the inequality 


In(z)| (a, S$ (8) 
there exists a solution (H; a,,a,,....,4,) of equations (5) in the domain (6). 
Choose the constants e, a so small that in the domain (6) the inequality 
09, (H; a) 09, (H; a) 09, (H; a) 
Oa, 0a, 
09,(H;a) 09,(H; a) I, (H; a) 
Oa, da, Oa,, + 0 (9) 
a) «) On (H; a) 
Oa, da, Oa, 
is always satisfied. The continuity of the functions 9,, $,, ...., @,, and their 


partial derivatives and the non-vanishing of the determinant (7) make such 
a choice of possible. 

It will first be proved that there can not be two distinct solutions (H; a‘, 
a,,..-..,a,) and (H;a,,a,,....,a,) of equations (5) in the domain (6). 
Suppose there are two such solutions. By means of Taylor’s formula we can 
derive the equations 

a’) —9,(H;a)=2 (a;—a,) =0 09) 


j=1 da, 
where the arguments of the partial derivatives of >, are 
H;a,+6(a,;—a,),...., a, +4(a;,—a,,), 


in which 0 <<@<1. The determinant of the coefficients of a; —a,; in equations 
(10) cannot vanish on account of the inequality (9). Therefore the only 
solution of equations (10) is 


a;—a,=0 


and the solutions (H; a’), (H; a) of equations (5) are not distinct. 

It will next be proved that a constant d<e can be so restricted that, for 
every curve H satisfying the inequality (8), the equations (5) have a solution 
(H;a,,a,....,a,) lying in the domain (6). Define a function ® by the 


equation 


a? 
i= 
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The function ®(H,;a) has a minimum for a,=a,=.... =a, =0, since it 
vanishes for those values and is positive everywhere else in the region 


In particular, there is a positive number e such that the inequality 
®(H,;a) —®(H,; 9) >e 


is satisfied for all points a on the boundary of the region (11). Then, if 6 is 
sufficiently small, the inequality 


@®(H;a)—®(H;0) >e 


is also satisfied for all functions 7 (x) satisfying the condition (8) and all 
points a on the boundary of the region (11). The minimum of the function 
@®(H;«a), considered as a function of a,,a,,....,a,, alone, in the closed 
region (11) is therefore not at a boundary point of the region. The partial 
derivatives with respect to the variables a must vanish at the particular 
interior point of the region (11) at which ®(H; a) takes its minimum value. 
At this point we find the equations 


Since the determinant of the coefficients of $,, 9, ....,,, 18 distinct from zero, 
on account of the inequality (9), we know that equations (5) must be satisfied 
by the minimizing variables a. Thus the second part of the theorem is proved. 


§ 2. The Set of Curves K. 
Consider a set of differential equations 

Since the subscripts h, 1,7 always have the range 1, 2,3,....,m and the 
variable « the range 2,<7<vz, in this paper, we will hereafter not state the 
ranges explicitly in every set of equations. When a function y=y(z) is 
given, equations (12) determine m functions 2;(”) uniquely, if we assume the 
initial values 2,, of the functions 2,(~) at x=, to be given in advance. We 

are to consider the curves 
C: y=y(*) (13) 


joining two given points (z,, y,) and (a,, y,) in the wy-plane. Sucha curve 
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is said to belong to the set of curves K if it passes throuyh the points (%,, y;) 
and (2%, Y.), and if furthermore, when y(x) is substituted for y and its deriva- 
tive for y’ in equations (12), the corresponding functions 2;(x) not only have 
the prescribed values 2, at x=, but also given values 2. at % = X,. 

We will now take a particular curve C which belongs to the set K and 
which for the purposes of the following discussion will be assumed to be of 
class C” * on the interval v,<v<a,. 

Associated with C there will be a set of functions 


(14) 


2; = 2,(@) 


having the given end-values 2,,, 2,, and satisfying equations (12). The func- 
tions 2,(”) must be of class C” in the discussion which is to follow. This 
continuity will be assured if in the (m-+3)-dimensional space of points 
(X,Y, Y's 219 Say +++ +y Sm) in the neighborhood of the values defined by equations 
(13) and (14) the functions g; are assumed to be of class C”. 

There is a set of linear differential equations associated with equations 
(12), the so-called equations of variation,+ which play an important role in the 
following pages. They are the equations 


which would be satisfied by the derivatives 


_ dy(%,a) 02;(x,a) 


of a family of systems of functions 


y=y(%,a), 2,=2,(%,a) 
satisfying equations (12), as is evident at once on differentiating those equa- 
tions. The equations (15) are linear and non-homogeneous in @,, 
If the first two terms of their right members are dropped, they become homo- 
geneous, and there is consequently an adjoint system t¢ 
09; 
+ =0, (16) 


which will also be of service. 


* Bolza: “ Vorlesungen tiber Variationsrechnung,” p. 14. 

¢ Bolza: loc. cit., p. 560, equations (58). Hadamard: “Lecons sur le Calcul des Variations,” p. 226, 
equations (K). 
¢ Hadamard: loc. cit., pp. 33 and 230. 


= 
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The curve C is said to be normal if there is no solution of equations (16) 
which is also a solution of the equation 
= — =0, (17) 
where the arguments of the derivatives of g; are x, y(x), y'(&), 2,(%), 
excepting the solution (A,, Az, Ag, +) Am) = (0, 0,0,....,0). 
The existence of such a solution of equations (16) and (17) is the first 
condition which must be satisfied if the curve C is to furnish a minimum for 
one of the functions, say 2,(”), at x =4,, when the prescribed values are given 
for all the functions 2,(x) at v=.w,, and for all excepting 2,(z) at x= 
The assumption that C is a normal curve is therefore equivalent to the 
assumption that C is not an extremal for the minimum problem just described.* 
Let the systems (A,,, Ais, --++) Anm) be the solution of equations (16) 
which have the initial values t+ 
=1, = 0 (ih). (18) 
Any other solution will then be expressible in the form 


A,(v) = Cy 


By means of the solutions (A,,, Ajo) - +--+) Anm) Of the adjoint equations (16), 
the values ¢,(z,) of the solutions of equations (15) which vanish at =, can 
readily be expressed in terms of the function y(2). Multiply equations (15) 
by 4,,(z) and sum with respect to i. Then applying equations (16), we obtain 
the equations 


If equations (19) are integrated between the limits x, and a, and the right 
members integrated by parts, they become 


(a) = (@) (2) da, (20) 
where 
9, a 09; | 
= 3 — (aug (21) 


since it is always assumed that the function 4(a#) vanishes at the end-points. 
It will now be proved that, if C is a normal curve, a set of points &,, &,, 
.-5 &m, on the curve C, can always be selected such that the determinant 


* Bolza: loc. cit., p. 564. Hadamard: loc. cit., p. 234, equations (I). 
+ Hadamard: loc. cit., p. 230-231. 
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N,(E,) 
WHE) 4 £0. 


It follows directly from the definition of a normal curve that &, can be taken 
so that V,(&,) #0. Then the determinant 


N,(&,) N, (a) 
N.(&,) N,(«) 


ean not vanish identically. Otherwise the expressions 
N, 


would be a solution of equations (17) not identically zero, and the curve C 
would not be normal. Hence &, can be so chosen that it satisfies the equation 


| 
N,(E,) | 


Proceeding in this way with the determinant 
N,(&,) N,(&) 


N.(&,) N.(&) N(x) 
N;(&,) N;(&) N;(a) 


and so on, it is easy to show that &,,&,, ...., &, can be chosen so that the 
inequality (22) is satisfied. 

Consider a constant «, and any functions 7,(v), 7,(X),....,%,(%) such 
that 7,(x) is of class C” and vanishes identically everywhere excepting on the 
interval £,—«<x2<£,+e, where it does not change its sign and is not identically 
zero, and it furthermore satisfies the inequalities 

Se, Se, Se. (23) 
By applying the mean-value theorem for a definite integral to the determinant 


fi+e 


it can be reduced to the form 
Ni?) 


378 
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where £{ are certain mean values on the respective intervals £,—e<x<£,+e. 
Therefore, if ¢ is chosen sufficiently small, the inequality (22) implies the 
inequality 


SN, 


. 
1 m—é€ 


Emte 

Em —e 


1 


since N,(x#) is a continuous function of 2. 
If the points &,, &, ...., &,, are considered as fixed and satisfying the con- 
ditions imposed above, it is possible to prove the following important theorem: 
Suppose (x) is a function of class C" which vanishes at the end-points 
L=2, and x=2, and satisfies the inequalities 


[n(z)| Sd, | SO. (25) 


Suppose, further, that the functions y,(x), %m(%) are such that 
n,(z) 1s of class C”, vanishes for all values of x excepting on the interval 
E—e<a<&,te, where it does not change its sign and is not identically zero, 
and satisfies the inequalities (23). Then for e>0 it is possible to choose a 
positive constant d<e, such that, corresponding to every function n(x), there is 
a set of functions which make the curve 


y=y (2) +En(2) (26) 


belong to the set K. 

Choose an arbitrary set of functions 4,,%,, ....,%, of class C” which 
satisfy the inequalities (23) and vanish everywhere excepting on the specified 
intervals where they do not change their signs and are not identically zero, and 
let ¢ be chosen such that the inequality (24) is satisfied. Consider the curve 


where the constants a, are to be determined. Designate the solution of equa- 
tions (12), when y(x)+n(%)+2a,y,(v) has been substituted for y and its 


derivative for y’, which has the given set of initial values 2,,, 2,, ...., 2m, at 
w=2,, by 2,(X,n;a), a), Where a represents the set 
of parameters a,,a,,....,@,,, and define 9;(H;a) by the equations 


4) —2.=9,(H; a). 
The first theorem of $1 implies that there is a constant ¢,>0, depending on 


€ 
N, (2) nq (0) de 
| 
§ a 
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the magnitude of the region in which the functions g; are continuous, such that, 
if we take e<e, and a“ =1, the expressions 
9, (H; a), Oa; 
are continuous functions of the arguments a in the neighborhood defined by 
inequalities (23) and (6). They are also continuous at the values (H,; 0, 0, 
....,0) in the sense described in $1, with respect to all arguments. Equations 
(20) imply the equations 


N,(x),(x) da, 


and the inequality (24) implies that the functional determinant 


0, (H,; 0) 0 >, (H,; 0) 0 >, (H,; 9) 
Oa, 0a, 


is different from zero. Thus the hypothesis of the second theorem of $1 is 
satisfied, and if 6 is taken sufficiently small, there is a unique set of values for 
the parameters a,, a, ...-,@m,, each less in absolute value than unity, corre- 
sponding to every curve H in the ay-plane which satisfies the condition (25), 
such that (H; a,,a,, ....,@,,) 18 a solution of the equations 


(H ; a) =2,(%, 7; a) — 2. =0. 
If we now let a;7;=7;, the curve C, which is defined by equation (26) belongs 


to the set K. It is evident that if a constant 6 is effective for a particular e, 


say ¢,, it is also effective for every ¢ greater than «&. 
The proofs in this section are unchanged if the functions considered are 


assumed to be of class C’, r>2, instead of C”, and the inequalities (23) are 


replaced by the inequalities 


There is an interesting analogy between the results which have been ob- 
tained in this section, and some of the theorems in the theory of functions of a 
finite number of variables. The functions 2,(7) which have the given initial 
values 2,, are uniquely determined by equations (12) when the function y(z) 
is given, and therefore the quantilies z,(7,) are functions of the value of y at 


| 
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every point on the range x,<a<vw,. If, instead of this infinity of variables 
y(%) (%,SxS-4,), we consider a finite set y, (p=1,2,....,), where the 
range p=1,2,....,n takes the place of the range 7,<a<wa,, the equations 
2;(X_) = 2. have as their analogues a system of equations 


Yor +s Yn) = (27) 
Suppose there is given a set of values for y,, y,, ...., y, Which satisfy 
equations (27), corresponding to the initial curve C of the set K. Suppose 
furthermore that an arbitrary increment x, be given to each y,, and that we 
wish to determine increments @,, for m particular variables y,, such that the 
values 
Ny Np. +O, (28) 
shall satisfy equations (27). The condition that this is possible for every 
choice of y, sufficiently small is the inequality 


Oz, 02, 
OY», OY», Yon 
Yn, 
which is the condition that equations (27) be solvable for the variables y,,, y,,, 
-+>Yp,+ if the determinant (29) vanishes for every choice of p,, p,,...., Dm 
there is a set of constants 2,, 2,, ...-, A,, not all zero, which satisfy the 
equations 
sa,2%—0  (p=i,2,....,2). 
i a OY, 
This constitutes the first necessary condition that this set of values furnish a 
minimum for one of the functions, say 2,(4, Ye, ---+; Ym), With respect to 
those values for y,, y.,-.--, Y, Which satisfy the equations 
Such a set of values for y,, y,, .-.-, Ym 18 analogous to one of the curves C 


which is not normal according to the definition given above. 
Suppose then that the set (y,, y%,.---,Y,) Satisfying equations (27) is 
normal in the sense that not all of the determinants of the matrix 


dy, 
vanish, and suppose for convenience of notation that the determinant 
48 


. 
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dz, 2, 02, 
dy, Ym 
02m Oz, 
dy, Ym 
is different from zero. Then we may take the set (p,, p,, ...-, p,) = (1, 2, 


...+) mM), a rearrangement which is not possible for the infinite set of variables 
y(x), but which does not affect the argument when the number is finite. The 
theorem that for any set of increments y,, 7,,...., 7, sufficiently small another 
set @,,@,,....,@,, can be determined, such that the values (28) satisfy equations 
(27), is analogous to the theorem proved above that the curve whose equation is 


y = y(x) + n(x) 
can always be made into a curve 
Cer y=y (x) + n(x) + 


of the set K by adding a properly chosen set of functions 7,(x). 
The derivative of another function L(y,, y,,...., y,) with respect to one 
of the last »-m variables, say y,, may be defined as the limit 


or with respect to one of the first m variables, say y,, as 


n,=9 


In the former case the derivative has the value 


™ OL dy, , OL 
2 

where the factors dy,/dy, are the derivatives found from the solutions of 

equations (27) for the variables y,, y,,....,y,- It must vanish if the fune- 

tion L is to have a minimum for the set of values y,, y,,...., y,. In the 

latter case the derivative is always zero, as can be easily verified. In the suc- 

ceeding section we will define the derivative of an infinite number of variables 


y(a) (%,< <a) in an analogous way, and prove that it must vanish for a 


minimum. 
It should be noticed that in forming the derivatives (31) and (32) we 


divide by the arbitrary increment given to the variable with respect to which 


. 
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we are differentiating, and do not divide by any of the increments which are 
given to the variables y,, y., ...-; Ym in order that the restricting equations 
(27) may be satisfied. 


§3. The Derivative of a Function of a Curve. 


The Lagrange problem of the calculus of variations is to find the condition 
that a curve C shall minimize the value of a definite integral 


Lo 
, , 


taken over the set of curves K defined in the last section. The first necessary 
condition is the vanishing of an expression which we find to be the derivative 
of the definite integral considered as a function of the infinity of variables 
defining the curve C. In this section we will define the derivative for a much 
more general class of functions and find some of its properties, and in the next 
section we will discuss its application to the Lagrange problem. 

If a number L(C) corresponds to each curve C of a set K, then L(C) is 
said to be a function of the curve C, as C ranges over K. 

If a number L(C,x) corresponds to each point x of each curve C of a set 
K, then L(C,x) is said to be a function of the curve C at the point z. 


If two curves 


are such that the inequalities 


|y(z) —y(x) | Se, |y'(x)—y' (x) | Se (x) —y (x) | Se (4% %,) 
are satisfied, then the curve C is said to be in the neighborhood (e), of the 
curve C. 

Suppose C is a curve of class C™, +22, belonging to the set K. Take 
an arbitrary function 7(x) of class C® which vanishes identically everywhere 
excepting on the interval §—d <a%<&+, where it does not change its sign 
and is not identically zero, and which furthermore satisfies the inequalities 


in(x)| |n’(x)|Sd, (x) | Sb. 


Then choose a set of points &,,&,...., &, satisfying the conditions of the 
preceding section. According to the discussion there given, for a given é the 
constant 6 can be chosen such that a set of functions 74,(%), 4,(@),...., Nn (©) , 
also satisfying the conditions of the preceding section, always exists, for which 
the curve 
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Ce: = y (2) + (a) 


belongs to the set K. 
If L(C) is a function such that the limit 


exists uniquely, where o is defined by the equation 


o= n(a) da, 


then this limit is called the Volterra derivative of the function L(C) at the 
point &, relative to the set of curves K and the set of powts &,, &, ..- +5 Em- 
Under such circumstances, the Volterra derivative is said to be approached 
with order +. 
If we form this derivative at a point of the set &,,&,....,&,, say &, 
one admissible choice of the functions 7;(2) is 


Then the curve C;, coincides with the curve C, and the Volterra derivative must 
vanish. Therefore, if the derivative exists at the points £,, the equations 


are satisfied. 


When it will cause no ambiguity, we will let the expression L’(C, &) 
represent the Volterra derivative, omitting the arguments £,, &, ...., &,. 

We will always let C. represent a curve of class C“ belonging to the set K, 
determined as in §2. It is evident that every curve C,, is also a curve C., if 
é,<e. C,, will always represent such a curve which also satisfies the conditions 
laid down in the definition of the Volterra derivative. 

We assume that there is a neighborhood (d), of the curve C which has the 
following property: For every e>0 there exists an e>0 such that if @ and 
C.. are curves of class C“ belonging to the set K and in the neighborhood (d), 
of C, and if & is any point on the interval z,<x<~,, then the inequality 


L'(6,£)|<e 
is always satisfied. Under these circumstances the Volterra derivative is said 
to be approached uniformly with order r in the neighborhood (d), of C. 


We assume, further, that for every e>0 there is an ¢>0 such that if C is 
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any curve of class C™ belonging to the set K in the neighborhood (e), of the 
curve C, then the inequality 

|L’(C, x) —L’(C,x) | Se 
is satisfied. That is, the Volterra derivative is continuous with order r at the 
curve C, with respect to the set of curves K. 

We assume, finally, that the Volterra derivative L’(C, a) is a continuous 
function of x on the interval 7,<x<v,, and since this interval is closed it is 
uniformly continuous. 

Suppose 7(x,a) is an arbitrary function of class C™ in 2 which vanishes 
at the end-points x=2z, and x= 2, identically in a, and satisfies the following 
conditions. The functions 7(#,a), all approach zero 
uniformly with respect to « when a approaches zero. The function n(x, a) 
has a derivative 7,(2,0) with respect to a at the point a=0 which is con- 
tinuous and approached uniformly with respect to x. If a small constant value 
is given to the parameter a, the function 7(2,a) does not change its sign on 
the interval 

It follows from these assumptions that when an ¢>0 has been chosen it is 
always possible to restrict the value of a so that the functions y(%,a), 4/(a,a), 
. ee, N©(x,a) will be less in absolute value than the 6 determined in the pre- 
ceding section, on the whole interval 7,<a2<a,. Then we can determine the 
functions 7,(%,a), 7,(%,a), ...-,%,(%,a) such that the curve 


Cea: y=y(2) + 7 (2, a) + 


shall belong to the set K, where 7;(x,a) satisfies the conditions for y,(~) in the 
preceding section. 

The function Z(C.a) is not uniquely determined by e and a since the curve 
Cea is not unique. Nevertheless the following theorem, which is referred to in 
the introduction as the generalized Volterra theorem, can be proved. 

If the functions L(C) and the curves C and Cra satisfy the assumptions 
given above, then the expression 

lim L(Ca)—L(C) 


a 


is unique, and its value is given by the equation 
lim L (Cea) —L 


e=0 a 


() = (2,0) dz. 


In particular, suppose n(x,a) is an admissible variation; that is, the curves 


Ca: y=y (x) +n(2,a) 


¢ 


386 Fiscuer: A Generalization of Volterra’s 


belong to the set K. Then the functions n,(x,a) are identically zero, and 
L(C,) is a uniquely determined function of a, which has a derivative at «a =0 
which is expressed by the equation 
dL (C,) 

It should be noted that when ¢ approaches zero the parameter a approaclies 
zero necessarily, and in such a way that every curve Ca belongs to the set K. 

The theorem can be proved as follows: First choose an ¢ arbitrarily satis- 
fying the conditions of §2. Then determine 4, divide the interval 2,<a#<a2, 
into segments each of length 6, and call the end-points of the segments 
Loy +++ +) SO that and x,=a,. Select a set of functions 0,(x), 
6,(”), ...+,9,_.(«%) of class C™ which satisfy the conditions 

0,(%) =1 
0<6,(4)<1 p41), 


6, (a) = 0 
where p has the range 1, 2, ...., w—2, and define 6,(”) and 6,_,(x) by the 
equations 
=0, 0, 4(z)=1. 


xX 


It follows from the assumed properties of the function 7(2,a) that for any 
choice of 6 the value of a can be so restricted that the inequalities 


are satisfied on the ranges 2, and p=0,1,2,...., n—1. 
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Then, according to the principal theorem of §2 we can choose the functions 
where 1=1,2,....,m and p=1,2,....,m—1, in such a way 
that the curves 

C,: y = y (2) +8,(4)n (a, a) +3 a) 


shall belong to the set K. It follows from the proof of that theorem that the 
function 7,,(2%,a) can be made to differ from the function 7;,_,(#,a) only by a 
constant multiplier. Since the curve C, is the same as C, and C,_, is the same 
as Cra, it is evident that 

L(Cea)—L(C) _*5"L (Cp) 


a p=1 a 


(33) 


The curve C, satisfies all the conditions imposed on the curve Ce in the 
definition of the Volterra derivative when that derivative is taken for the 
eurve C,_, at the point 2. Since the Volterra derivative is assumed to be 
approached uniformly along every curve in a neighborhood (d), of C, the 
equations 


a 


are satisfied, where the largest of the quantities |%,| approaches zero with e, 
and o, is defined by the equation 


Since the derivative is continuous with respect to the set of curves K at the 
curve C, equations (34) may be written 


L(C,)—L 


a 


where the largest of the quantities |«,| approaches zero with «. 
Since the ratio 4(#,a)/a approaches y,(%,0) uniformly as a approaches 
zero, we know that the expression 


(tarde =f n(2,0)dz, (37) 


which is finite. The mean-value theorem reduces equations (35) to the equations 


n(x, a) (Xp41—Xp) (1—6,_, (%,—%,_1) 
— (1—O, )n(%p,@) (38) 


where 2, is a point on the interval x,_,<a<v,, and a, and 2, are points 
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on the interval x,<x<a,,,. It follows without difficulty from equations (37) 


and (38) that the equation 
(39) 


is satisfied. Since the Volterra derivative is a uniformly continuous function 


of x, the equations 


(18, (25) )n (5412) ] = 


+L' (C, ) (x 


are easily verified. 
If equations (36) and (38) are substituted in (33), the limit taken as ¢ 
approaches zero, and then equations (39) and (40) are subtracted, we have 


the equation 


lim L(Ceo)—L(C) _ lim (41) 


20 a a 
Since 7,(2,0) is approached uniformly and is continuous, we can state the 


equation 


— +9, (42) 


where the largest of the quantities |v,| approaches zero with e. If we now 
substitute equation (42) in (41), it easily reduces to the equation 


lim L (Cea) —L(C) L' (C,x)n, (2,0) dx. (43) 


a 


We will now consider the particular case where y(2,a) is a family of ad- 


missible variations. Since in the principal theorem of §2 the multipliers 
1, o,---+,G,, Were determined uniquely, and since in this case a,=a,=....=0 
is a correct determination of them, it is the only determination. Then the 
functions 7;(v,a) must vanish identically. Therefore when a is given, the 
curve C, is determined uniquely, and equation (43) becomes 


| 
da a=0 J L (C,x)n,(x,0) da. 


— 
= 
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It follows from the generalized Volterra theorem and the fundamental 
lemma of the calculus of variations* that the identical vanishing of the Volterra 
derivative is a necessary condition that the curve C furnish a minimum for the 
value of the function Z(C) taken over the set of curves K, provided L(C) is 
such a function that its Volterra derivative is continuous and approached uni- 
formly with any finite order with respect to the set of curves A, and continuous 
also with respect to x, on the interval v,<a<a,. 


$4. Applications to Functions Which Are Defined by Definite Integrals. 


In this section we will let the function L(C) be a definite integral and find 
its Volterra derivative. It will appear that this derivative is the expression 
whose vanishing constitutes the first necessary condition for the curve C to 
minimize the value of the definite integral considered. 

Define L(C) by the equation 


ats 


where the function f is assumed to be of class C” in the (2m-+3)-dimensional 
space of points (2, y, y’,2,,-.--,2m) in the neighborhood of the values defined 
by the equations (13) and (14). The curve C is assumed to be a normal curve 
of class C”. Since the functions f, 9,, 9.,---+-)Gm, together with their first 
and second partial derivatives, are continuous in the neighborhood mentioned 
above, they are uniformly continuous in every closed region included in that 
neighborhood. 

Choose once for all a set of points &,,&,....,&,, satisfying the conditions 
of §2 with respect to the curve C. Then select a function y(x) of class C” 
which vanishes everywhere excepting on the interval §—d<a<£&+6, where 
it does not change its sign and is not identically zero, and which satisfies 
inequalities (25). If ¢ is given, the value of 6 can be restricted so that a set 
of functions 7,(x), 4.(%), ...-,%,(%) satisfying the conditions of $2 can be 
found, for which the curve 

Csr y=y(%) +o (a) 

belongs to the set A, where the function w(x) is defined by the equation 


We must compute the Volterra derivative from the equation 


lim L(Cg)—L(C) 


* Bolza: loc. cit., p. 25. 
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where as usual 


Let ¢;(”) represent the difference between the value of the function 2,(#) 
taken along the curve Cz and its value taken along the curve C. The ex- 
pression L(Cz)—L(C) can be expanded by Taylor’s formula,* giving the 
equation 


L(Cx)-L(C) = ff" {tot +3 (44) 


where the arguments of the partial derivatives of f are 2, y+ uo, y’ + ua’, 
2,+ul,,...+) 2, t+ug,,. Since the integrand is uniformly continuous in both 
of the arguments x and u, we can change the order of integration whenever it 
is convenient. It follows immediately from equations (12) that the equations 


Y +O, y +a’, 2m + Sm) — Gil = 0 


are satisfied for all values of x. Taylor’s formula reduces them to the equations 


09; } Ar 
where the arguments of the partial derivatives of g; are 7%, y+uUo,...., 


2, +ué,. If equations (45) are multiplied by the undetermined functions 
A,(x) of class C’, then summed with respect to 7, integrated between the limits 
x, and x,, and added to equation (44), they give us the equation 


Xe ] = 
L (Cs) -L(C) = f +5 + | duda, (46) 


where the function Ff’ is defined by the equation 
(47) 


with the arguments the same as in equations (44) and (45). 

Since all the functions in the integrand of equation (46) are uniformly 
continuous, the terms containing w’ and ¢; can be integrated by parts. The 
functions w(x), €,(#),..--,6,(%) all vanish at both end-points, and equation 
(46) becomes 


L(Cx)—L(C) = 


{of (F.,—Fs,)du} dx, (48) 


1 


where the accent always signifies the total derivative with respect to x. If the 
order of integration is changed in the first part of the right member of equation 


* Jordan: “Cours D’Analyse,” Vol, I, p. 247, equation (2). 


n(x) dua. 
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(48), the function w(x) replaced by 7(%) ames and the mean-value theorem 


applied, it reduces to the equation 
L(Cx)—L(C)=0 f (Py — axe 


GS (F,,—F,,)dudx, (49) 


where the points &’ and &; are on the intervals §—-d <a<&+6 and &—-e<ax<&+¢ 
respectively, and the functions o; are defined by the equations 


+e 
é,= n; (x) dx. 
We will determine the functions A, by the differential 


equations 


vl 
J (F,,—F,,)du=0, 
0 
which may be written in the form 
1 
A; + f du = du. (50) 
The constants of integration will be determined by the equations 
1 
f —Fy lene, du=0, 
0 
which i be written in the form 
09; 0g Ji f/ 
1% (2) du— 5! = J du. (51) 
This or aoe (49) to the form 
1 
L(Ce)—L(C) = of (52) 


The existence theorem for a solution of a set of ordinary differential 
equations implies that the functions 4,(v) are of class C’, if we can show that 
the constants of integration are finite and determined uniquely. Consider a 


particular solution Um(%)) of equations (50) having an 

arbitrarily fixed set of initial values Uno at w=a2,, and the funda- 

mental system +> Anm) Of solutions of the homogeneous equations 
+ J du =O, (53) 


with the initial values 
The functions u; and A,; depend on w, but, according to the first theorem of $1, 


| 
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as ~ approaches zero with e, they approach as limiting values the corresponding 
solutions of the systems of equations (56) and (16) which are derived from 
(50) and (53) by putting a=0, e=0. The general solution of equations (50) 
is expressed by the equation 


A;(#) = (2) + 26, 44;(2). (54) 


The constants of integration c, are determined by equations (51) which may 
be written in the form 


According to the first theorem of §1 the determinant of the coefficients of the 
constants ¢,, C,, ..--, Gm, reduces uniformly to the determinant (22) as 
approaches zero. Hence for a sufficiently small value of «¢ it is distinct from 
zero, and the constants ¢,, ¢,,....,¢, are determined uniquely. Evidently 
as e approaches zero the constants themselves approach definite limiting values 
as is indicated by the theorem of §1 mentioned above. This makes the func- 
tions 4;(”) approach uniformly the functions obtained by putting e=0, #o=0 
in the equations determining them, as ¢ approaches zero. 

If we now divide equation (52) by o and let ¢ approach zero, we find the 


Volterra derivative to be 
where the functions 2,(”) are the solutions of the equations 
— Fey = — fey — fo, = 0 (96) 


whose constants of miggeaiann are determined by the equation 


[Py — Py lens, = =|f {a | _, = 


The well-known existence theorem for the solution of a oa of ordinary 
differential equations implies that the functions ”,(”) and their derivatives 
are continuous. Since all the other functions involved in L’(C,%x) are also 
continuous by hypothesis, it is evident that L’(C, a) is a continuous function 
of x over the range 2,<a<a,. It remains to be proved that it is approached 
uniformly with respect to the set of curves K in the neighborhood of the 
eurve C, and is continuous in the argument C at the initial curve under con- 


sideration. 
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The condition which must be satisfied by the set of points &,, &,,...., &, 
is expressed by the inequality (22). If we replace the curve C by any other 
curve 

C: y=y(#) 

belonging to the set K and in a neighborhood (e), of the curve C, and choose e 
sufficiently small, the resulting change in each element of the determinant (22 
ean be made less than any previously assigned positive constant, as is easily 
proved by means of the first theorem of §1. We can therefore take ¢ so small 
that this determinant is distinct from zero for every admissible curve in the 
neighborhood (e), of C. That is, the set of points &,,&,...., &, is effective 
for every curve C in that neighborhood. 

Since the first and second partial derivatives of f and g; are uniformly 
continuous in a closed region including the curve C, the argument of this section 
remains valid if y(x) is substituted for y(#) everywhere. Furthermore it can 
be shown that the functions 2,;(x) approach the limiting values found by putting 
e and consequently w(x) equal to zero in equations (50) and (51), uniformly 
with respect to the curves of the set A in the neighborhood (e), of C. This 
assures us that the Volterra derivative is approached uniformly in the neigh- 
borhood (¢), of the curve C. | 

To show that the Volterra derivative is continuous with respect to the set 
of curves K at the curve C we need simply state that if the quantities 


|\y(z)—y(x)|, |, (x) —y" | (a, Sa) 
are taken sufficiently small, the difference between the values of ¢,;(a) and A, (2) 


for the curve € and their values for the curve C can be made arbitrarily small 
uniformly. Therefore the value of the expression 

ay) 
ean be made less than an arbitrarily small constant by restricting the value 
of e properly. 

The hypothesis of the generalized Volterra theorem is completely satisfied 
for r=2, and therefore the Volterra derivative whose value we have just found 
must vanish identically if the curve C minimizes the value of the function L(C). 

The expression which we have just found for the Volterra derivative has 
the same form as the left member of EKuler’s equation for the Lagrange problem 
of the calculus of variations.* The differential equations which determine the 
functions 2,(v), in that problemt are our equations (56). 


* Bolza: loc. cit., p. 563, equations (65). 
{ Bolza: loc. cit., p. 562, equations (62). 
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The derivative is not determined uniquely by the arguments C,~2 since it is 
a function of the arguments &,, &,....,&, as well. The constants of inte- 
gration involved in the functions 2,;(”2) were determined uniquely by the con- 
dition that the expression F',—F',, should vanish at the points &,, &, ...-, Ens 
as expressed in equations (57). It is evident, then, that there is at most one 
set of constants which can make this expression vanish identically, as it must 
in case the curve C minimizes the value of the function Z(C). In that case 
the derivative is independent of the arguments &,, &,...., &,. The constants 
of integration for the solution of equations (56) have been determined by 
different methods by Lagrange, Meyer, and perhaps others.* Since all of 
these methods must make the expression which I have called the Volterra 
derivative vanish identically along a minimizing curve, and in particular at 
the points &,, &,....,&,, it is evident that the solutions of equations (56) 
which enter into the function F, in case of a minimum, must be the same, 
whatever method is used to determine the constants of integration. 


t Bolza: loc. cit., pp. 563 and 566. 


On Differential Invariants.* 


By James Byrnie SHaw. 


I. Introduction. 


This paper is concerned with the expression of certain differential opera- 
tors and resulting differential parameters in vector form. The chief proper- 
ties of these parameters are thus shown to be due to the operations involved, 
It generalizes the Hamiltonian vy for space of » dimensions, which may be 
either flat or curved. From one point of view it has to do with the vector 
algebra in which the units chosen are themselves variable. The vector algebra 
used is of the most simple type, the only “product” appearing in the paper 
being the so-called inner product. A general linear vector operator of one- 
many type appears and is a vital part of the treatment; however, the formule 
involved are simple. The number of dimensions is general and may in parts of 
the paper even be infinite. 

Memoirs most closely related to this paper are due to Ricci,t Ricci and 
Levi-Civita,t and Maschke§. A paper of Ingold’s|| should also be consulted in 
connection with references to Maschke. The vectors of Ingold’s paper will be 
noticed in the paragraph dealing with the symbolic invariants. The works of 
Lamé, Christoffel, Beltrami, Bianchi and Darboux should be consulted. Recent 
memoirs of Bates generalize portions of the theory. 

It ought to be evident from a consideration of the results here developed 
that the method of attack on the problems concerned is natural, free from arti- 
fice, and should result in a more penetrating insight into the real nature of 
these problems. 

II. Vector Algebra of N Dimensions.[ 


1. We shall use the expression called a vector in the sense that it repre- 
sents an ordered set of coordinates, the coordinates being distinguished by the 
unit attached in each case. Thus we write the vector 


* Read in part before the Chicago Section of the American Mathematical Society, December 31, 1911. 
+ Bulletin des Sciences Mathématiques, (2), 16 (1892), pp. 167-189. 
{ Mathematische Annalen, 54 (1900), pp. 125-201. 
§ “Present Problems of Algebra and Analysis,” Congress of Arts and Sciences, St. Louis, 1904, Vol. I, 
pp- 518-530. 
|| Transactions of the American Mathematical Society, 11 (1910), pp. 449-474. 
q Shaw, Synopsis of Linear Associative Algebra, pp. 10-15, 32-34. 
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which enables us to speak of the variables v,, ...., Z,, So as to distinguish 
between them. Two vectors p=2w#e, and c= Zy,e; are equal if we have the 
equations 
2. We define the expression which may be called the inner product of 
these two, by the equation 
[-po=2yy, 
It is obvious that this expression is linear and distributive as top or o. It is 
also commutative; that is, 1-po=I-op. In case 1: po=0, we shall call p and o 
orthogonal. 
3. We will represent by A-() 4d-a@ the linear vector operator 


or 
A+(yA08= 


and by A-pA-a@ the expression 


a 
T-a() 


a 86 
I-ap I-@p} 
It is obvious that this expression is alternating, changes sign if a and (@ are 
interchanged, and vanishes if they are equal or if one is a multiple of the other. 
Likewise, we use a general operator defined by the form 


I-8,() I-B,() 


where the different lines of operating symbols act on a set of m—1 vectors 


given in order. We have thus the vector 


It is evident that this vector expression is alternating in the vectors a as well 
as in the vectors 8. It is distributive as to either set. It vanishes if either 
set are linearly connected among themselves, or if any a is orthogonal to all 
the vectors 6. It is a vector that is linearly expressed in terms of the vectors 
8. We shall speak of a vector that is linearly expressible in terms of other 
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linearly independent vectors as co-regional with them. Thus the expression 
above is co-regional with the vectors 8. Let us represent this expression tem- 
porarily by o. Then if we operate on o by J-a;(), where 2 runs from 1 to 
m—1, we see that in every case the determinant has two lines alike, and there- 
fore vanishes. That is to say, o is orthogonal to each of the vectors a. We 
have here, then, a vector extension of the quaternion form VaV@y which is 
orthogonal to a and in the plane of @ and y. 
4. If we operate ono by the operator J-a() we have 


This form, however, involves all the vectors a, a,,a,, ...-; @,—,, Similarly, and 


is alternating in all of them, so that we will write it in the form (defining thus 
the expression) 
and in this form the alternation under the A in either case is more evident. 
This expression vanishes if either set of vectors, the a’s or the @’s, are linearly 
connected among themselves, or if any one of either set is orthogonal to all of 
the other set. If the vectors reduce to the units e, we have 
=0 or +1 
according as the subscripts 7 and 7 contain members not common to both, or as 
the two sets are the same subscripts in different order. If the sets agree, the 
sign is + or — according as the total number of inversions of order in the 
subscripts is even or odd. 
It is obvious that wecan expand in the forms 


where the > in each case signifies that the subscripts on the 6’s are to be per- 
muted in every possible way with a change of sign for every inversion, accord- 
ing to the usual determinant rule of Laplace’s expansion. 
5. From the form A-a,a,....a,,,4°8,0,....8,,_,p we see that we have, 


by expanding in the first manner above and transposing, 
50 
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In this form the = signifies that the subscripts on the 6’s are to be permuted 
with change of sign as above. This formula enables us to express p uniquely 
in terms of two components, one co-regional with the ’s, the other orthogonal 
to all the a’s. If the regions of the a’s and the @’s coincide we have p resolved 
in this region and orthogonal to it. If 9 also lies co-regional with the 8’s the 
last term vanishes, If p is orthogonal to all the a’s, all the terms vanish but 
the last. These forms are very useful. 
6. If we operate on each side of the last equation with J-o(), where o is 
any vector, we have 
from which we derive, since p is any vector, the important formula 
This formula resolves o into a component co-regional with the a’s and a com- 
ponent orthogonal to all the 6’s. Ifo is co-regional with the a’s the last term 
vanishes. If it is orthogonal to all the 6’s all the terms vanish but the last. 
It should be noticed that in these two formule the vectors a and 6 must 
have a common region of order m—1, in order that the coefficient of p or o may 
not vanish. 
7. Let us examine now the linear operator ¢=a,18,+a,J0,+...+a,/8,,. 
The transverse of this operator we will designate by $’, where ¢’= 6 Ja,+6,Ja, 
+....+£6,Ja,,. The first scalar invariant of this operator is m,=Ja,6,+Ja,,, 
+....+J/a,,,. We will define the related operators given below. 


+ Aa,AB,() 4a, ABA). 


The second scalar invariant of > is then the first invariant of $’yv, divided by 2!, 


= Aaa, AB,B,() + +... . + () + 


The third scalar invariant follows: 


= 
The other scalar invariants of @ and the operators y are easily written down in 


a similar form. Evidently the last one would be the invariant m, , and the last 


x would be We may therefore look upon the form 
as the form y,,, for ¢=a,/P,+....+a,_J6,—,, which has then operated 


upon £,,; that is, v,,-,8,,-. These forms are useful later. 
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8. We notice next certain symbolic forms which are abbreviations for 
longer forms.* If Q(a, 8) is any expression linear and homogeneous in a and 
8, then we shall designate by Q(¢, ) the expression >Q(e,, e;), where i=1, 2 
...., 2, the number of independent units concerned being 7 and the units e being 
orthogonal each to each. This expression will also be defined later in a differ- 
ent manner. Different forms of Q lead to a number of useful formule. Thus 
we have with no difficulty 

p=Cllp, 
ACA, AS = — (n—2) AA, Ate tes 


‘ 


By accenting the symbols ¢ we may use several pairs.t Thus 
TAG, 6A, AC = (n—2) (n—1) , 
Al AC, = (n—3) (n—2) AA, Au, ete. 
In general we have the following reduction formule for these symbols: 
(n—S) }, 
If s+# exceeds » these expressions vanish identically. If s+t=n we have 
only the numerator on the right. 


= (—)*(n—s) !/(n—s—t) !-Ad,....A,, Amy... 


III. Region of Order N—1 in Region of Order N. 


1. Let p be a vector dependent upon n—1 independent parameters, Uy, 


p=p(U,, 
If now we let these parameters vary, and if we assume that the function p is 
differentiable, we have 
where p; is the derivative dp/du,. 
2. We shall write as an abbreviation for the orthogonal of n—1 vectors 


the vector a;. It follows at once that Ja,a;=1, but Ja,o;=0 if i>). 


* Due to A. McAulay. 
+ Triple ¢ forms, etc., may be used for cubic differential forms, ete. 
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In case the n—1 vectors are p,, ...-., p,-,, we shall write v instead of 97. 
The vector y is thus the norma] in the space.of x dimensions to the space or 
region of n—1 dimensions. As the parameters are all essential by hypothesis, 
vcannot vanish, The vectors p,, ....,p,—, Will be spoken of as tangent to the 
region. In connection with p,, ...., p,-, we shall use p; to represent the 
orthogonal in the region of »—1 dimensions to n—2 vectors, 


Ivy 
We have at once Jpp;=1, Jpp;=0 if ij. It is evident that we may expand 
any vector 7 linearly expressible in p,,....,p,-, in either of the forms 


t= 
| 3. The expressions Jp,,, where 7, 7=1, 2, ...., w—-1, are called the funda- 
mental quantities of first order. They may be represented also by a,. We 


see that 
and Inv=|a,;|. 


The expression [dpdp is called the first fundamental form. The partial differ- 
entiation of a,, as to u, gives The expression is the Chris- 


toffel symbol | and the Ricci symbol a,,;. Recalling the significance of 9; 


we see that the Christoffel symbol i is identical with Jp,p,. Thence it is 


easy to see that we have 


Since Jp,;=1, Ip,p;=0, we have by differentiation 


;=9. 
Therefore 
—1e; (px) ;= —Ip;(p.);, and ;=—Zpilpip;;- 
Further we have 
4. Again, if we let Uv=v/VIvyr, since Ip.Uv=0=Ipy, it follows that 
Ip,Uv=—Ip,(Uv); and Ipyv;=—Ip,v. 

Because JUvUv=1, therefore IUv(Uv),=0. Hence (Uv); is wholly in the re- 
gion of p,,.-+-,P,-1- Indeed we can write at once (Uv),=—Xp,,l1p;,Uv, which 
may also be written in the form of a linear vector function of p;, namely No,. 

The second fundamental form of the region is 

dudu,,=L1dpN dp. 


E 
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The coeflicients of this form, —Ip,,,Uy, are called the fundamental quantities of 
the second order. They may be represented by D,,,. 

It is easy to see that if we write v’ in place of A(Ur),...(U1),_,Ae,.--e,5 

Again, if we indicate the partial differentiation of the D’s by subscripts, 


D;;. m= v—-Ip,, (Uv) ’ and Din, j= —1 iim UV im (UV) ; ’ 


whence 
D;;. Din, j=! Pim (Uv) m 


These are the extensions of Codazzi’s equations. 
The Christoffel expression (ijrs) is 


pA (Uv) (Uv) 


iris 
Hence the Christoffel quadrilinear covariant G, is 
G,=I1Ad'pd" Uv = (irs) dududu,du, . 
As it is shown later that N is self-transverse, we have at once 
(ijrs) = (rst). 

5. Wecan write at once a sextilinear covariant as an extension of such 

forms, 
G,=1Ad™ pd pAd® U U vd Uv 
= 

The coefficients of this form furnish new symbols. It is obvious that forms 
may be constructed of this type up to G,,_., which will consist of one term, 
whose coefficient is the Kronecker-Gaussian curvature. 

6. The differentiation partially of these forms gives new Christoffel 
symbols, as 

(agrst) =O(ars) /du,. 

In the differentiation of the form when written in the vector notation it is to be 
remembered that N is to be differentiated, differentiation under these conditions 
being covariantive differentiation. 

7. The covariant 

I- Ad'pd" pANd’pNd" p 
I+ Ad’pd" pAd'pd” p 

is the Riemann curvature for the point and the qiane of d’p, dp. 
Obvious generalizations would be 
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IAd'pd" pd’"pANd'pNd" pNd’"'p 
TAd'pd” pd’pAd'pd” pd’”’p 
We arrive thus again at the Kronecker-Gaussian curvature as the final form. 


ete. 


IV. The Differential Operator A. 
1. We define now the differential operator A, which turns out to be of 
great use, 


A= ....+9,-10/0u,_,. 
It follows immediately that 

That is to say, the operator JdpA is a total differentiator, and JaA, where a is 
a unit vector in the region of p,, ....,,-,, gives the rate of change of the 
operand in the direction of a. So far as the vector properties of A are con- 
cerned, it may be treated like any other vector. It is the direct extension of 
the quaternion vy. Since it depends upon the derivatives of p, the question we 
have to consider first is whether the parameters in terms of which p is ex- 
pressed can be changed without affecting A. 

Let the parameters uw be expressed in terms of the parameters v by the 


equations 


where it is assumed that the Jacobian 
J(s)= 
Let the differentiation of any expression as to the parameters v be designated 
by prefixed subscripts, thus, dp/dv,=,p, and let the normal of the region defined 
DY iP, oP + +++» n—ap be designated by ’y. Then we have 


‘y=vd(u), 


Hence 
and therefore 
U('v)=Uyr, and T('v)=TrJ(u). 
Further we have (prefixing the ’ for the wv’s, instead of affixing it as for the w’s) 


= O( Uy, Wey ey Way /T(u) 
= Ep; 


Hence, multiplying into 
0/dv;= 
we have, after summing, 


=A. 
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We have thus established the invariance of the region as well as the in- 
variance of the operator A for the region. If the parameters be looked upon 
as a set of curvilinear coordinates, the formule above enable us to pass from 
one set of coordinates to the other. 

2. It follows that such operators as I()A- Uv, I()A- Aa, and the like, are 
also invariants for a transformation of the parameters, as well as their scalar 
or vector invariants when considered as linear vector operators. In the latter 
example, J()A- Az, an important theorem needs to be proved. Let ® represent 
the operator. Then by expanding we have 

The transverse is 


Y 


Thus 

If now we operate upon any vector in the region, say p,, where k=1, 2, ...., 
n—1, we find that each coefficient for x,, where i=1, 2, ...., m—1, vanishes. 


Hence, for the region, ® is self-transverse; that is, /-o@br=I1-t@o. 

3. The expression JaA-Q gives the rate of variation of Q in the direc- 
tion a. It is a linear vector function of a, and in the region of »—1 dimen- 
sions is self-transverse. There are n—1 axes and w—1 corresponding roots. 
In the directions of the axes the rate of variation of Q is itself in the direction 
a, and its measure is the root corresponding. These axes are the directions 
of extremal variation; they correspond to the axes of a quadric in the region. 

Thus, let us consider the operator N=1()A-Uv. Then we have Ndp 
=IdpA-Uv and Id'pNdp= Hence in 
the region N is self-transverse. The axes of N are then the directions of ex- 
tremal rate of change of the unit normal, are orthogonal to each other, and the 
roots are the curvatures corresponding. One root of N is 0 corresponding to 
the axis 7. The scalar invariants of N become the mean curvatures, and give 
us the formule 

First mean curvature = JAU>?, 


1 7 
Second mean curvature = rr", 


1 
Third mean curvature = A” Uv" 
oO. 


Total curvature = 1) AL’. ... Cer? 
n—1l)! 
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The accents here merely mark the proper operand for the differentiator, and 
are to be removed after the operations are performed. They prevent a co- 
variantive differentiation. 

4, The well-known formule for the relations between the scalar invari- 
ants of a linear vector operator and those of its powers give us formule con- 
necting these differential parameters dependent on ®. Thus the second mean 
curvature above can be written in the form 

5 IA"Uy’, TAUy| [ (LAU A" Ur"). 


This is the familiar linear operator formula m,®@ = : [ (m,P)?—m, (®*) ]. 


5. Let us consider the operator [()A4-Az, which gives us the rate of 
ehange of the gradient of a in the direction (). We have proved that for 
the region the operator is self-transverse. The scalar invariants are well- 
known parameters of differential geometry. Thus, using the conventional 
notation for differential parameters, A,, A,, A,,, etc., 

m,(®)=A,x7, m,(P) =A,,7x, 
and we may add others, in a corresponding notation, as, 
. 
Syzygies connecting these parameters may be deduced from the usual formule 
connecting the scalar invariants. We have thus for ®,=A/Ax()=AzlA() 
the following corresponding parameters, 
A,(2, y) =lAxrAy. 
(%, 

A, (A,x7) Ar. 
In this formula, as elsewhere, the isolated A acts upon all following symbols, 
unless it is accented. 

As an example of a well-known formula take the following. Let n=3; then 
we have m,(®) +m,(®) =0. Therefore if we operate upon Ax and take 
the product /Ax(), we have, after a transposition and multiplication by 4, 


that is, 
A,x) —A, Aw. 
The derivation of this formula by any other method is scarcely as short. 


Further, the extensions to space of four or more dimensions is obvious. Thus, 
\ 


for four dimensions we have at once 


Ant Aya A, (2, Ayr) — Ac. 
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The way for further expressions of this type is pointed out here, also an in- 
dication that it is better to take as fundamental parameters such forms as 
Ax, 
and the like. For example, we have 
®, 

Thence 

A, (x, = 

A, (4,2) Ac. 
A, Ax = 21 Ard? Ar + ,Ax. 
A, (4%, Ax, 
A,A,a=m, Ay (4,7) =m, (Py,), 

6. The operator 1()A-UAxv=®’, gives the rate of variation of the unit 
normal] of the region of order n—2 determined by the levels of the function 2, 
in the region of order n—1, and is thus the extension of the geodetic curvature. 
Its roots and axes determine the extremals of these. The invariants JAUAz, 
etc., give what may be called geodetic mean curvatures. If we write 7'’Awx for 


VIA«zAx we have 

1, 
The first geodetic curvature reduces to 
Ax TAAxv 1 1 
¢ Ax 2 T® Ax VA a 
This formula is well-known. There will be many other functions related to 
@;,, and others analogous to all these so far considered, but we need not insist 


upon them here. 
V. Symbolic Invariants. 

1. We return now to the previous double ¢ notation. By the use of this 
we find expressions for all the forms used by Prof. Maschke.* The following 
examples of Maschke’s forms indicate the equivalences. (We abbreviate thus: 
for the scalar I- Aa,a,...a,Ae,...€, we use A-a,a,...a,. It isclear that if a 
is linear in 9,, ---) then 

a,—lpp,, 
(f) (f)?=(n—1) ! v= (n—1) !. 
(uf) 
(uf )2= (n—2) ! TAAuUvAAuU y= (n—2) ! LAuAdu= (n—2)! 


* Present Problem of Algebra and Analysis, Congress of Arts and Sciences, St. Louis, 1904, Vol: I, 
pp. 518-530; Transactions of the American Mathematical Society, Vols. I, VII. 
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(uf) (vf) =(n—2)1A,(u, v), (wef) =AAuArg,... 
(uvf)?= (n—3) ! TAAuAvU vA AuAvUr = (n—3) ! [AAuAvAAuAv. 
= (n—2) ! [AUvAAUvAu= (n—2) ! Ayu. 
(fa) (fv) (ua) 
(n—2) 3. 
When we need to discriminate between sets of {’s we accent them or use y. 
2. It is obvious that if we differentiate (f)? as to u; we have at once 


(f) (f) 


Such differentiation may be extended to any of these forms, remembering that 
the A implicit in them is also differentiable (the covariantive differentiation 
of Maschke), as for example, 


(fa), 


Thus we have such formule as 


and 


f.(fa) =0, 
(fa) (ua) =0. 

3. The Maschke symbol [f]=A-¢¢,....¢,-,2, where 2 may be U7, or 

(Uv),, etc. Thus we have 7 
fi(uf) (f] = (m—2) rz, 
f,(ua) [fa] = (n—2) ! TAag IU v2, 
fi, (fa) (ua) =0, 
(fa) (fv) (ua) (n—2)!, 
(fa) (ua) =0, 
fife (uvf) (f] = (n—8) ! IU 

4. It is not necessary to point out further the equivalent forms, as they 
can be easily written down and reduced from the system of Maschke to that of 
the present paper. The forms given here are at once interpretable in geo- 
metric form and for that reason would seem to be more useful in the end. The 
vectors of Ingold’s paper, cited above, are the vectors (other than ¢) appear- 
ing above, and his formule are not the above equivalents of Maschke’s but are 
their analogues due to suppressing the ¢’s and the scalar function. 

Applications of these operational forms to differential geometry or 
mechanics may easily be found in the theorems of the treatises and memoirs 


cited. 


Some Properties of Closed Convex Curves in a Plane. 


By Arnoup Emcu. 


1. The main object of this investigation is to prove that at least one 
square may be inscribed in every closed convex curve in a plane. Instead of 
“closed convex curve” in the ordinary sense I shall use throughout the equiv- 
alent shorter term “oval.” 

But before the main proposition can be proved it is necessary to give defi- 
nitions of a convex domain and of an oval in particular, and to establish a 
number of preliminary theorems. 

(1) Minkowsky* has given the following definition for a continuous domain 
of points enclosed by a convex boundary in a plane: 

(la) The domain contains with any two points also the entire segment 
between the two points. 

(1b) The domain is finite. 

(1c) The domain is closed. 

The points of the boundary belong to the domain. Through every point 
of the boundary there is at least one straight line, so that all points of the 
domain which are not on the line lie on one side of the line only. Minkowsky 
ealls such a line a “supporting line” (Stitzlinie). 

(1d) An oval in particular encloses such a domain (including the oval) 
and can be defined parametrically by two distinct continuous single-valued per- 
iodic functions 

| o=9(t), y=¥(t) 
of a real parameter ¢ and with the common period w.t The derivatives ¢’(t) 
and y(t) are also periodic (same period w) and are assumed continuous for all 
definite values of ¢, which merely requires continuity within the interval 
0<t<o. It is also assumed that and do not vanish simultaneously 
for any values of t. Thus, singular points are excluded. We include further- 
more in the definition of an oval that for no parts of the period-interval the 


* Theorie der konvexen Kiérper, Gesammelte Abhandlungen, Vol. II, p. 154. 
+See Osgood, Lehrbuch der Funktionentheorie, Vol. I, pp. 120-123. 


. 
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functions @(¢) and Y(t) remain constant or depend linearly upon ¢. This ex- 
cludes any straight portions of the boundary. 

From this definition (1d), follows that at every point of the oval there 
exists a definite tangent (including the cases in which for certain values of ¢ 


lim { ae | =+o). If the point of tangency varies continuously, the 
direction of the tangent varies continuously. 

2. For the proof of some of the theorems that follow, we make use of the 
following properties of continuous single-valued periodic functions as con- 
sidered under (1d): 

_ By choosing the origin of ¢ properly we can always assume that for ¢=0, 
or t=o, none of the functions P(t), vanish. At the extremi- 
ties of the period interval there is $'(0) =@’(@), 
W'(0)=¥’(@). Thus, from Rolle’s theorem follows as an application 

Turorem I: If p(t) and p(t) have real roots within the period-interval, 
then their number is in each case even. 9'(t) and Y(t) have always at least 
two and generally an even number of real roots. 

3. Consider now any direction with the slope in the plane of the'oval. The 
question is, are there any tangents to the oval parallel to this direction, and if 


there are any, what is their number? We evidently have the condition = me, 


or 
(t) =0. 

a)’ (t) —7q’(t) is the derivative of (¢)—7v@(t), and as the latter is a periodic 

function of the prescribed type, also its derivative is coperiodic and conse- 

quently admits according to theorem I an even number of roots. Hence 

THEoREM II: There exist at least two tangents to an oval parallel to any 
given direction. 

To prove the 

TueoreM III: There are always two and only two tangents to an oval 
parallel to any given direction. 

Suppose that there were three distinct parallel tangents ¢,, ¢,, ¢,, with ¢, 
between ¢t, and?,. Then, there would be points belonging to the domain on both 
sides of ¢,, which, according to the property of a supporting line, is impossible. 

When, in the equation 

Y(t) (t) =0, 
¢ changes continuously, then also the two real roots change continuously. Geo- 
metrically, this is equivalent to the fact that when a given direction changes 
continuously, then each of the two tangents to the oval changes continuously. 
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4, TuroremM IV: No reentrant quadrangle can be inscribed in an oval. 

As a definition I state that in a reentrant quadrangle A,A,A,A, one of the 
vertices, say A,, lies within the boundary of the , 
triangle formed by the remaining three and in 
which at each vertex two sides of the quadrangle 
meet, as in Fig. 1. On the oval the vertices of 
an inscribed reentrant quadrangle are assumed 
to follow each other in the order A,A,A,A,. 
According to (1a) all points of the segments A,A, 
and A,A, are in the domain, while those outside A, 
of these segments on their prolongations are 
outside of the domain. According to the same condition, A,, the point where 
the prolongation of A,A, meets A,A,, belongs to the domain. Hence, since A, 
and A, belong to the domain, all points of the segment A,A, belong to the do- 
main. This, however, is in contradiction to the assertion that all points out- 
side of the segment A,A, are excluded from the domain. A reentrant quad- 
rangle can therefore never have its vertices on an oval. 


2 


Fie. 1. 


THEOREM V: JI'wo distinct rhombs with corresponding parallel sides or 
parallel axes can never be inscribed in the same oval. 


Fic. 2a. 


To prove this, assume first that the second rhomb B,B,B,B, has one vertex, 
say B,, in any one of the five shaded regions determined by the first rhomb 
A,A,A,A,, Fig. 2a. Then there are always three points of the first rhomb 
which with B, form a reentrant quadrangle. The other possibility left for the 
location of the second rhomb is within the four blank regions of Fig. 2a. In 


= \ 
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this second case all vertices of the first rhomb are within the shaded region 
determined by the second rhombus, Fig. 2b, so that there are always three 
points B which with any vertex A form a reentrant quadrangle. Both cases 
include those where points of one rhombus lie on the sides of the other. Hence, 
no matter what the relative position of the two rhombs may be, there exists 
always at least one reentrant quadrangle among the eight vertices, and conse- 
quently, according to the theorem IV, no oval can pass through them. Ina 
similar manner the proof can be extended without difficulty to figures with 
parallel axes only. 


\y, \ \ 


8 
OB, 


Fig. 2b. 


5. In what follows I shall also have to make use of a proposition in func- 
tion theory which may be stated as follows: 

Tueorem VI: Let aand b be two distinct real numbers, and let A=9, (8), 
u=,(0) be two uniform continuous real functions of a parameter 0, subject to 
the only condition that two distinct values a and B of the parameter 6 exist, so 
that 

(a) =, (8) =a, 
9, (8) =p, (a) =b; 


then there exists at least one value of 0, say 0=y, for which A=u, or 


?:(y) =: (7). 
The proof follows immediately from the fact that $,(0)—¥,(@) is continuous 
and hence takes every value (at least once) between a—b and b—a. That is, 
there is at least one value of 6, 0=y, such that »,(y) =¥,(y). 
6. It is now possible to prove 
THeorEM VII: It is always possible to inscribe a square in an oval. 
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For this purpose assume any point O in the plane of this curve and draw 
any line /, through this point, and determine the mid-points of all chords of the 
oval parallel to /, and designate the points of tangency of the tangents parallel 
tol, by S,and 7,. The locus of these mid-points is a certain continuous curve 
C,, extending from S, to T7,. Next, draw through O a line J, 1.1, and repeat 
the same construction with respect to this direction. The result is a continuous 
curve C’, extending from S, to 7,. As the tangents parallel to 7, and J, form 


F1a. 3. 


a rectangle, it is easily seen that C, and C, necessarily intersect within the 
domain of the oval, Fig. 3. In fact there is always only one real point of inter- 
section P,, between C, and Cy, within the domain. 

To prove this, assume that there are two points of intersection; then there 
would exist two rhombs with parallel axes inscribed in the oval, which is in 
contradiction to theorem V. The extremities of the lines through P,, paral- 
lel to 1, and J, on the oval form a rhombus ABA’B’. Thus, with every pair of 
orthogonal rays /, and J, through O is associated one definite rhombus inscribed 
in the oval; and the same rhombus is evidently obtained when /, and J, are 
interchanged. 


\p 
le 

git 
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There exists therefore a (1,1) correspondence between all pairs of orthog- 
onal lines through O and all rhombs inscribed in the given oval. 

Turning a line /,; through O continuously from /, to /,, then its orthogonal 
ray /, will turn in the same sense from /, tol,. The corresponding curves C; 
and C,,, since their extremities S and T' on the oval change continuously, also 
change continuously. Their point of intersection P,, describes therefore a 
continuous curve, and consequently the corresponding rhombus XY X’Y’ changes 
continuously. The axes A=XX’ and uw=YY’ of this rhombus may therefore 
be expressed as uniform and continuous functions of a parameter 6 associated 
with the direction of /,;, within the interval between /, and /, and including 
these limits. We may, for instance, choose as @ the positive angle which /; 
makes with the positive part of the X-axis. Designating the diagonals of the 
original rhombus by a and J, by a and # the parameters associated with 1, and 
’ by 
the axes of the rhombus as the above uniform and continuous functions of @ 
within the interval a <6<, then 

a=9(a), b=(a). 
If now the line /, turns from |, to lz, XY X’Y’ changes from ABA’'B’ to BA’B’A, 
so that in the second position 
A=9(8)=b, =a. 

Hence, the situation is exactly as stated in theorem IV. There exists there- 
fore at least one direction, J,, for which ¢(y) =(y), or A=u; 7.e., where the 


rhombus becomes a square. 


Finiteness of the Odd Perfect and Primitive Abundant 
Numbers with n Distinct Prime Factors.* 


By Leonarp Evcene Dickson. 


1. Denote by o(a) the sum of all the divisors of a positive integer a. 
Then a is called abundant, perfect, or deficient, according as 


o(a) > 2a, =2a, < 2a, 
respectively. If d,,....,d, are the divisors of a, the divisors of ma include 
md,,...., md, and unity. Hence 


o(ma) > ma(a) (m>1), 
so that any greater multiple of an abundant or perfect number is abundant. 
This implies that any smaller divisor of a deficient or perfect number is 
deficient. 

A non-deficient number will be called primitive if it is not a multiple of a 
smaller non-deficient number. The set of all non-deficient numbers is identical 
with the set of all multiples of the primitive non-deficient numbers. Any per- 
fect number is a primitive non-deficient number. 

While there is an infinitude of non-deficient odd numbers having any given 
number > 2) of distinct prime factors, for example, 

3°5 -T pe... . pe (e23, p’s distinct primes >7), 
we shall nevertheless prove the following 

THEorEM. There is only a finite number of primitive non-deficient odd t 
numbers having any given number of distinct prime factors. 

Corotuary. There is not an infinitude of odd perfect numbers with any 
given number of distinct prime factors, 

Sylvester} proved that there is no odd perfect number having five or fewer 


distinct prime factors. 
Below are listed all primitive non-deficient odd numbers with four or fewer 


distinct prime factors. Since none of them are perfect, we obtain anew Syl- 
vester’s result, except for the case of five primes. 


* Presented to the American Mathematical Society, December 31, 1912. 
+ The restriction to odd numbers is essential. For instance, if p is a prime, 2™p is non-deficient 
if and only if 2m+1>p-+l. 

{ Collected Math. Papers, Vol. IV (1912), pp. 588-629 (several articles). 
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2. Lemma A. Any set S of functions of the type 
Foe... (e’s integers =0) (1) 
contains a finite number of functions F,, ...., F, such that each function F of 
the set S can be expressed as a product Ff, where f is of the form (1), but is 
not necessarily in the set S. 

For n=1, we may take k=1, F,=2{, where / is the least e,. To proceed 
by induction, let the lemma be true for n—1 variables. Select at random a 
function vf .... 2% of the set S and call it F,. Then any function (1) of S 
is of the desired form Ff if e¢,2c¢,,....,¢,2¢,, simultaneously. If there be 
further functions in S, those in which e,=v, where 7 is a fixed integer <n and 
v a fixed integer <c;, have the desired property. Indeed, after deleting the 
common factor 2?, we have a set S’ of functions 

which by hypothesis are expressible as products Ff’ (j=1,....,h,). The 
number of cases arising by varying 7 and v is finite. 

We may also derive* the lemma from a theorem due to Hilbert,+ which | 
may be stated in the following form: 

Any set S of homogeneous polynomials in x,,....,%, contains a finite 
number of polynomials F,,...., F, such that any polynomial F of the set can 
be expressed in the form f,F,+....+f,F,, where f,,...., f, are homo- 
geneous polynomials in %,,....,%,, not necessarily in the set S. 

Let each F be a monomial form (1). Since the /’s are not uniquely deter- 
mined, the resulting expression >/;F,; for F is not necessarily of the form 
{,F,. However, there is always at least one determination of the /’s which 
gives this special expression for F. Indeed, we have /;=0 unless the degree 
of F' in 2, equals or is greater than the degree of F’; in x, for each j=1,...., n. 
Since not every f/,; vanishes identically, there is some value of i for which the 
monomial F is of the form g,;F',, where g,; is monomial. 

3. Lemma A may be stated and proved in an equivalent geometrical form. 
For example, let n = 2 and define the region R(P) to be the quadrant of the 
plane determined by the two half-lines extending from the point P horizontally 
to the right and vertically upwards, respectively. Let S be a set of points 
(A, B) with integral coordinates >0. Let a be the least A, § the least B for 
the points (a, B), and set P,=(a, 8). Let b be the least B, a the least A for 
the points (A, b), and set P,=(a,b). All the points of S lie in R(M), 


* Professor E. H. Moore suggested to me that I undertake this derivation. 
+ Mathematische Annalen, Vol. XXXVI. 
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where M= (a,b). In particular, if 8 =b, then a =a (and conversely), and 
P,=P,=M, so that the points of S lie in R(P,). In general, the points of S 
in neither R(P,) nor R(P,) lie inside the rectangle determined by P,, P,, M, 
and hence are finite in number. 
By 2” applications of Lemma A we obtain the theorem: Let the signs of 
the coordinates of a point X’=(&,, ...., &,) be such that 
and denote by R,,,....,.,(X’) the region of n dimensions which is composed of 
all the points X = (&,, ...., &,) for which 
2 86; (t=1,....,n). 
Then any set S of points X with integral coordinates contains a finite number 
of points X{?.., such that every point of S lies in at least one region 
Be 
The lemma may also be interpreted as a theorem on permutable operations 
O, with positive or negative integral exponents. We replace x, by O§ and con- 
sider the aggregate of the resulting 2” sets of operations. 
4. From Lemma A we derive at once 
Lemma B. If p,,...., p, are gwen integers, any set S of integers 
pT pe .... pe (e’s integers =0) (2) 
contains a finite number of integers* F,,...., F,, such that every integer of 
the set S is a multiple of at least one F,. 
5. Lett0O<k<n, 1 <p;<p; (t>k), and set 
i=1 i=1 p;—l 


P= Woe). 
Let p,,...-, p, be fixed distinct primes. By definition, an integer a, of the 
form (2), is deficient if P < 2, non-deficient if P22. Since 


* For a case (like that of all non-deficient numbers built from p,,...., pn) in which every multiple 
of any F; is in the set 8, we readily obtain the generators of the complementary set C of all integers (2) 
not in S. A number (2) is in C if and only if for each i<k there is some value of j such that e;< co; 


where 
Fi = DnCin (i=1, ...., 


We may separate the numbers 1, ...., & into sets /,,...., 73, where s<k, and define corresponding dis- 
tinct positive integers j,,...., js, each <n, such that 
<cij, 1,),...., ej, (i in Is), 


while the remaining n —s exponents ¢ are subject to no restrictions. 
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a is deficient if P,,<2, also if P,,<2. Since P,, is the limit of P for e;= 0 
((=m-+1,....,) and since P < 2 if a is deficient, we conclude that P,, <2 
if a is deficient for all values of €,,4,,...., €,- 

The case P,, = 2 occurs only whena=2°*. For, if p is the greatest of the 
primes p,,4,) +--+, P,, NO number in the denominator of P,, is divisible by p. 
Thus P,, = 2 implies that p = 2, m=0, n=1, a= 2°. 

Lemma ©. If P,,<2 or P,, <2, (2) ts deficient. If an odd number (2) is 
deficient for all values Of +++ +) then P,, < 2. 

6. We are now in a position to prove 

Lemma D. All primitive non-deficient odd numbers having a given number 
n of distinct prime factors are formed from a finite number of sets of n primes. 

We consider numbers a of the form (2), where p,, ...., p, are primes 
in ascending order of magnitude. If r is the positive real n-th root of 2, then 
p,<r/(r—1). For,* if we take p;=p, (t=1,....,), we see that a is 
deficient if 

To proceed by induction, assume that p,,...., p, (vy<) is a particular 
one of a finite number of sets of » distinct primes. Since a is to be a primitive 
non-deficient number, its divisor 

must be deficient. Noting that each divisor of a deficient a is deficient (or using 
the foot-note in $4), we see that the deficient a’s are the numbers in which 
certain exponents e,,...., €;, are arbitrary, while each remaining exponent 
takes a limited number of values, and further numbers in which every exponent 
is limited. We consider one such type of deficient a’s, thus treating one of a 
finite number of analogous cases. After permuting p,,...., p,, we may 
assume that u(0<u<~v) is an integer such that e,,...., e, are limited, while 
e;,(i=u+1,...., 1) takes all values. By Lemma C, the deficiency of these 


a’s implies that 


v 
i=1 p;' 


the second product being absent if «=v. Since there is a limited number of 
sets e,,...., é,, each II, is less than a constant M <2. The use of P, for 


* A like simple proof by use of P,’ shows that also p, is limited (since p, >2) and then that p, is 
limited, but fails for p, since 


2 if p,=3, p; < 13. 
| é Pr P2 ’ 
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shows that a is deficient if 


Hence in a non-deficient a, p,,, is less than the largest of the limits obtained 
in the various cases, finite in number. 

7. Consider the set S of primitive non-deficient numbers having as distinct 
prime factors p,,...., p, a particular one of the finite (Lemma D) number of 
possible sets of » primes. Since any greater multiple of a non-deficient number 
is not primitive, the set S is finite by Lemma B. We have therefore proved 
the theorem of § 1. 

8. THeorem. There is no odd abundant number with less than three 
distinct prime factors, and no odd perfect number with less than four distwnct 
prime factors. The primitive odd abundant numbers with three distinct prime 
factors are: 


We h 2 sin Let n=3. Since h = 
e have n >2 since 5-7 <2. == 4 2, we have p, =3. 
We have p,=5 and then p,<17 since 

26 10 = 40 24 


For e, = 1 or 2, we obtain a smaller limit for p, by use of P, > 2, viz., p, < 6, 
< 11, respectively. Hence e, > 1. 

First, let e, = 2, so that p, = 7. Unless e, = e,=1 (giving a deficient a), 
ais a multiple of (3,) or (3,). 

Next, if e,>3 and p, = 7, a is a multiple of (3,). 

Finally, let e,=>3, p,=11 or 13. If e, =1, a is deficient since 


5 2 10 50 
If e, >1 and p,=11, a is a multiple of (3,). Let therefore e,>3, e, >1, 
p,=138. The conditions that 3°5/13 be non-deficient for f=2 and 3 are 
3° > 217, e>4; 3°> 42, e >3, respectively; while 3°5/13 is deficient since 
4 


Hence, for e, = 1, a is non-deficient if and only if it is a multiple of (3,) or (3,). 


< 2. 


Pr4i1—1 
Hence a is deficient if 
"<2 
M( i) g= >1. 
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Next, 3°57 13? and 3°5/13? are non-deficient if and only if 3°>47,e>3; 5/>76, 
f>2, respectively. Hence for e,=2, a is non-deficient if and only if it isa 
multiple of (3,) or (3,). For e,23, a is a multiple of one of the latter numbers 
unless it be 3°5?13°, which is deficient. 

9. Passing to the case n = 4, we have p, = 3, p, =5 or7 since 


5 7 11 18 1001 3/11\* 3993 
3 (11)? _ 3993 
5 5000 ~ 


4 6 10 12 576 
THeoremM. The primitive non-deficient odd numbers with four distinct 

prime factors, of which the second 1s 7, are 

3°7711°13°, 3277119132, 3279117132, 3°7-11-13?, 3°7-11713, 3°7211-13, 347-11-13 ; (4) 


3°7711°17, 3°7°11-17?, 3°7-11°17', $°7-11°17?; (5) 
3°7711°19*, 3°7°11°19, 3°7°11°19*, 3*7211-19*, 347711919, 3*7*11-19, 3°7711-19; (6) 
3479112237, 347411923, 377112232, 3°7711423, 3°7911°23, 3°7211728 ; (7) 


3472139178, 373139172, 3972132172, 397913217, 3°721317, 3°7913-172, 377213717; (8) 
3°7413°19%, 3779134194, 3°7913°19°, 3°7413°192, 3°7°13°19%, 3°7413719%, 31979134192, (9) 

Henceforth we shall write a, b,c,d for e,,...., e, and p for p,. Denote 
(2) by A. We have p,<17. Consider first the case p,=11. Then A is 
deficient if 

Hence, for a non-deficient A, p< 27 and a24 if p=23, a23 if p=19 or 17, 
a>2 if p=13. Similarly, b>2 if p219, c22 if p=23. First, let p= 23. 
Then A is a multiple of (7,) unless a<5. For a=4, we have b>2; if d>1, 
A is a multiple of (7,); if d=1, then c> 2, b>3, and A is a multiple of (7,). 
For a=5, A is a multiple of (7;) unless b= 2, in which case it is a multiple 
of (7,) if d>1; while, if d=1, then c>4 and A is a multiple of (7,). 

Next, let p=19. Then A is a multiple of (6,) unless a=3 or 4. First, 
let a=3. Thenc>1. For b=2, we have c>2,d>1, whence A is a multiple 
of (6,). For b>3, A is a multiple of (6,) if d>1; while, if d=1, we have 
c>3 and A is a multiple of (6,). Next, let a=4. Then A is a multiple of 
(6,), (6;) or (6,) unless b= 2, c=d=1, when 4 is deficient. 

For p=17, a>3. First, let b=1. Then c>1,d>1, a25, and A isa 
multiple of (5,) unless a=5. If a=5, A is a multiple of (5,) or (5;) unless 
c¢=d=2, in which case it is deficient. Next, if b=2,a24, A is a multiple of 
(5,). Finally, if b=>2, a=3, A is a multiple of (5,) or (5,) unless c=d=1, 
or c=1,d>1, b=2, in each of which two cases A is deficient. 

The case p=13 needs no special comment. 


— 


Dickson: Odd Perfect and Primitive Abundant Numbers. 419 


It remains to treat the coordinate case p,=13. By P,, 
3°(288 —15 p) > 91p, 

whence p= 19, a=6, or p=17, a=4. Similarly, b=>3,¢22, d=2 if p=19; 
b=2 if p=17. For p=19, A is a multiple of (9,) unless b=3 or c=2 or 
d=2. First, let c=2. Then 4 is deficient if a<7 or b=3 or d=2; the 
remaining A’s are multiples of (9,). Next, let d=2 (c>2). Then A is 
deficient if a=6. Thus, if b>4, A is a multiple of (9,). But if b=3, A is 
deficient if c=3 or a<9, while the remaining A’s are multiples of (9,). 
Finally, let b=3 (¢>2,d>2). Now A is deficient if a=6, and a multiple 
of (9;) unless a=6 or 7. For a=7, we must have c>4. Then 4 is a 
multiple of (9,) if d=4, of (9,) if d=3, unless also c <5, when it is deficient. 

Finally, let p=17. Unless A is a multiple of (8,),c<3 ord <3. First, 
let c=2. Then A isa multiple of (8,) or (8,) unless d=1 or b=2, a=4. 
In the latter case A is deficient. For d=1, A is a multiple of (8,) or (8,) 
unless b=2,a<7 or a=4, while A is then deficient. Second, let c=1; then 
a>5,b>2,d>1, and A is a multiple of (8,). Third, let d=2,c23. Then 
A is a multiple (8,) or (8,) unless b = 2, a= 4, in which case A is deficient. 
Finally, let d=1,c23. If a=4 or if a=5, b=2, A is deficient. If a=5, 
b>3, A is a multiple of (8,). If a=6 or a27, A is a multiple of (8,) or (8,), 
respectively. 

10. In treating the more prolific case p,=5, use is made of the 

THeorEM. If the prime p is not a divisor of the deficient number k, then 
k p° is non-deficient if and only if 


o(k) 
2k—o(k) =o(p*—) (10) 
Since 2k = o(k) (1+ 1/x), the condition is 
a(k)o(p’)2=2kp’, 
But o(p’) = p’+a(p*—'). Hence the inequality (10) follows. 
CoroLttary. kp (and hence also kp*) is non-deficient if p<x, while kp* 
is deficient if p=x+1, 
To obtain the latter part of the corollary, we note that 


x 


o(p*~*) 
T'o give another proof, note that k p* is deficient if 
—%k), 
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The corollary gives complete information concerning k p* unless there be 
a prime K between x and x+1. In the latter case, kK is deficient, while 
k K*(e > 1) is to be tested by the theorem itself. 

11. For n =4, there remains the case p, = 3, p,=5. Since 

3.5 31,37 _ 1147 
2 4 30 36 576 
p,<29. First, let p,=7. Then A is a multiple of (3,), (3,) or (3,) unless 
a=lora=2,b=c=1. In the latter case, A is abundant if p<x= 104, 
deficient if p>104. Let nexta=1. Then 4 is deficient if p>36. For 

the integer just >x is 26, 14, 18,11, respectively. For k =3-5:-7, we test 
p=11 by the theorem and find that (10) holds for e=2, since x = 32/3. 
Again, A is deficient if b=1, p2=17; 6=2, c= 1, p219; c=1, p> 21; 
b= 2, c=3, p= b=—2, p=—3l; 6=—3, 2, d=1, Hence all 
the primitives with p,=7 are given in the first part of the following list. As in 
this case, we have rearranged the primitives, listing together those with the 
same set of primes. ‘Two or more complete sets of primitives differing only 
in the value of the fourth prime are combined in the list. Although this re- 
arranged list is somewhat longer than the list as initially determined, it has 
obvious advantages over the latter. 

12. List of the primitive abundant numbers with exactly four distinct 
prime factors, the second prime being 5. 

3°5:7-11?, 3-5-7711, 3-57-11, 3°5-7-11; 3-5-7713, 3-5?7-18, 375-7-18 ;s 

3-5°7-17, 3°5-7-17; 3-5°7-19, 3°5-7-19; 3°5?7223, 35-77-23 ; 

3-5°7/29, 3-5°7229, 3°5:7-29; 3-5°79312, 3-5°7831, 3°5-7-31; 

375-7 p(37 <p S103); 375-1113; 375-11-17; 

375-11719?, 3°5-11519, 3°5*11-19, 395-11-19; 

1p, 3°5-11p(p = 23, 29, 31) ; 

37571 1p, 3°5-112p, 345-11 p (p= 37, 41) ; 

375711-43?, 3°5711°43, 375°11-48, 3°5-11°43?, 395-11943, 3415-11-48 ; 

375711747, 3°5°11-47, 345-11°47, 3°5-11-47; 

375711753, 375911-53, 345-11753, 3°5-11-53?, 3°5-11-53 ;s 

3°5711°59, 375°11-592, 375°11°59, 3°5411-59, 345-1159; 

375711761, 3°5°11°61, 375111-61, 3415-11761; 

3757111672, 3°5°11°67, 345-11°67?, 345-11967, 3°5-11°67 ; 

375911271, 3°5-11°71; 355.112p (p = 73, 79) ; 

375911783, 355-11983, 3°5-11°83; 375311789, 3°5-11°892, 3°5-11989, 375-1189 ; 
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3°5°11297, 375-113972, 375-1197, 3°5-11997; 3°5°112p(p = 101, 103) ; 
3°591171072, 3954112107; 325°113p, 3254112p(p 109,113) ; 

3°5!119127, 3959112127; 3°5*11131; 32541141372, 3955119137; 3°5°112139; 
3°5°13p, 3°5-13p(p =17,19); 35213-23, 395-138-232, 395-13223, 345-13-23; 
3°5213229, 3°5%13-29, 395213-29, 345-1329, 355-13-29; 

3°5213°31, 325913-31, 3°5213-31, 3/5-13°31, 3°5-13-312, 3°5-13-31; 

3°5913°37, 3°5°13-37, 3°5-13°372, 3°5-13°37; 395913412, 39513941, 3°5213-41; 
3°54132432, 39541343, 35513243, 395°13-43; 

3°5°13p(47 <p<89); 3°5°13%p, 3°5°13p, 3'5213p(97 < p< 181); 

3°5°13p, 315213 p(191< p<199); 3°5°13p, 345213 p(p = 211, 223) ; 
395413 p, 3°5213p (227 < p<313); 3°5°13p, 3'5213p (p = 317, 331, 337) ; 
3°5°13-347, 345°13-347; 395°13-3492, 395713-349, 345213-349; 

3/5713 p (353 < p <383) ; 

3°5°17-19%, 3°5°17219, 325917-19, 3°5°17-19, 345-17219, 35-17-19, 355-17-19; 
3°5°17223%, 3°5'17223, 3°5°17-23, 395217 p(p = 29, 31); 

3°5°17°37, 3°5°17-37, 3°5°17-37; 3°52179412, 3°5917-41, 35217-41; 
3°5°17-43, 345217-43; 3°5917-472, 395917247, 395417-47, 3'5217-47; 
3°5°17°53, 3/5°17°53, 345°17-53, 3°5°17-53 ; 

3954172592, 395417959, 395517259, 345217259, 345°17-59, 3°5217-59; 

35217961, 345217612, 3'5917-61, 3°5217°61, 3°5°17-61; 

35°17 p, 3°52172p (p = 67, 71, 73) ; 

3'5°17279, 3°5917-79, 3°52172792, 3°5217379, 375217279 ; 

3'5°17283, 3'5‘17-83, 3°5°17-83, 3752179832, 3°5217983 ; 

315917289, 3°5°17-89; 345917297, 3°5°17-972, 3°5‘17.97, 3°5°17-97 ; 
359172101, 3°5'17-101, 3°5°17-101; 

35°179103, 354177103, 3°5°172103, 3°5417-103, 3°5°17-103 ; 

35417107, 3°5°172107, 3°5417-107, 375°17-107; 

354172109, 3°5°172109, 3°5417-109, 37517-1092, 3°5*17.109 ; 

354172113, 3559172113, 3°5517-1132, 3°5°17-113, 3°5417-113 ; 

3558172127, 3°5°17-1272, 3°5517-127, 3°5417-127; 3559172131, 3°5517-131; 
3°5°172p (p = 137,139); 35'172p, 3°5°172p(p = 149, 151, 157) ; 
35172163, 3°5°17°163, 3759172163; —3°5‘172167, 3°5°17°1672, 3759172167 ; 
3554179173, 3°5°172173, 3°5‘172173, 3759179173, 3°5°1721732, 3°53172173 ; 
3°5°172179, 3°54172179, 39591791792, 3959174179, 3°5°179179 ; 

355°179181, 3°5°172181, 395172181, 39591741812, 

3°5'172p (p = 191, 193, 197,199); 35178211, 3°5°172211, 3754172211; 
3°5°1 78223, 3754178223, 375°172223, 39541722232, 3°54172223 ; 

395°1 792272, 3°5°1 74227, 3957179227, 3755172227, 37541792272, 3954179227 ; 
39571742292, 375°172229, 3954179229 ; 
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3755179233, 375°1722332, 39541792332, 3955172233, 3954171233 ; 

3759179239, 3°5°1722392, 3957172239, 3°5°172239, 3!°551722392; 

37591792412, 3759174241, 3°5°1 79241, 3°5°179241, 3°5°1722412, 3°57172241, 
358172241 ; 


39591732512, 395171251, 3959179251, 3591742512, 345°173251? ; 

335719 p (p = 23, 29); 375719731, 395919-31, 315219-31; 

3°5°19-37?, 3°5°19°37, 3°5419-37, 345719-37 ;s 

375719741", 395419741, 345719741, 315919-41, 3°5719-41; 

395119743", 3°5°19°43, 345719943, 345°19-43, 3°5719-43 ; 

315319-47, 3°571947, 3°5719-47?; 

345919-53", 345919753, 3°5919-53, 375719°53?, 395719753 ; 

345919759, 3°5°19-59; 3*5°19761?, 345°19°61, 3°5°19-61 ; 

3151199677, 345°19°67, 3°5°19°67, 3°5419-672, 355°19-67, 3°5419-67, 3°5°19-67?; 
3°5919°71, 3°5°19-71, 3°5419-71; 3°5°19273, 3°5°19-73?, 375°19-73, 3°5419-73 ; 
355419279, 3°5?192792, 3°5*19°79, 3’5°19279 ;s 

3°5°19783?, 3°5119°83, 3°5°19°83?; 3°5419°89", 3°5°19°89, 375419789 ;s 
3959237292, 3°5423-29?, 395423729, 345223-29", 345223729, 345°23-29 ; 

335°2373 12, 3457237312, 35°23-31, 3°5°23-31; 345923737, 340423-37, 3°5°23-37 ; 
3451237417, 3°5923741, 3°5423-41, 3°5°23-41; 

3°5323743?, 3°5123743, 3°5°23-43?, 395923743, 3°95423-43 ; 3°5423747 ; 
3°5929731?, 3°5429-31?, 3°5429°31, 395°29-31?, 3°5329731, 3°5429-31. 


13. Tueorem. The only primitive odd abundant numbers < 15000 are: 

3°95°7 = 945, 3°5?7 = 1575, 375-7? = 2205, 3°5-7-11 = 3465, 

3°5-7-13 = 4095, 395-7-17 = 5355, 3-5°7-11 = 5775, 3°5-7-19 = 5985, 

35:11:13 = 6435, 3-57-13 = 6825, 3°5-7-23 = 7245, 395711 = 7425, 

3-5-7711 = 8085, 35-11-17 = 8415, 3-5?7-17 = 8925, 375-7-29 = 9135, 

3°5°7713 = 9555, 3°5-7-31 = 9765, 375-7-37 = 11655, 3-5-7-11? = 12705, 

3°5°7-41 = 12915, 3°5-7-43 = 13545, 3°5-7-47 = 14805. 

The number » of distinct prime factors is < 5, since 

3°5°7-11-13 = 15015. 

For n <4, the primitives are given by (3). Since 315713 = 26325, the last four 
exceed 78000. Finally, let n=4. The primitives ($9) with p,=7 evidently 
exceed 377711-13 = 63063. Next, let p,=5. The primitives (§ 11) with p,=7, 
which are < 15000, are readily listed. The primitives with p,=11 have the 
factor 3? since 3-5°p§ is deficient. Since 3375-11-13 = 6435, whose product 
by 3 exceeds our limit, it remains to examine only 375p,p,. The latter is 
deficient if p, >11, and if p,=11, p, >17. 
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Even Abundant Numbers. 
By L. E. Dickson. 


1. Tueorem. There is only a finite number of primitive non-deficient 
numbers having a given number n of distinct odd prime factors and a given 
number m of factors 2. 

Let p,, ..--, P, be primes in ascending order. Then 

2° .... 


is deficient if 


n 

G < 2, 

and hence if p, >r/(r—1), where r is the positive real n-th root of 2/G, 
whence r>1. Thus the least odd prime factor p, of a non-deficient number 
is limited. To prove by induction a like result for each p,, let p,,...., p, be 
given primes, andy<n. The divisor 


2? 


of a primitive a must be deficient. By Lemma B of the former paper, each 
deficient a is a product of some one of a finite number of a’s by a number 
having no prime factor other than p,,...., p,. We may now complete the 
proof as in the former paper, inserting in II, the additional factor G. 

For example, the primitive non-deficient 2” p° are 2”p, where 2™— 1 < p 

2. In the determination of all even non-deficient numbers not exceeding 
a given number L, use may be made of the following theorems. 

THrorEM. Let 2'<D<2'*! and A=1/2 or (l+1)/2, according as 1 is 
even or odd. If n is any integer for which l>n2>A and k is any odd integer 
for which 2°k<L, then 2°k is non-deficient. 

We have 24 Now 1/+1=24+1 or 24, according as'l 
is even or odd. Thus k < 2"*! or 2", in the respective cases. In each case, 
k<N, where N=2"t!—1. Thus & has a prime factor p<N. Since 2"p is 
non-deficient, the same is true of its multiple 2” k. 

3. Tueorem. Let v be the least integer for which 


and n any integer >v. Let c be any odd composite number for which 2"c < L. 
Then 2"c is abundant. 


: 


Dickson: Even Abundant Numbers. 


Set N= 2"t?—1, Then and c<N*. Hence the composite 
number c¢ has a prime factor p< N. Since 2"p is abundant, its multiple 2"c¢ 
is abundant. 

This theorem, in connection with the fact that 2"p (p an odd prime) is 
abundant if and only if p< N, enables one to write down immediately all 
abundant numbers 2”k < L, where n2v (cf. $8). 

4. Turorem. Set s=2’t'—1,t=2’—1. The non-deficient even numbers 
2’—'k less than* 2’s* are those in which k has a prime factor <t and those in 
which k is a product of two primes t+ P and t+Q, where0<P<t,P <Q 
<(#+14)/P. If P=t—1, then Q=t+1. 

Let every prime factor of k exceed t. Since 

for every v > 0, k& can not have three prime factors. If p is an odd prime, 
2" p° is deficient if 


Hence 2”~'p* is deficient if p>t. Finally, if p,q are distinct primes >t 
and q>p, then 2”~'pq is non-deficient if and only if 
paSt(p+q+1). 

Set p=t+P, q=t+Q. Then the condition becomes PQ<t?+¢#. But 
Q>P+2. Hence P<t. If P=t—1, then Q<t+3, so that Q=t+1. 
For, if 

+t+4—8, FPO> 
Indeed, > 2, 123; while if ¢=3 and if then q=9. 

5. THeorem. non-deficient numbers 2’~*k less than 2” s? and havingt 
vy >3 are those in which k has a prime factor <r, where r=2”—'—1, those in 
which k is the product of two primes r+ P and r+ Q, where 0<P <r, 
P<Q< (+ 1r)/P, and the following abundant numbers: 

2437-41", = 41, 43, 47), 2%17-191(23 <1<47), 
2517-23 1(1= 29, 31, 37), 2917-29-31, 2919-231 (1 = 29, 31), 
23177q(q<55), 2319%¢(q<45), 2°23%¢(q<31), 2329717, 
2711°¢(q< 26), 2713°q(q<19), 2717%¢(q<14), 
2711-137(1=17, 19, 23), 2711-17-19, 
where q and | are primes, q>7 mm the fourth line, q>15 in the third line. 
Let every prime factor of k exceed r._ Since 
(2°-! + 1)* > 20-4 > > 


* Including all < L, since L < 2”8? by §3. 
+ Those with v=3 are given in §7. 
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for y >3, k can not have four prime factors. Since 
+ 1)8 > 4.-92"+2 > 4s? 


for v=7, k has at most two prime factors unless y= 6,5 or 4. As in § 4, 
2’-2 is deficient if p> yr, since then p> The case in which k is the 
product of two distinct prime factors may be treated as in $4. We shall next 
consider 2”~? p?q, where »=6,5 or 4, and p,q are distinct primes >r. 
First, let =6, whence r= 31, s=127. The least p is 37; by < 4s’, 
q<48; 2'37%q is abundant if q< 229. For p=41, 4s°/p? < 39, whence 
q=37. Next, let »=5, whence r=15, s=63. For p =17, 19, 23, 29, 31, 
p?q <4s* for q < 55, 45, 31,19,17, respectively, the final p being therefore 
excluded; while 2°p?q is abundant for q < 2438, 94, 50, 34, 31, respectively. 
Finally, let »=4, whence r=7, s=31. For p=11,13,17,19, p?q < 4s? 
for q < 32, 23, 14,11; while 2? p’?q is abundant for q < 26,19, 14, 13. 

It remains only to consider 2”-*pql, where p,q,/ are distinct primes > r, 
arranged in ascending order. First, let »>=6. If p2>41, pql>41°> 4s. 
Hence p=37. But 37-41°43 >4s%. For »=5 or 4, the numbers < 43s? 
are listed in the theorem, all being abundant. 

6. While we might treat similarly the cases »—3, etc., the results already 
obtained, together with those in $7 for non-deficient numbers 2k, enable us 
to tabulate in § 8 the even non-deficient numbers less than 2"s? for v = 4, 
namely, < 2431?=15376. Indeed, under this limit Z, there is no primitive 
non-deficient number 2k, where k is an odd number with more than three dis- 
tinct prime factors (a case not treated in§7). First, 3 is not a factor. If 5 
is a factor, 7 is not, and 2k >2-5-11-13-17 = 24310 > Z. If 5 is not a 
factor, 2k =>2-7-11-13-17, which exceeds the preceding. 

7. Tueorem. The primitive non-deficient numbers 2k, where k is an odd 
number with at most three distinct prime factors, are: 

2-3, 2-5-7, 2-5711, 2-5713, 25-11 p(138 < p< 53), 

2-5-1127 p(59 <p < 89, 2:5:11°97, 25-138 

9-5-1337, 2°5-17-19, 2-5917 p(23 <p<61), 25°17? p(67 <p<79), 
2-5717°83, 2°5917 p(67 <p <109), 2:59172p(113 < p<173), 
9-53179179, 2-59179181?, 2-59174181, 2-5417 p(p = 113, 127), 
92-5117? (179 < p< 223), 2:54178 p (p = 227, 229, 233), 2-5517-131, 
92-5917? p (p = 227, 229, 233), 2551722392, 2-5°17 p(p = 239, 241), 
2-551 782512, 2-5°17? p(p = 239, 241), 2-5°179251, 

29-5719 p(23 <p <43), 2:5719-47?, 2-5719" p(p = 47, 53), 

2-5319 p(47 <p<61), 2:5°19-67?, 2-5919? p(67 <p<79), 
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2-5°19°83?, 2-5'19 p(p = 67, 71, 73), 2-5*19? p(p = 83, 89), 
2-5°23 p(p = 29, 31), 25°23 p(p = 37, 41), 2-5°23743, 2-5423747, 
2-5°29-31?, 2-5829°31, 2-5429-31, 
2-7-11-18, 2-7213717, 2-7°13-172, 2.7913°19°, 2-7813*19?, 2-7413719°, 
2-7'13°192, 

The proof is similar to that used in the former paper. 

8. We are now in a position to give the even non-deficient numbers* 
< Z=15000. This Z is just under the maximum limit given by »y = 4 ($6). 
Moreover, this ZL was the convenient limit used in listing the primitive odd 
abundant numbers in the former paper. 

The non-deficient numbers 2"k < L, with n=4, are (§§ 2,3): 

2°k(KS7), S13), PR(ES 29), S57), S117), 

233), 2°p(pS127), 2c(c<467), 25p(p<63), 24c(c<937), 2p(pS31), 

where k, c, p are odd and >1, ¢ is composite and p prime. 

The non-deficient 2°k < Z are (§ 4) those with & having a prime factor < 13 
(k<1875) and k= 29-31, 23q(29<q<43), 19q(23 Sq<73), 17q(19<q<109). 
In the last case only the limit for abundance (q <131) exceeded the limit 
required by L. 

The non-deficient 27k < LZ are (§ 5) those with k < 3750 having a factor 
3,5 or 7; those with k = 11q(q =18,17,19); and 

2? 11?2¢(¢ = 13, 17, 19, 23), = 11,17), 2717%¢(¢ 11, 13), 

2211-131 (1 = 17, 19, 23), 2711-17-19. 

The primitive non-deficient 2k < Z are (§7) those in the first two lines of 


the theorem below. 

The primitives are now found at once. For instance, 2?k with k having 
a factor 3,5 or 7 is a multiple of one of the primitives 2-3, 275, 277. In the 
list of non-deficients 2"k, n>4, k orc is always less than the square of the 
maximum prime p giving a non-deficient 2". Hence we obtain the 

TueorEM. The 98 primitive even non-deficient numbers < 15000 are: 

‘3, 2-5-7, 25711, 2-5913, 25-11 p(13 <p <53), 
5:13 p(17 <p <31), 25-17-19, 2-7-11-13, 
295, 2°7, 13, 17,19), 2°11°23, 2°43-17*, 2°13*17, 
9311, 2913, 2317q¢(19 <q <109), 2°19q(23 <q <73), 2°23 q(29 <q < 43), 2329-31, 
2*p(17SpS3l), Pp(37 ps6), 


2 
2 


* All < 6232 are tabulated in Quar. Jour. Math., 1913, pp. 274-7. 
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The Identical Relations between the Elements of any 
Oblique Triple System of Surfaces. 


By Henry D. THompson. 


The Lamé identical relations between the elements of an orthogonal triple 
system of surfaces, are particular cases of six identical relations holding be- 
tween the elements of a general oblique triple system of surfaces. 

Consider a triple system of surfaces, with the parameters p,, p,, p;; and 
let M(p,, p2, 93) be any point in space, and M,, M,, M,, Myo, be (p,+dp,, po, ps), 
(P15 Ape, Ps)> Per Pst Aps), (Pi ps+dp;), respectively, ete. ; 
let a, represent the derivative with respect to p, and p;, and the summation >a 
represent the sum of like terms in a, y, 2. And let 

(A) 
Let 0H;,/dp; be represented by H;;, 0k,,/dp, by k,,, etc.; so that the subscripts 
after the first for the capital letters H, and after the second for the lower case 
letters k, represent direct differentiation. Represent k,,.+-k,3,+k,. by 2s; and 
0s/dp; by s;. With this notation the differentiation of the equations (A) gives, 
after certain combinations in some cases, the following eighteen equations (B) 


| =k pp —H Hp, = HH, | 

= S— 24 ] 22,%,,=H,H,, 


The first derivatives of the equations (B), added and subtracted in such a 
way that the terms containing a third derivative of 2, y, 2 are eliminated, give 
exactly six relations, namely: 


F553 + H 3H 399 + H 33 + = 2 (G,) 
AA), + 93+ + = 2031 — (G,) 


‘ 
e 
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The terms on the right of the equations (G) and (C) can be obtained in terms 
of the first derivatives of the expressions H and k as follows: 
(2935 Yogy 23), ete. be considered as proportional to the direction cosines of lines 
named J,, /J,,, etc., and represent >a; by L3;, etc.; then the cosines of the angles 
between J,, 1,, 1; and are given by the equations (B) each 
divided by the proper H and L; namely, for example, cos (/,, /,,;) is H,H,3;/H,L,3, 
etc. The identical relation between two systems of four directions in space 
(cf. Pascal-Timerding, Repertorium der hoheren Geom., 2d ed., 1910, p. 74), 
applied to the directions l,,/,,1,,1,. as the elements of the first system and 
L,, 1, ls, U4, aS the elements of the second system, gives 


1 kg HH», 
HH, HH, 
HH, HH, 
or 


Use V as a symbol for 


= 


1 
Kis 
king 


In precisely the same way, it can be proved that 


H; ky» s—k,g, 


0 


Let (%,, 2), 


(D,) 


(Di) 


then the identical relation a 

s—k,,, H,H,, H,H;, 0 
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H; ky. kis 

12°13" kis kos Hi |’ 
s—k,3. 0 


12 

—-1 kg H; hog 
0 


= 


The eight other terms on the right of the equations (G) and (C) can be ob- 
tained from these by cyclic permutation of the subscripts. 
The equations (D,), (D{), for example, can be easily changed to the form 


1 — HH, kis kgs — HH, kis kis 
23 3 
1 0 HH, 
lm HH; kog (H,) 
kos oH 23 king 3 
1 1 0 H,H,, HH, 
2 
Since by bordering, from (D,), can be obtained 
H; kis 0 0 
kyo H; keg 0 0 
H; HH, 0 0 
2 
H3 H; zs Hy og 
kis hog H; —H. 3 


and this expanded gives (E,). And so also for all the other terms on the right 
of the equations (G) and (C). 

The equations (G) and (C) are the identical relations between the second 
derivatives of the elements of a general oblique system of surfaces. On the 
right of these expressions the first derivatives only appear, in the form given 


o4 


429 
| 
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by the equations (D) or (E). And when k,,=k,, =k, =0, these identical 
relations reduce to the relations given by Lamé, Coord. Curv., Paris, 1859, 
(8) p. 76, (9) p. 78. For each of the three surfaces of the triple system, one 
of the equations (G) is the Gauss relation given in Disq. gen. c. superficies 
curvas, Got., Oct. 8, 1827, p. 119, Art. 11. This is seen at once; since, for ex- 
ample, taking a surface p,=const., by a method analogous to that used above 
in deriving the equation (D,) the Gauss D, D’, D” are 

HH, 


D= = HH, Hz 
ko, Hg 
1 
D'= H.H,, Hy kg), 
H; 
D" = Hi 


And E=H}, F=k,,, G=Hj. These values substituted in (G,) give the Gauss 
equation. 

The equations (C) of course must be equivalent to the equations given by 
Codazzi, Ann. di Mat., Ser. 3, Vol. II, 1869, p. 285. The connection can be ob- 
tained without very much reckoning by using the form of the Codazzi relations 
standing in Darboux, Surfaces, Vol. III, p. 248, (24) and (25). It is thus 
seen that this equation (24) taken for the surface p,—const. is the combination 
of (G,) and (C,), and the equation (25) of (G,) and (C,). 


BELTON, MONTANA, August 19, 1912. 


Transformations and Invariants Connected with Linear 
Homogeneous Difference Equations and Other 
Functional Equations.* 


By Cora B. HENNEL. 


INTRODUCTION. 


The subject of Difference Equations has had an extended development 
during the last few years. Contributionst of importance have been made by 
Guichard, Norlund, Galbrun, Carmichael, Birkhoff, Horn, Ford, Perron, Bocher, 
and others. 

The object of the present paper is to discuss for the difference equation 
primarily (Part I), and also for a general type of functional equation (Part IT), 
the question of functions that remain invariant for a certain broad type of 
transformations. The results assume a very simple and elegant form. 

In $1, it is shown that the most general point transformation that changes 
every linear homogeneous difference equation into a difference equation that is 
linear, homogeneous, and of the same order as the given equation, is of the form 


e=u(E), y=Alé) ng, (I) 


where u(&) satisfies one of the two relations 


u(é+1)—u(é) = +1. 


In $2, the group character of the transformations (I) is verified and the 
existence of a certain subgroup is shown. 

In $3, a list of definitions of terms used in the remaining part of the 
paper is given. 


* Presented before the American Mathematical Society, December, 1912. 

+See: Guichard, Ann. de V Ee. Norm., ser. (3), Vol. IV (1887), pp. 361-380; Noérlund, MWém. Acad. 
Roy. Sc. et Let. de Danemark, ser. (7), Vol. VI (1911), pp. 309-326; Galbrun, Thesis, Upsala, 1912, 
pp. 1-68; Carmichael, Trans. Am. Math. Soc., Vol. XII (1911), pp. 99-134; Birkhoff, Trans. Am. Math. 
Soc., Vol. XII (1911), pp. 243-284; Horn, Crelle’s Journal, Vol. CXXXVIII (1910), pp. 159-191; Ford, 
Trans. Am. Math. Soc., Vol. X (1909), pp. 319-336; Perron, Acta Math., Vol. XXXIV (1911), pp. 109-137; 
Bocher, Ann. of Math., Vol. XVIII (1911), pp. 71-88. Further references will be found in the papers ‘here 
referred to. 
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In §§ 4-7, certain fundamental sets of seminvariants, invariants, semi- 
covariants and covariants are determined. 

In §§ 8-9, a certain general type of functional equation is dealt with, 
the procedure being along the same lines as that in the discussion of the 
difference equation in the preceding articles. In $8, the most general point 
transformation that changes every linear homogeneous functivnal equation of 
the type under consideration into another of the same type and order is deter- 
mined, the group character of these transformations is verified, and the exis- 
tence of a certain subgroup is shown. In $9, fundamental sets of semin- 
variants, invariants, semi-covariants and covariants are determined. 

I wish to express my gratitude to Professor R. D. Carmichael for his aid 
and encouragement in the preparation of the paper. 


Part I. TRANSFORMATIONS AND INVARIANTS CONNECTED WITH LINEAR 
DIFFERENCE EQuaTIONS. 


§ 1. Determination of Point Transformations Leaving Certain Properties 
of Linear Homogeneous Difference Equations Invariant. 


We consider the totality of linear homogeneous difference equations. As 
a type of such equations, we use* 


Yrtnt Pi De Yr 4n—2t +P, —1(2) (A) 


where p,(X),...., P,(@) are functions of 2, arbitrary except that p,(x) is not 
identically zero, a restriction made necessary by the fact that, if p,(a) is not 
different from zero, the equation reduces at once to an equation of order less 
than n. 

If 2 and y are regarded, for the moment, as codrdinates of a point in two- 
dimensional space, then the most general so-called point transformation is of 
the form 

a= me), y=v (k,n). 


We confine our attention to transformations of this type and equations of 
type (A), and determine first the most general transformation that transforms 
every equation (A) into another of the same type and order. That is, we 
determine the most general point transformation which leaves the following 
properties of equation (A) invariant: 


* The two forms of functional notation are used to distinguish the dependent variable as a function 
of the independent variable from other functions of the independent variable that enter into the equation. 
This notation is used in general throughout the paper. 


« 
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1) Its character of being a difference equation with argument difference 
unity ; 

2) Its degree; 

3) Its linearity; 

4) Its homogeneity. 


For the sake of simplicity, let us consider first an equation of order one: 


Yotit Pr (x) y, = 9. (1) 
By the substitution 
a= u%(é, Ne) | 
2 
=5 (E, ne), 


this equation becomes 


[O(E), nee] + PD, [a (&, ne) (E, Ns) == (3) 


where $(£) denotes what & becomes when z is replaced by +1. We proceed 
to find what restrictions must be made on (2) in order that equation (3) may 
be a linear homogeneous difference equation of order one. 

In the first place, equation (3) is to be linear in y,;. To meet this require- 
ment, two conditions must be fulfilled. First, @(&,7;) must be a function of & 
alone; for otherwise, since p,(#) is arbitrary, p,(x) can be chosen so that 
] shall be non-linear in y;. Secondly, v(&, must be linear in 
The transformation, then, must be of the form 


a=u(é), 


and equation (3) takes the form 


ALD(E) + 91 (E)] + [u(E) 1A(E) + [u(E) 0(E) = 0. 


Now this equation is to be homogeneous. Obviously, a necessary and 
sufficient condition for this is that 0(&) shall satisfy the equation 


O[@(E)] + p[u(E) ]0(E) =0; 


since p, is arbitrary, it follows that 0(£) must be zero. 
Finally, the transformed equation, which now has the form 


ALO(E) + Dilu(E) = 9, 


is to be a difference equation of order one. That this condition may be fulfilled, 
one of the two equations 


=F +1 (4) 
must hold. 
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This last restriction says that as x is changed into x+1, & becomes either 
&£+1 or &—1; it also imposes a restriction on w(£), which we shall now 


determine. 
From the relation x = u(&), existing between x and £, we obtain, at once, 


(a). 
Let us now replace v by x +1, and then substitute for 2 its value u(&); thus: 
(@+1) [u(&) + 1). 
Using the latter value for @(&) in equations (4), we obtain 
u~*[u(é) +1] =§ +1, 
which is equivalent to the two equations 
u(é) +1=u(—+1), 
u(é) +1=u(&—1). 
From the first of these two, we obtain, by transposing, 
u(& +1) —u(é) =1; 
from the second, we obtain, by replacing & by & + 1, and transposing, 
u(&+1)—u(§) =—1. 
That is, u(£) must satisfy one of the two equations 
u(&+1)—u(g) = +1. 
We have shown, then, that the most general point transformation that 


changes every linear homogeneous difference equation of the first order into 
another of the same type and order, is of the form 


A (&) Ne» 
where 4(&) is arbitrary, and u(£) satisfies one of the relations 


but is otherwise arbitrary. 

Consider now the m-th order equation (A). Since the transformation 
sought must leave invariant properties 1) to 4) of equations of form (A) of 
any degree, the restrictions on the transformation found necessary for an 
equation of degree one are necessary also in the case of equations of degree n. 
That these restrictions are sufficient, as well, is readily seen. 

By a transformation of the form 


a=u(é), y,=A(E)m, 


u(&+1)—u(&) = +1, 
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equation (A) becomes 


A(E—E+n—1) 
A(E 


Nein t ] 


or 


according as u(&) satisfies the relation 
u(&+1)—u(é) =1 
u(&é+1)—u() = —1. 


Obviously, in either case the transformed equation is a linear homogeneous 


or 


equation of order n. 
This completes the proof of the following theorem: 
THEOREM I. The most general transformation of the form 


Yr Ne) 
that transforms every linear homogeneous difference equation of the form 
Yrtnt (x) + = 0 (A) 
into a difference equation that is linear, homogeneous, and of the same order 
as the given equation, is | 
} (I)* 
A (&) Ney 


where u(&) satisfies one of the two relations 


u(&+1)—u(é) = +1, 
and 2(&) is arbitrary. 
§ 2. Ona Subgroup of the Group of Transformations. 


We have proved that any transformation of type (I) transforms every 
equation (A) into a difference equation that is linear, homogeneous and of 
order n, and that any point transformation that does this is of type (I). 
Obviously, then, the transformations (I) form a group. For we see at once — 
or can readily show — that any two transformations of type (I) can be replaced 
by a single transformation that gives the same resulting equation; this latter 


* Throughout the discussion we refer to the transformation 

Ys =A (5) 

as (I’) or (I”), according as wu (&) satisfies the relation wu (+1) —wu =1 or wu (§+1) —u(é) =~ 1. 
If u (&) satisfies merely one or the other, indiscriminately, we refer to the transformation as (I). 
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transformation, since it changes (A) into a difference equation that is linear, 
homogeneous and of order n, must be of type (I). 
The transformations (I’) form a subgroup of the total group (I), while 
the transformations (I”) do not, as we shall now show. 
Consider two transformations of type (I’): 
a=w' (&), w’ (&’ + 1) (&’) = 1, 
x’ (&’) Ne ’ 
(E" +1) = 1, 
Ne =A" (E") nen. 
Combining these transformations, we have 


a=u'[u" (&")], 


and 


with the restrictions 
wu’ [u” +1] —w' fu" = 1, 
(E" +1) —u" 
The first of these restrictions comes from that on w’(£’) in the first transfor- 
mation, taken with the relation between & and &”; the second is obviously that 
on wu” in the second transformation. 

Replacing wu” (£”) +1 in the first of these equations by its equivalent 
u” (—” +1) obtained from the second, we have 

w’ [u" + 1)] —w' [u" =1. 
Now this is precisely the restriction that u’[u” (&”)] must satisfy in order 
that transformation (5a) may be of type (I’). Hence the transformations (I’) 
form a subgroup of (I). 

To show that the transformations (I”) do not form a subgroup, let us use 
the same two transformations, except that we shall now take as the restrictions 
on wu’(&’) and the following: 

(& +1) —w' = —1, 
w" +1) —u" (E") = 
Combining the transformations, we get 
(&")], 
= 2! (E") (E") } 


with the restrictions 
u’ Cy (E”) 1] — ] =—l], 
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If in the first of these restrictions we substitute for uw” (E”)+1 its equivalent 
obtained from the second by replacing & by §—1 and transposing, we obtain: 


w’[u" —1)]—w[u" (§")] = —1; 
whence, putting &”+1 for &”, and transposing: 
+1)]—w'[u" = +1. 


This result shows that while transformation (5b) is indeed of type (I), it is 
of type (I’) and not (I”). Hence the transformations (I”) do not form a 
subgroup. 

We have shown, incidentally, that the successive operation of two trans- 
formations of form (I’) or of form (I”) is equivalent to a single transformation 
of type (I). Similarly, we might show that the combination of any transfor- 
mation of form (I’) with one of (I”) is also equivalent to a single transfor- 
mation of form (1), thus completely verifying the fact that the transformations 
(I) do indeed form a group. 

We sum up these results in the form of a theorem, as follows: 

THeorEM II. The transformations (1) form a group, of which the trans- 
formations (I') form a subgroup. The transformations (1") do not form a 
subgroup. 

§3. Definitions. 


We state now definitions of certain terms used in the sections that follow. 
Terms used in the field of differential equations are given analogous meanings 
here. 

Any equation which can be obtained from equation (A) by a transformation 
of form (I) is said to be equivalent to (A). 

An absolute invariant, or more briefly, an invariant, is any function of the 
p’s and their differences, 


which is equal to the same function formed for an equivalent equation. 

A seminvariant is any function of the p’s and their differences which is 
equal to the same function formed for an equation derived from (A) by a 
transformation of the form 

Y,=A(4) 


A number of invariants [seminvariants], a,, a,,...., is said to be a fun- 
damental set of invariants [seminvariants] if every invariant [seminvariant | 


D0 
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can be expressed as a function of the a’s and their differences, and no a can be 
expressed as a function of the remaining a’s and their differences. 

A covariant is any function of the p’s and their differences, and y and its 
differences, which is equal to the same function formed for an equivalent 
equation. 

A semi-covariant is any function of the p’s and their differences, and y 
and its differences, which is equal to the same function formed for an equation 
derived from (A) by a transformation of the form 

Y,=A(L)n,. 

A number of covariants [semi-covariants], 8,, 8,,...., is said to be a 
fundamental set of covariants [semi-covariants] if every covariant [semi- 
covariant] can be expressed as a function of the @’s and their differences, 
and invariants [seminvariants] and their differences, and no @ can be ex- 
pressed in terms of the remaining @’s and their differences and invariants 
[seminvariants] and their differences. 

Let 

Po(E) Ngan + t + + 0 
be any equation equivalent to (A). This equation is said to be a normal form 
of (A) provided either of the following conditions holds: 
1) po(é) =p, =1, 
2) () = p, =1. 


§ 4. Fundamental Sets of Seminvariants. 


We determine now certain fundamental sets of seminvariants. 
If we make the substitution 


Y,=4(x)n, (6) 
in equation (A), 
Yrint Pi (x) + p, (2) y,=—9, (A) 
we obtain, after dividing through by ~(“+n), 
A —2 
Nr+n + (a) Nrt+n—-1 + Pe (a) n) Nz+n—2 
A (x) 


Let us reduce this to a normal form, by choosing 4 so that the coefficient of 


N,4+,—1 Shall be unity: 


A(a+n) 
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Obviously it is possible to choose 4 in this way, for the equation determining A 
is a first-order difference equation which has a solution, provided p, (a) is not 
identically zero. We assume, in the determination of a first fundamental set 
of seminvariants, that p,(#) is not identically zero. 
Dividing both sides of the last equation by p,(2), we have 
A(w+n—1)_ 1 
A(x + n) DP, 
Without actually solving this equation, we find what the coefficients 
A (a +n — 2) 
become when / satisfies the equation. Replacing « by x—1, in (7), and 
multiplying the resulting equation by (7), member by member, we obtain 


(7) 


_ 1 
A(x + p,(%) p,(w—1) 
Replacing x by +t—1 in this equation, and multiplying the resulting equation 
by (7), we obtain 
A(a+n—3) 1 


A(a+n) p,(@) p,(w@—1) p, (w@—2)° 
Obviously, a continuation of this process gives the result 
A(z+n—r) _ 1 
Hence a normal form of (A) is 


(x) + P, (x) n,=9, (8) 
where 
P, x) (a) 
The functions P,(z), r=2,...., , are themselves seminvariants, as we shall 
now show. 
If we apply the transformation 
y,=A'(x)n; (9) 
to equation (A), we obtain 
Nota + Pi(®) + = 9, (10) 
where 
(x+n—r) 


(a) = p, (2) (a+ n) (r=1, n). 
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We can reduce this to a normal form by making the further transformation 


a, A" (x) (11) 
where 4” (x) satisfies the relation 
(x +n—1) 1 
12 
a” 
Let us take as the value of 4” (2), ze. That this value of 4” satisfies 


relation (12) is readily seen, by substituting it for A” in (12), making use 
of the value of p; (x) given in (10): 


A(a+n—1), A (4+n) _ 1 
+n) A (x+n—1)’ 


whence 
A(w~+n—1)_ 1 
A(a+n) 
which is an identity. By means of transformation (11), equation (10) becomes 


Nrt+n + Netn—-1 Ps (x) N24-n—2 + (a) Ny 0, (13) 


where 

Now the transformation obtained by combining (9) and (11) is exactly 
the same as (6); hence equations (13) and (8) are identical. Consequently 
for any particular r, P)(~) and P,(x) are the same. But P;(x) is a function 
of the coefficients pj, ...., p, of the equation derived from (A) by a trans- 
formation of form (6); since it is the same function of the coefficients p’ that 
_P,(x) is of the p’s, P,(x) must be a seminvariant. 

We have as seminvariants, then, the functions P,(xv), ....,  Ob- 
viously no P can be expressed in terms of the remaining P’s and their differ- 
ences, and any function of these seminvariants and their differences is a sem- 
invariant. We show, finally, that every seminvariant can be expressed in terms 
of the P’s and their differences. 

Let 


Fy (Diy Dey +++) Dns +5 


be a seminvariant. This function must by definition be equal to the same 
function formed for any equation derived from (A) by a transformation of 
type (6); it must in particular, therefore, be equal to that formed for the 


normal form (8) : 


| — 
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that is, it must be a function of the seminvariants P,,...., P, and their 
differences. Hence the P’s form a fundamental set of seminvariants. 
We have now determined one fundamental set of seminvariants, on the 


assumption that p,(x) is not identically zero. On the assumption that p,_,(2) 
is not identically zero, we can readily determine another, by a method differing 
from that just employed only in that the second of the two normal forms of (A), 
instead of the first, is used. 


To obtain the second normal form of (A), we first divide the equation 
through by p,(x) in order that the coefficient of y, may be unity, denoting the 
resulting coefficients by 7,(x), ...., ™,(%) respectively. We then choose a 
so that the coefficient of 7,,, in the transformed equation (after the equation 
has been divided through by the coefficient of 7,) shall be unity. Using then, 
as we have already indicated, a method analogous to that employed in deter- 
mining the first fundamental set of seminvariants, we find, as a second set, 
the functions [,(v), r=, ...., 2, where 


(X) 

We have yet to consider the exceptional case in which both p,(z) and 
,—,(“) are identically zero. We include this case in the following discussion, 
which covers every other case as well. Inasmuch as the two cases already 
discussed are but particular cases of the two general cases which we now con- 
sider, we might have omitted the separate discussion of them, taking up at once 
the general problem. On account of the importance of the two particular cases, 
however, and because the treatment of them first simplifies the proof for the 
general cases, it has seemed advisable to adopt the order here followed. 


Let us suppose that p,(x) is the first of the coefficients in (A) (after the 
coefficient of 7,,,, which is unity) that is not identically zero. The equation 
then has the form 


Yrtn + DP; (a) Yet+n—s + (x) Yet+n—s+1 + 
+ (2) Yrti + Pn (2) = 0. (A,) 


By means of the transformation 
Y,=A(xX) 
where A(2) satisfies the relation 


A(a+n—s)_ 1 
A(a+n) p(x)’ 
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we change (A,) into a form in which the coefficient 7,,,,_, is unity: 


+ Nzt+n—s + (x) Nz+n—sF1 + sie eke Q, (a) = 0, (14) 
where 


Q,(2) = p,(a) 


In the particular case in which s is unity (which we have already con- 
sidered), the normal form (14) is unique and the coefficients Q,(”) are readily 
expressible in terms of the p’s; for any value of s different from unity, the 
normal form (14) is not unique and the Q’s can not be expressed as simple 
functions of the p’s; hence a modification of the method used in the case s=1 
is necessary. 

Although the Q’s themselves are not readily expressible in terms of the p’s, 
there are simple combinations of them that are, and we now form a set of such 
combinations constituting a fundamental set of seminvariants. These functions, 


which we denote by S,(v), r=s+1,....,”, are:* 
S,() = Q,(x) Q,(a@—r) ....Q,(7—3—1 1). 
Let us express these in terms of the p’s by means of relation (12) : 
_A(2+n—2r) A(a+n—sr) 
A(a@+n—r)  A(x+n—r—1s) 
A(z+n—rs) 
A(x+n) 
A(x+n—2s) A(x+n—rs) 
A(w+n) A(atn—s) A(a+n—r—1s) 
_ ...p,(#—s—Ir) 
That the S’s are seminvariants can be readily verified; that no S can be 
expressed in terms of the remaining S’s and their differences is easily seen. 
To prove, then, that they form a fundamental set of seminvariants, we need 
merely show that any seminvariant can be expressed in terms of the S’s and 
their differences. For this purpose let us consider the function 


and show that a function G can be found satisfying the following relation: 


= 


*The form of these functions was suggested by the formal process of obtaining from the semin- 
variants P,, ...., Pn functions independent of p, 
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A sufficient condition that a G exist, satisfying this equation, is that there exist 
functions H,, r=s,....,, satisfying the relations 


H,(p,(x) = p, (a). (16) 


If we write on 
D,(@) p,(z—r) p,(7—s—I1r) t, 


x=f(t), 
the existence of such functions is obvious: 


= p,[f(t)] = A, (t). 


Now let F, be any invariant. Since F, is an invariant, it is equal to the 
same function formed for the normal form (14); that is, we have 


whence we have 


But by (15), we have 


F,[1, Q,4:(%), -.--]=G@,[1, Q,4:(%) .--- Q,4:("@—sr), ....] 
(1, 


Hence any seminvariant F’, can be expressed in terms of the functions S,(z) ' 
and their differences, and therefore the functions S,(z) form a fundamental 
set of seminvariants. 

Similarly, on the supposition that all coefficients in (A) following p, _,, (2) 
(except, of course, that of y,, which can not be zero) are identically zero, we 
obtain as another fundamental set of seminvariants the following: 


2, (a+r) ....2,(a+m—1 r) 1 
We state these results in the form of a theorem as follows: 
THeorEM III. If all the coefficients in (A) preceding p,(x) (except, of 
course, that of y,4,, which is unity) are identically zero, the functions S,(x), 
r=s+l1,....,n, where 


p, (x) .... p,(w7—r—1s) 


form a fundamental set of seminvariants. 


444 Hennev: Transformations and Invariants Connected with 


If all the coefficients in (A) following p,_,,(v) (except, of course, that 
of y,, which is different from zero) are identically zero, the functions =,(x), 
r=n,....,m+1, where 

Nn (XL) Mn .... Ay m) 


and 


= (%) = 


form a fundamental set of seminvariants. 
In the important cases in which s=1 and m=1, the functions S,(x) and 
reduce to P,(x) and MI,(x) respectively, where 


1 


and 


2,(a+1)....2,(a+r—1) 


= 


§5. Fundamental Sets of Invariants. 


By a method analogous to that used in the discussion of seminvariants, 
we now determine certain fundamental sets of invariants. In dealing with 
transformations of type (I), we must remember that transformations (I’) and 
.(1”) give the transformed equation in different forms. (See page 435.) 
However, the methods for determining the invariants for the two transfor- 
mations differ very little, and the results turn out to be the same. Accordingly 
we shall discuss only the transformation (I’) and assume the result for (I”). 

Let us consider first the case in which p,(x) is not identically zero. We 
can reduce (A) to a normal form by means of the transformation 


a=u(é), u(&+1)—u(é) =1, 
pan 
where 
A(E+n—1) _ 1 


A(E+n) p,[u(&)]° 
We obtain thus 
Nera t t Pe +P, [u(E) ] (18) 


where 


The functions P, form a fundamental set of mvariants, as we shall now show. 


Difference Equations and Other Functional Equations. 445 


Going back to equation (A) and transforming it by means of the trans- 


formation 


x= u'(&’), = 1, 
ny, 
we obtain 
Ne tat t + valu’ =, (20) 
where 


We change this equation to a form in which the coefficient of y;,,,_, is unity 
by means of the further transformation 

ry =A" (E") nen, 


where 
a" 


and 


w’[u" (&")] =u(&). 
This restriction is placed on w” (£) in order that the combination of transfor- 
mations (19) and (21) may change z exactly as the single transformation (I’) 
does. 
By means of (21) we get 


Nen tnt Nentn—it lw” nen + 1} = 0, (22) 


where | 


Obviously, the functions P; are precisely the same functions of pj, ...., 
p, as the functions P, are of p,,....,p,. But equations (18) and (22) are 
identical, as we shall now show, and hence 


P,[u(&)] = P,[u(&)]; 


that is, the functions P,[u(&)] are invariants. 
To show that equations (18) and (22) are identical, we need merely con- 


sider the combination of transformations used to get (22): 


Yn = (E") JA" (E") nen , 
56 


' 
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and notice the following relations: 
an(e"+n—1)_ CE" 1 
a" +n) pilw(é’)] +n—1) 


whence 


This last relation shows that A’[w” (£”)] Aa” (E”) can differ from 4(£) only by 
a periodic multiplier, and hence transformations (17) and (23) give the same 
resulting equation. Hence P; and P, are identical, for any particular r. But 
P* is a function of the coefficients p;, ...., p, of any equation derived from 
(A) by a transformation of type (I’); since it is the same function of the 
coefficients p’ that P, is of the p’s, P, must be an invariant. 

We have as invariants, then, the functions P,[w(&)], P,[u(&)], ....; 
P,[u(&)]. Obviously, no P can be expressed in terms of the remaining P’s 
and their differences, and any function of these invariants and their differences 
is an invariant. We show, finally, that every invariant can be expressed in 
terms of the P’s and their differences. 

Let 


(E”"+n—1) (E”+n—1) _ 1 


be an invariant. This function must by definition be equal to the same function 
formed for any equation derived from (A) by a transformation of type (T’) ; 
it must, in particular, therefore, be equal to that formed for the normal form 
(18): 
that is, it must be a function of the P’s and their differences. Hence the func- 
tions P,[w(&)], or, expressed in terms of x, P,(x), r=2,...., , where 

form a fundamental set of invariants. 

On the assumption that p,_,(x) is not identically zero, we readily obtain 
as a second fundamental set of invariants the functions %,(”7), r=n,...., 


n — 2, where 
The case in which all the coefficients preceding p,(x) (except the coefficient 
of y,4,) and that in which all the coefficients following p,_,,(”) (except the 
coefficient of y,) are identically zero, lead to the following results: 
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TueoreM IV. If all the coefficients in (A) preceding p,(%) (except, of 
course, that of y,4,, which is unity) are identically zero, the functions S,(x), 
r=s+l1,....,n, where 


S.(a) = — r). 
p,(x) p,(w—s).... p,(e—r—Is)’ 
form a fundamental set of invariants. 
If all the coefficients in (A) following p,_,,(”) (except, of course, that of 
Y,, which is different from zero) are identically zero, the functions >,(x), 
r=n,....,m+1, where 
My My (V+ Mm) .... 
form a fundamental set of invariants. 
In the important cases in which s=1 and m=1 the functions S,(x) and 
x,(x) reduce to P,(x) and I1,(x) respectively, where 


= 


P.(x) = - _ PAR) 
p,(a—r—1) 
and 
(7) 2, 
§6. Fundamental Sets of Semi-Covariants. 


We determine now certain fundamental sets of semi-covariants of (A). 
Let us consider, for the moment, a particular transformation of the form 
in question, namely, one in which A(z) is a constant 2,: 


Y,=A,N,- 
From the relation between y, and 7,, we have 
Yo =A Yori = Yotn = (24) 
Now any function that is a semi-covariant must remain the same for every 
constant value of 4,; hence it must be independent of a,. Obviously, the only 
way in which 4, can be eliminated from equations (24) is by the setting up of 
a function that is homogeneous and of degree zero in the y’s; hence every 
semi-covariant is expressible in terms of the ratios 


Yotn-1 Yrtn—2 
9 ee . 
Yrtn Ynt+z 


and their differences, and the p’s and their differences. 
Among these ratios there exists one relation, namely, equation (A) ; hence 


. 
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but n—1 of them are independent. Let us take as the independent ratios 


Yrtn—r — 
where i is any integer between one and n. Furthermore, all the differences of 


the ratios a, can be expressed in terms of the a’s themselves, or in terms of the 
a’s and the p’s by aid of equation (A). Hence every semi-covariant must be 
of the form 


Some very simple functions of this form are the following: 


Yr+n—1 Yrt+n—2 


and these we readily show to be semi-covariants. Transforming (A) by the 


transformation 
G=%, Y,=A(x)n,, 
we obtain 
Nrin p(x) Nrt+n—-1 + + p(x) Nz = 0, 
where 
A(x+n—r) = 
From the relation between p,(~) and p)(x), and that between y, and 7,, we 
obtain 
Yrtn—r —y! Nrtn—r 


hence the functions 


p, (a) (r=1,....,) 
Yz+n 
are semi-covariants.: 


Obviously, no one of the semi-covariants c,, r=1,...., n, ri can be 
expressed in terms of the remaining c’s and their differences. Moreover, every 
semi-covariant can be expressed in terms of the c’s and their differences, and 
seminvariants and their differences, as we shall now show, and hence the c’s 
form a fundamental set. 

We have already proved that every semi-covariant is expressible in the form 


By means of the relation 
Yrtn—1— 
Yrin 
we may write F’ in the form 


. 
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Now let F', be any semi-covariant. It must, by definition, be equal to the 
same function formed for any equation derived from (A) by a transformation 
of the form under consideration; it must, in particular, be equal to that set up 
for the normal form (7): 

Hence every semi-covariant is expressible in terms of the functions c,, r=1, 
...+, 2, ri, and seminvariants and their differences. 
We state our result in the form of a theorem, as follows: 
Tueorem V. Any n—1 of the functions c,, r=1, ...., n, where 
Yrtn—r 
form a fundamental set of semi-covariants. 


§ 7. Fundamental Sets of Covariants. 

By a method differing so little from that used in the determination of 
semi-covariants that it seems unnecessary to state it, it can be proved that the 
fundamental sets of semi-covariants determined in $6 are also fundamental 
sets of covariants. We have then the theorem: 

TueorEM VI. Any n—1 of the functions c,,r=1,....,", where 

= 
form a fundamental set of covariants. 
Part II. TransrorMaTIONS AND INVARIANTS CONNECTED WITH LINEAR 
HomocENEous FunctionaL EQuatIons. 


§ 8. Determination of the Group of Transformations. 

We turn now to a study of the general linear homogeneous functional 
equation 
+ Youncry ++ + + Pa(%) Ys = 9, (B) 
where 


(x) = (a) ] 0 (a) = O(a), 
6(x) being a known function.* The procedure is similar to that in the case 


of the difference equation. 
We determine first the most general transformation of the type 


(&, Ne)» = v (&, Nz) (25) 


*It will be noticed that for 0(x)=a2+1, we have the difference equation. The difference equation 
was treated separately and with greater detail because of the importance of the equation and the greater 
simplicity of the treatment, 
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that transforms every linear homogeneous functional equation (B) of order x 
into a functional equation of the same type and order. 

For the sake of simplicity we consider first an equation of order one: 

+ (x) = 0. 
By means of transformation (25), this becomes 
noe] + (E, 1 0(E, = 9, 
where @(£) denotes what & becomes when w is changed to # + 1. 

We readily see that in order that this equation may be linear in »;, %(£, 7) 
must be a function of £ alone and v(&, ;) must be linear in y,; in order that it 
may be homogeneous, v(£, 7;) must be of the form 4(&)x;. With these restric- 
tions on ti and »v, the equation becomes 

ALP(E) ] + = 9, (26) 
and the transformation takes the form 
a= u(é), Y, = Ne 
In order that equation (26) may be a functional equation of the given 
type, of order unity, it is evident that one of the two relations 
* (27) 
must exist. This restriction says that when x is changed to 0(x), & becomes 
either 0(£) or 0—!(&); it also imposes a restriction on u(£) which we now 
determine. [From the relation v = u(&) we obtain at once 
Let us now replace x by (2) and then substitute for xz its equivalent u(&) : 
=u" [0(x)] = 1}. 
Using this latter value for ¢(&) in the first of equations (27), we have 
u~"}O[u(é) = 
O[u(E)] = ]. (28a) 
Using the same value for $(&) in the second of equations (27), we have 
Of u(E)] = (28b) 


Consider now the n-th order equation (B). Since the transformation sought 
must change every linear homogeneous functional equation into another of the 


whence 


whence 


*If 0(£) has more than one inverse, any inverse can be taken for 0-"(&). 
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same type and order, the restrictions on the transformation (25) found neces- 
sary for the case n=1 are necessary also for the general case. That they are 
sufficient as well is readily verified. 

The group character of these transformations and the existence of a sub- 
group composed of those transformations in which u(£) satisfies relation (28a) 
can be readily shown by the method used in § 2. 

We have, then, the following theorems: 

Turorem VII. The most general point transformation that transforms 
every linear homogeneous functional equation of the form 


into a functional equation of the same type and order is of the form 


“=u(é), II 
Yo = A(E) ne, } ( ) 


where u(&) satisfies one of the two relations 


O[u(E)] = u[0(E)], 
O[u(E)] = ]. 


Tueorem VIII. The transformations of type (IL) in which u(&) satisfies 
the relation 
O[u(E)] = ] 
form a subgroup of the total group, while those in which u(&) satisfies the 
relation 


Ofu(E)] = ] 


do not. 


§9. Fundamental Sets of Seminvariants, Invariants, Semt-Covariants 
and Covariants. 


Fundamental sets of seminvariants, invariants, semi-covariants and co- 
variants of the functional equation (B) can be determined by methods similar 
to those used in determining the corresponding functions in connection with 
the difference equation (A). Indeed the methods to be used here differ so 
little from those employed in the case of the difference equation that it seems 
unnecessary to do more than merely write out the results. We state as proved, 
then, the following theorems: 

TueorEM IX. If every coefficient in (B) preceding p,(x) (except, of 
course, the coefficient of Yom), which is unity) is identically zero, the functions 
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where 


p,(~) p, ].... (a) ] 
and 
6-9 (x) = (a) ], (x) = 
form a fundamental set of seminvariants and also a fundamental set of in- 
variants. 

If every coefficient in (B) following p,_,,(”) (except, of course, that of y,, 
which must be different from zero) is identically zero, the functions Q,(x), 
r=n,....,m+1, where 

O, (a) = ®) (a) (@) 
Ny (L) Mn [O™ ] ™ (x) 


and 


(x) = (x) ], OM (x) =0(z), 
form a fundamental set of seminvariants and also a fundamental set of in- 
variants. 


THEoREM X. Any n—1 of the functions c,(z),r=1,...., n, where 


( x) 


You 
form a fundamental set of semi-covariants and also a fundamental set of 


covariants. 


= p, (a) 
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Projective Differential Geometry of Rational Cubic Curves. 


By Josepu A. Nysera. 


INTRODUCTION. 


In his “Projective Differential Geometry of Curves and Ruled Surfaces” 
Wilczynski has shown that the general projective theory of plane curves may be 
based upon the consideration of a linear differential equation of the third order 


y" + 3py" +3p,y' + Psy =9. (1) 


That this can be done depends essentially upon the fact that the coefficients 
1, Poy pz have the same significance for all integral curves of (1), and that 
the most general integral curve of (1) is obtained from any particular one by 
a projective transformation. The invariants of a linear homogeneous differ- 
ential equation therefore characterize the projective properties of its integral 
curves. 

The object of this paper is to apply to certain particular rational cubic 
curves the interpretations which Wilczynski has given to the invariants and 
covariants of equation (1). Before stating the problem more in detail it is 
necessary to summarize briefly those theories which are to be applied. 

The most general transformation which converts (1) into another equation 
of the same form and order is: 


a=f(—), (2) 


where /(€) and 4(£) are arbitrary functions of § All transformations of the 
form (2) form an infinite continuous group which we shall denote by “G.” 
Any differential equation obtained from (1) by a transformation of the form 
(2) is said to be equivalent to (1). Any function of p,, p,, p, and of their 
derivatives which has the same value as that same function formed from the 
coefficients of an equivalent equation is called an absolute invariant. If such 
a function contains y or any of its derivatives it is called a covariant. An 
irreducible rational integral expression 


57 
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is called a relative covariant if the equation f=0 has as its consequence the 
same equation in the new variables, 2. e., 


The transformation (2) may be decomposed into two others, a transfor- 
mation of the dependent variable of the form 


(3) 
followed by a transformation of the independent variable 
a=f(&). (4) 


All transformations of the form (3) form a subgroup of G. If we make a 
transformation of this form, equation (1) becomes 


where 


1 
7 (A + p,%), 


1 
Ml, = 5 (A + + pd), r (6) 


= 5 (A + 3p,a + 3p,a + 


Those functions of p,, p,, p, and of their derivatives which remain in- 
variant under all transformations of this form are called seminvariants and 
semi-covariants. The fundamental seminvariants are: 


P,=P,—Di— Mi, 2pi— (7) 
The fundamental semi-covariants are y itself and 
Z=Y + Pry. (8) 
Under the transformation (4) equation (1) becomes 
y" +3py" +3py' + py =, (9) 


where 
1\2 1 1 1\3 


the following abbreviations being also used: 


The most important relative invariants for our purpose are 


0, = 66,6” —7 (61)? + 27 P, @. (11) 


| 
»_ 
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It is convenient for some purposes to reduce the equation (1) to certain 
standard forms: the semi-canonical form, the Laguerre-Forsyth and the Hal- 
phen canonical forms. The first is characterized by the absence of the term 


2 
involving a The second is characterized by the absence of the terms in- 


volving — Y and - . The Halphen canonical form is characterized by the con- 


ditions 6, =1 and p,=0. 

As the letter x will be needed to represent a cartesian coordinate, we shall 
hereafter denote the independent variable by ¢. Let y,, y,, ys be the solutions 
of equation (1). We shall interpret them as the homogeneous coordinates of 
a point P, in a plane, the triangle of reference being the x axis, the y axis and 


the line at infinity, and the unit point being so chosen that i. =a and gg = 
1 1 


are cartesian coordinates. As ¢ varies, P,, describes a plane curve and the 
two other points P, and P,, determined by the semi-covariants (8), describe 
curves C, and C’, which are semi-covariantly connected with C,. P, is a point 
on the tangent to C, at P,, and P, is some point of the plane, not on the tangent 
if P, is not a point of inflection. These three points may therefore be taken 
as the vertices of a triangle of reference. More specifically we define the 
coordinates of a point with respect to the triangle of reference P,P,P, as 
follows: Any expression of the form 

assumes three values o,, ¢,, 6, if we substitute for y in succession the three 
solutions y,, Then o,,0,, 0, will be the homogeneous rectangular co- 
ordinates of a point P, whose homogeneous coordinates with respect to the 
triangle P, P,P, will be proportional to x,, x, 2, the unit point of the latter 
system being chosen in an Petter fashion. The cartesian coordinates of 

Since a change of the ‘aeeiiied variable displaces P, along the tangent, 
it follows that unless the independent variable be chosen in some special way, 
the curve C, may be thought of as arbitrary. If, however, the differential 
equation is in the Halphen canonical form, P, is the intersection of the tangent 
with the line upon which are situated the three points of inflection of the eight- 
pointic nodal cubic of P,. The rectangular homogeneous coordinates of this 
point, P,, are given by the covariant expressions* 

y; + 34, 2;, (t=1,2,3), (12) 


the same point will be « = a y= 


* Wilczynski, “ Projective Differential Geometry of Curves and Ruled Surfaces,” p. 85. 
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which, in accordance with the above statement, reduce to 32; for 6,=1. Its 
locus will be designated as the curve C,. 

At any point of the curve C, the equation of the osculating conic, referred 

to the triangle of reference P, P,P,, is 
—24,%,+ P, 23 =0. (13) 

The eight-pointic cubics at any point P, have a ninth point in common which 
is called the Halphen point of P,. It will be denoted by P,. Its coordinates 
referred to the triangle P, P, P, are given by the expressions * 

x, = 7(5 656, — 756 03)? + 25 63 + 1575 62 62 P,, 

XL, = 210 8, 6, (5 65; 6, — 756 63), 

X, = 3150 63 63. 

The object of this paper may now be stated as follows: Given a rational 
cubic curve in cartesian coordinates; to set up a linear differential equation of 
the third order determined by it; to determine the nature of the semi-covariant 
curves C, and C,,; to find the equation of the osculating conic in cartesian co- 
ordinates, study its nature and the locus of its centers; to determine the locus 
of the Halphen points and the curve C,,. 


1. The Cubical Parabola. 


The cubic equation y = az? may be written in the homogeneous form 


— ys yi = 9, (1) 
and, therefore, the curve may be represented parametrically thus: 
(2) 
the cartesian coordinates being defined by the equations 
Y2 = Ys 


To determine the differential equation 
+3p,y" +3 pry’ + psy = 9, 
whose fundamental solutions are y,, y¥,, ys, we need to solve the following 
system for p,, P., D3: 
+3 Dy +3 (i=1,2,3). (3) 


We find 


1 
p, = 0, p, = 9. (4) 


* Wilczynski, ibid., p. 68. 
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Therefore the theory of the cubic curve y = a2* may be based upon the equation 
1 ” 
“i 0. (9) 


The parametric equations of the curve C, are 


(«= 1, 2,3), 
or 


Eliminating ¢, the equation becomes 
a23— 2,27 =0, 
which is the original curve itself, although P, and P, do not coincide. The 
point P, which corresponds to any point P, of the cubic is found by drawing 
the tangent to the cubic at P,. The second point of intersection of this tangent 
with the curve-is P,. 
The parametric equations of the curve C, are 
P= Yi +2D Yi + (4 =1, 2,3), 
or 
2 
p= 9, P2= p; = 4at. (7) 


Hence the curve C, is the line at infinity. P, being one of the vertices of the 
triangle of reference, and being at infinity, it follows that two sides of the 
triangle of reference P, P,P, are always parallel. The slope of the parallel 
sides is y:% OF = — Gat’. 
The parametric equations of the curve C, (which is the locus of P, when 
equation (1) is in the Halphen canonical form) are 
0; = Oy; + 3 (t= 1, 2,3), 
or 
Its cartesian equation, obtained by eliminating ¢, is 
y = — 80a2*. (8) 
It ts again a cubical parabola. 
The equation of the osculating conic at P,, referred to the particular 
triangle of reference at that point, is 
—24,%,+ P, x3 = 0. 
Since 
P, = Bi = — 
2 2 1 1 97?’ 
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the equation becomes 


— 242, 2%, — (9) 


X 
9 ¢? 
In order to find the equation of this conic in cartesian coordinates, we form 
the three expressions 

= L,Y; + + XQ; (7 == 1, 2,3), 
solve them for z,, x, 2, and then substitute these values in equation (9). 


| 
\ 
\ 
Py 
a 
/ 
/ 
/ 
/ 
/ 


Fia. 1. 


Putting = y, we have 
Ly 20at?+6ata+y/t’ 2, 2 22at?+6atx+y/t 
The equation of the conic in cartesian coordinates is therefore 
45 — y+ lbaPry — =0. (12) 
On examining this equation we can see that the osculating conic never 
degenerates except at the origin, where it reduces toa pair of coincident lines. 
Everywhere else it is a hyperbola. 
The centers of the osculating hyperbolas are given by the equations 


4 
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They are therefore on the curve 


5 3 
y=a(—), (13) 
which is again a cubical parabola. (See Fig.1.) (In the figures, C, is repre- 
sented by the unbroken line ; C,, by ———; C,, by ------ ; centers 
of conics, by —-—-— a 
To find the Halphen point we must first compute the following quantities: 
7 (5 0,0, — 756 + 25 63 + 1575 6262 P? — (219520) 108, 
210 6, 9 (5 0; 0, — 756 68) = (691488) - 10% 
3150 6262 — (889056) 108, 


Its coordinates are therefore 
a 
4, = XL, = 


where 
a = 219520, @=691488, y = 889056. 
The rectangular homogeneous coordinates are 


1 
= (3a--B), + 12y), 


so that 


a=—8t, y=—512a#*. (14) 
These two equations show that P, is again a point of the cubic, as the general 
notion of an Halphen point enables us to predict. From the signs of the co- 
ordinates it follows that P, is always in the opposite quadrant from P,. The 
class of points consisting of successive Halphen points is not a closed class, 
since the x coordinate of each P, is 64 times as great as the second preceding 
one, and so the original point can never be reached. 


2. The Semi-cubical Parabola. 
The curve y? = or ay3y,— yz = 90 can be represented parametrically 


by the equations 
y,=1, y%=al’, (1) 
The differential equation whose solutions are y,, y,, y;, is 


nr 2 ” 2 , 6 
(2) 
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Using the methods of the previous paragraph, we find the equations of the 
curves C, and C, to be respectively 


49 
a= 0. (4) 
The equation of C, becomes 
80 
@ 2", (5) 
which is again a semi-cubical parabola. 
\ a 


/ | 


Fie. 2. 


The equation of the osculating conic is 
(6) 
which is an ellipse except at the origin, where it degenerates into a pair of 


coincident straight lines. 
The centers of these conics lie on a semi-cubical parabola 


y= a. (See Fig. 2.) (7) 


The cartesian coordinates of the Halphen point are. 


\ 
| / 
| 
/ 
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From the choice of parameters in equation (1), at? is the x coordinate of P,. 
The « of P, is then 1/64 of the x of P,. Hence the class of successive Halphen 
points of P, is not closed, as the original point is never reached again. As in 
the case of the cubic y = a2’, P, always lies in a different quadrant from P,. 


3. The Cissoid of Diocles. 


The equations of the cissoid of Diocles in cartesian and homogeneous co- 
ordinates are, respectively, 


1 
(@>0, 


Fig. 3. 


and 
2abysy, — bysy,— = 93 
so that we may put 


y,=1+)#, y,=2abt]?, y,=2abé*. (1) 
The differential equation whose fundamental solutions are y,, y,, y3 is 
+ =0. (2) 
The equations of the curves C, and C, are 
49 
Y= 395 (8) 
x= 0. (4) 
The equation of C, becomes 
80 
(9) 


and this is again a cissoid. (See Fig. 3.) 


7 
WY 
7 
\ 
fe 
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The equation of the osculating conic 1s 
t?(b?t* + 15 bt? — 45) —5 — (5 bl? —3) —2 act! (2 bt? + 15) 
+ 80cyt?+4c?t®=0, (c=ab). (6) 
1+V5 


At the origin the osculating conic degenerates, and for x=a 3 it is a 


the conics are ellipses, and for x>a i+ v5 


parabola. For0<xu<a 3 


they are hyperbolas. 


\ 
NK 
\} 


Fig. 4. 
The center of the osculating conic has the coordinates 
2bt2?—1 5 + be? 
5 5 bt? —1’ 5 b?t4— 5 bt? —1 


Its locus is therefore a unicursal quintic. (See Fig. 4.) 


y=4ct'- 


The cartesian coordinates of P, are 


6a+88 
6a+148+416y 


3a (1 + bf) —2B (1 — + 2y’ 


where 
a = 3380608, 6 = — 2469600, y = 889056. 


Between these there is the relation 


y_,.6a+148+16y__ 
x 6a+8 8 


| 

| 
| 
| 
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Consequently, to find the Halphen point of P,, draw the line through the 
origin with the slope —¢/8. Its second intersection with the given curve C, 
is the desired point P,. We may note that here, as in the previous two cases, 
P, never lies in the same quadrant as P,, and that the class of successive 
Halphen points of P, is not closed. The latter remark also follows from the 
fact that these three curves are projectively equivalent to each other. 


4. The Folium of Descartes. 
We choose the parametric representation 
to represent the folium whose cartesian equation is 


The parametric equations of C, are 


The locus of C, is, as in the previous case, 


The parametric equations of C, are 


a unicursal sextiec.: 


The equation of the osculating conic at P, is 


where 

H=—?(5+#+1), 
F=—{(1+5¢%), C = att’. 

The conic is degenerate only for ¢ = —1, i. e., at infinity. For all points of 


the loop the osculating conic is an ellipse; at the origin it is a parabola; and 
for all other points it is a hyperbola. 
The locus of the centers of the conics is given by the equations 
10 1+ #°’ 10¢ 1+ 


It is a unicursal quartic. 


a 1 _@.2+# 
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The cartesian coordinates of P, are found to be 


{15 at? 


which satisfy the equation x? + y?—axy =0, as they should. From the above 
equation follows the relation 


x= — ty, 


Consequently, for any value of ¢, the signs of x and y are opposite. Therefore 
P, can never lie in the first quadrant. 
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